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PEEFACE. 

Mt purpose in bringing out tire present volume is to fulfil 
the promise made in the Preface of the Weekly Pboblem 
Papebs, and to place before students the various methods which 
are serviceable in solving problems in Elementary Mathematics, 
many of which methods are not to be found in the ordinary 
text-books. My object being therefore both to increase a 
student's stock of mathematical knowledge, and to teach him 
to put it to a practical use, I have in many cases given two 
different solutions of a problem when I thought it would be 
to the advantage of the reader to do so. In almost every 
case I have given a preference to the methods of Elementary 
Geometry, as I think there is a tendency at the present time 
to allow them to be to some extent supplanted by those of 
Modem Geometry, which, although more fascinating, are scarcely 
as valuable a training to a student previous to his entering the 
regions of higher mathematics. 

With regard to the arrangement adopted in the following 
pages, a little explanation is necessary. Some years ago I began 
to form Problem Papers for the use of my pupils, without any 
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view to publication, and I selected the most suitable questions 
which I met with from time to time. Amongst other sources I 
drew largely from the Tripos Papers of 1875 and 1878, which are 
generally acknowledged to contain some of the most interestiog 
of the problems which have appeared of late years, and solutions 
of these questions have been brought out by the examiners. 
When I decided to print my collection of Problem Papers, with 
solutions, two courses were open to me, viz. either to insert 
the questions selected from these two Triposes, and merely to 
indicate their origin, or to omit them altogether. Owing to 
their instructive character I was unwilling to adopt the latter 
course, and I felt that I should be doing good service both to 
teachers and to students in bringing these questions before 
their notice. For the use of those who do not possess the 
solutions of these two Triposes, I have added in an Appendix 
an equal number of alternative questions which are to a great 
extent similar in character to the corresponding problems. 
I have also added two notes, one on Geometrical Maxima and 
Minima, and the other on the geometrical method of inves- 
tigating the envelope of a line which moves subject to certain 
conditions. The problems bearing upon these two subjects are 
extremely interesting, although hints as to their treatment are 
seldom to be met with. 

My thanks are due to my former pupils and to my other 
friends who have rendered me great assistance, but especially 
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to Mr. R. F. Davis, M.A., late of Queens* College, Cambridge, 
who supplied me with many very neat solutions, particularly 
in geometrical problems. Those marked with an asterisk are 
all due to him, and it is a source of great regret to me that 
I was not able to avail myself still further of his aid. 

Owing to the nature of the present work it is impossible 
for me to expect that it is quite free from errors due to 
transcription. It is hoped, however, that the context will 
allow them to be corrected without difficulty. At the same 
time I should be glad to receive notice of any errors, or of 
suggested improvements in any of the methods employed. 

On the following page will be found a list of the errors which 
occur in the Weekly Peoblem Papers, most of which were 
due to the papers from which they were taken, and were 
detected on workin«r out the solutions. 
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in,' substitute 'con- 



P. 4, last line, for tf q + ^ t^^^^ ^o + ^i* 
P. 9, last line but two, for a, read a^ 
P. 15^ last line, for a » /9 read a — fi, 

P. 16, 2nd Une, ^r (- ^ read (^ iV. 

No. 6, instead of the word ' 

secutive terms of a fixed.' 

7, in the last factor, for + u^ read - a\ 

2, in first line, for s read ar». 
7, in last line, for a sin (a - oT) read a sin (a - a'). 

4, for cos 70 read cos 5d. 

3, log 3 =3 '47712. See note at end of solution. 
2, in the last line but one, for ir = - , read x = +. 

5, last line, for ' intersect ' read ' intersects.' 

6, before the word 'Shew' insert *The paper is 
on the point of falling over.' 

2, for - — (^ read - — c*. 

7, the last line should be — « -A 

2, the first line should be 

If p,q,r are all unequal positive integers, 
and X is positive and not equal to unity. 

6, for • axes ' read ' semi-axes.' 

1, for 2»r(l + ar)«-i read 2iwr(l + x)^-l. 
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No. 6, ofter * of ' insert * the intersection of.' 

1, last line, for } read ^. 

6, third line, for 2a read 2a. 

1, in last line, for / = «» = » = ±^ read * The 
real values of /, «/, n are given by 
~2/ = «» = «=±J. 

1, for 676 read 2304. 

1, fourth line, for 'index' read 'radix,' 

1, (3), for 63 read 61. 

2, for ^ read ^. 

3, for mr read 2«Tr. 

6, at the end add 'which also touches the chord.* 

6, first line, for * conjugate ' read * any two.' 

6, at the end add ' and if KM and QN intersect 
in R\ shew that QR' = QK* 

1, for 7 read 6. 

1, first line, for b read a + b. 

2, insert 2 in the L of the 2nd fraction. 
1. (3), this series should be 
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2, second line, for sec - read sin -. 

6, last line, for *an ellipse' read 'a conic/ 



ERRATA IN SOLUTIONS. 



Papeb II. No. 2. (1), the denominator of the second fraction in each 

line should be ex -f" ^* 

Page 9, last line but one, all the + signs should be — . 

„ „ last line, for + 'v'^rite + (— 1)". 

„ 11, last line but three, for 309 read 306, and make the same 

correction in the last line. 

Paper VIII. No. 3, second line, for AB read AG, 

„ X. „ 2, first line, the numbers should be P, 2' . . . 

„ XIII. „ 2. (1), last line but one, for b +y read b +y(3d + 1) - 

„ XIV. „ 4, first line, for sin 2^ - sin 6 read sin IB — sin 0. 

, ,,. , , - sin 2"^ , 8in2'»d 

„ „ „ last line but one, for — : — -- read rr—. — - . 

" " *' " ' sin^ 2sin^ 

Page 38, last line but three, for BD read JBC. 

Pa PES XVIII. No. 4, for * - a read 2(* - a)» 

7, first line, dele QC. 

5, in the 6th line, (7 is the intersection of AJB and RS. 

2, after 4a:yzio insert + xyz{x + y + ^)' 

2, fourteenth line, for a^'^ read a^y'*. 

„ in the next line read a' = y = a'd — ad\ 
Paper LXXIV. No. 1, last line, for 7 read 5. 
Page 286, LXXIX- 3. (2), this should be 

1 -, yi 1 COS ^ COS - 

o _ 1 I ^ cos^ 1 2_^ 

C0S2 ^ C032 - C0S2 - COS^ - COS^ - COS^ - 

Page 292, XVIII. 1, seventh line, for * quicker* read * longer.' 

„ 294, „ 7, at the end insert *For geometrical proof see 

Besant, Eect, Hyp. Props. 9, 10.' 

,, „ XIX« 2. (I), for 3 read 6 throughout. 
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Papeb L 

1. The value of the bill is £506 6«. 

.*. value of assets is £1423 Os, 4d, 

.-. £2,134 10«. ed, : £1,428 0«. 4d. :; 20s, : 13«. id, An$, 

2. as+bc^{a+b){a+c)^ bs+ca''{b+c){b+a), ei+ab^{c-^a){e+b)y 
.-. {as + be) {bs + CO) {cs + ab) = (tf + b^ {b -f cf (c + a)\ 

3. 2*x+2*+l 1 2^- &r+5 1 ^x^-- 2*(2*+ 1)^+2^ - 2*+l 

2a:»+(2*+2V 



-2*(2*+l)«*-6* 



- 2^2^+1 >^ - 2 (2^+ 1> - 2^2^+1)^ 
2 V- 2^+1)^+5 

2^2* - 2*+ 1)^+2* - 2'+2*+2* - 2*+ 1. 

4. 1 + 2 cos O - y) cos(7 - o) co8(o - /3) 

« 1 + COsOS - y){cos(y - jS) + C08(y + ^ - 2a)} 
« cos «(i3 - 7) + 1 + i{cos 2(/3 - a) + cos 2(a - y)] 
- cos 20 - y) + 1 + cos'O - a) - i + cos2(a - y) - ^ 
■- cos *03 - 7) + cos >(y - a) + COS \a - ^). 

7 » ^ 

/ 



SOLUTIONS OF 

6. Let the bisector of A meet BC in D, 

, A , A 

-, _ sin — Bin — 

Then£? = _^, ^ ?, ... t =8in^/JL +_Ll 

2> sinJ5 p BinO' i? 2 \ sin ^ ^ sin (7 j 

2 1 /sin ^ . sin A\ 1 /I 



= ^ / 8tP ^ . sm A \ ^ 1/1 , 1\ 
2tf Vain B "^ sin C/ 2 \6 "*" J 



^ C 

cos - . ^ ^ COS - 



= 2{7-^ J'-r-'2W+7> 



2 
/. by addition the required result follows. 

6. Let DC cut the circles in Q and H, 

Then DE"^ = Z)^ . 2)(7, BF'^ ^ BC . BH . . . . {\) 

Since z. 7JC5 - ACQ = ^G^(7, /. the triangles BCB, BAG are similar 

,'. BC.BG =- AG.BC^- AG.BG (2) 

^oACBH^ BE, DG^ BG.BG (3) 

.-. by (2), (3) BG.BH^ BG^ ; and by {\) BE . BF = BG^. 

7. Let the tangent at P meet the major axis in T\ . 

Then CA!^ : GS^ :: GN : GQ :: CN , CT : GG . GT' .-. (76^ . CT = (7>Sf2, 

. ^ - 1 = ^' - 1 ' ^ ^^^ = ^ . Sr _CH 
*' CG GS ' " GS GG GJi *' HP " GB 

:. RH is parallel to PT, 

Now GT is parallel to SPy .'. CT ^ GA; .'. HT is perpendicular to 
PT^, and .*. parallel to PG. /. RHTP is a rectangle, /. its diagonals 
are equal, .*. RT = HP, 



Paper II. 
1. «« - «iF + « - 1 I «.r^+l - (n + 1) .T'l + 1 I «ar - (» + 1) 

— (« + 1) a:» + nV — «'r + «^ + 1 

■> (« + 1) g» + « (« + 1) a? - » (» + 1) + n + 1 . 

^^ - 2;p + 1 
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Now ar*-«ar + «- l^ar" — l-n(j?— 1) 

= (ar - 1) /a;»-l + ar»-2 f + 1 - «} 

and if we put a? = 1, the exp. in the 2n(i bracket = 

■ 

/. {x - 1)^ is a factor of4?» — wa5 + n- 1 
.-. {x - 1)2 is the G.C.M. 



2. (n ??-+-? + ^'^ + ^ ^ (g + ^) (i? + 2) 



^ cx+h + x{a-c) cx-\-a+x{b^c) 2(cx+a + b)+x{a + h-2c) 
ex ■\- b ex + b ex + a + 6 

••^■^ ex + b ■♦"^'^ ^ar + A "^^ car + tf + i> 



^ JT (g - g) . af(^ 



- tf ) ar (tf + * - 2c) 



.*. either x = 

a — c , b — c a + b ~ 2c 
or — — ^^— J- =3 — 

ex -^ b ex -\- h ex '\- a + b 

a simple equation, which gives ar = -^ — „ J^L-J" — I 

^ e\a^ + b^ -- e{a + b)\ 

(2) Vj^IT? + V^H^' = ^-^ 
and (jr2 + a^) - (ar^ + h^) ^ a^ ^ b^ 

.'. \pF+a^ - Vi*"+72 = 2« 

«2 - A^J 



.'. 2Vi:' + tf2 = 2a- + 



2jr 



.-. 4j:2 + 4tf2 = 4^:2 + 2 {a^ - ^2) + ^^' ^')* 

4*F* 
f»* - i»^2 



(3) By subtraction we get 



(«-^)p + {3- c)^ + <?- tf =:0. 
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X 

- sss 1 evidently satisfies the equation, and the product of the roots 

= the last term /, the other root is ~ = ;• 

y a - h 

d 
If ar = y, we have ar" = y2 == _____ . 

e — a d {a — cf 

If ^ = T^b^^^' - a (a» + 6^ + c^-^Lc-ca^ ah) ^°- 

6. ■■ = e ■■ - • fic. 

. a^ + m- t^ a + e 

4. cos 6 = 2~A > *^^ ^ ' 

a — c b 

So cos<^ - 4^ 

,•. 4 (1 — cos 6) (1 — cos </)) = cos 6 + cos <^. 

6. Let ^5C be a triangle whose sides are parallel to the three given 
straight lines, the centre of the circle, OG the radius perpendicular to 
BC, Make the angle GON equal to the angle BAG, Draw NM 
parallel to BC, MF parallel to AC. Then MNP is the triangle 
required. 

For arc MG = arc GNy /. angle MOG « angle (70iV. 

/. angle MPN = angle BAG &c. 

6. Let P, Q, R be three points on a parabola whose ordinates are 
yv y» ys' ^^^ ^^^ ^^^ inclinations of the tangents at F, Q, i^ to the axis 
of X be ^1, d^2J ^3- 

Then cot^i + cottf., =■ 2cot^2 

'''2a'^2a^ia '''^^ "'"'^^ "" ^^^ •'•^3 -^2 = 5^2 -^'i = com. dif . = constant. 
.*. Q is the vertex of the diameter Q^ whose ordinate is PFB. 

.-. TQ ^ iTV; and if LQM the tangent at Q meet Ti? and TP, the 
tangents at Jx and P, in L and AT, the triangles LMT, RPT are similar. 
Also area Zilfr = i jBPT = J PQR = 4 OF. F^ sin QVR. 



2 




5/1 


-Be 




4a 


5c 


- 3tf 
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But EV^ - QF. ^^tnyji ^ and RV. sin QVR = ^^^^^ 



.*. A LMT = 



16a 



,\ the A ^*8 a constant area as long as y^ — y^ is constant, which is 
the case in the question. 

7. Let ABCD be the square, A resting against the wall and B 
attached by a string to the point E, BK, CN\ DH are perpendiculars 
on the wall. G is the centre of the square, Tthe tension of the string, 
W the weight of the square, R the reaction at -4. CL and CM are 
perpendiculars on the lines of action of T and R, If the vertical 
through cuts CN' in N and AM in Fy the line of action of T must 
pass trough F, Let a be the angle which AB makes with the wall. 
Then BEA = a. 

Then T \W: Riili cos a : sin a. 

Taking moments round Q 

T,CL = fT. CN -\-R.CM 

Now 6'Z =s a cos 2a, tf being a side of the square 

/'tt 
CM = C-4 cos I 7 + a) = fl (cos a — sin a) 

CiV = C^ sin ^ J + a) = tf (cos a + sin a) 
.*, cos 2a = J cos a (cos a + sin a) + sin a (cos a — sin a) 

TT 

.'. cos^a = 3 sin a COS a, and a =jfe „ 5 •'• <^osa :jfc 

cos a sin a 
•'• ~3~ ^ ~1~ ' 

,V CN' : 7)^ : ^iT :: sin a + cos a : cos a : sin a 

:: 4 : 3 : 1 
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Paper III. 
1 /I 



n ~ Ti ' — 



r - 1! 



(1 -*)"' = !+« + ... + / ^ + ... 



...a-.rc^:)^i-u +4+1+ + ^fi+^)-fi+-^) ) 

.•. required sum of coefficients = coef. /"^ in (1 — iF)~^"^n/ 



+.. 



•*• required ratio is 



r - II 



- + r - 1 

r 

n 



1 + n (r - 1) : 1 



2-i<^^e(j-:^)=^+|'+|' + ... 



Let a? =a r or -S. 
• • ^oge 4 = ^ + "2 — ^" ^ — r . . f 



•2+O2+-0026+-00044--000064+-0000106+ . . . 
•2231412 . . . 



••• Jo|?io 4 = /* X -2231412 

••. 3 logio 6 - 2 = -43429 x -22314. 

= -096907 . . . 

••• logio ^ = 3)2 -096907 



^ 5 53 

and J - Jo", 



= -698969 . . . 

KB -69897 correct to five places of decimals. 
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1 . ^ cos"tf 

sin 6 eiuB 

DO n » ^ .•. mn = sin ^ cos 6 



cos* ^ . sin $ 



. . cos^ sm ^ 1 



sin d cos B sin ^ cos $ (m») 
4. For cos a write c. 
.. - ^ , . coso , cos2a . . cos (n — I) a 

sing * Bin2g sin (n - 1) o 

e 

.•.(c+«)(i--)-i-- 

.*. (0 + ^0 {l "■ "" (c^'^ a + » sin a) } = 1 — - (cos n a + i sin na) 

/. equating unreal parts 

^ sino ^^, C08a\ sinna 
(7. S(l - ) - — ;r- 

sinna 

and tf «= cos a ,\ (7 =- — r — . cot a = if na = ir. 

COS** a 

By equating real parts we find 

cosna 



— iS'sina =» 1 — 



cos»»a 



6. Let be the centre, E the radius of the circle round ABCD, and 
let G be the other point of intersection of the circles round FJJC^ BGE, 
Then the angle FQC = ADC = CBE. 

.*. EGG + IGC =. EGG + EEC « two right angles. 

•*• EG and GF are in one straight line. 
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Bisect EF in Z, and draw the tangents FH, EK^ LM to the circle 
round ABCD. 

Then FG.EF ^ FCFB = FH^ 

and EG.EF ^ EC.ED -^ EK^ 

.-. EF^ = FH^ + EK^ 

.\ 4FL^ + 2B^ = FH^ + M^ + EK* 4- JB^ 

= FO' + EO^ 

= 20Ir« + 2FL' 

.'. FL^ + iE» = 0X« « XJf 2 + i2« 

.-. FL = iilf. 

.*. the circle, centre L and radius LE or iF passes through M. And 
the radii X-flf, MO are at right angles, .*. the circles cut orSiogonally. 

6. Let the forces be denoted by -j^» -bts' 

Then resolving along the normal at B we have 

sin C Bin A ... 
u . — u . 1 wnicn =s 0. 

•*. the resultant must act along the tangent. 

7. Let the diameter through Q! meet the tangent at P in T, Join 
EQ' cutting the curve in L and the diameter at jP in Jf. 

Then BL . BQ^ == BMK 

Now BM :Bq ::BP:BT::1:S .-. BM = i BQ'. 

.'. BL.Bq =^ iR(p .-. BL = iBQT. 

.'. BL : LQf :: 1 : 8. 

Similarly RL' iL'Q:: 1:8. 



Paper IV, 



2 



1. 2flf - 3y = ; 2a - 3;? = 



;? 



.% 2fly - 3y2 = «2 + ar» - 2^:f 
2^rir - 3ir* = / + ar« - 2^ 



1 
i 
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and y-^i^O.', x+y + z = a. 

Again 3 (jf - «) = /' - ^— — ^ 

* 9 

^ y (r« +.y8 ~ gay) - ;g (^« + a< -. 2^jr) 

^ ^(.y - ^) + (y -- g)(.y' + ^'+y^) - 2^(/ - z^) 
.•.(y-^)' = *(2y + 2^-*) 

= X (2tf — 3ar) 

.-. 2tf-3x= ^^ ^ ^ ' 

2. The given expression 

5a - 2^ - y / 4g + By - 8a 63 - 7y + a^ 



= 2 cos 



4 I cos J + COB J 1 



23+2y+2a , 8a-6/3-4y , 6a+4/3-8y . 4a-8/3+6y 
=:co8 ^^^ hcos j +COB — '-^ '-■ + cos ^^-i— ' 

= required result, since a + i8 + y = ir. 

3. Let ABC be the given triangle, Og, Og the centres of the escribed 
circles opposite B and G. O^D, OJE are perpendiculars on BA, BC and 
O3F, O3& are perpendiculars on CJ, CB, ED, QF are produced to 
meet in A\ 

Then the angle BDE « BO^E = 90^ - ^ 

.-. ^D^' ^QO'^ + I" So AFA' ^ QO"" + ^ 

.'. A' = 360° - (180° + ^-^ + ^) = 90° - ^ 

So J" = 90°- I' =46°+ j;^ = 45° + j; (?" « 45° + J 

A'" = 90° - f' = 67J° + g,!?"' = 67^ + f ; e»" = 674° + g 



An - i) + ^-„, J5« = 2> + 2«' ^ = -^ + 2** 



1 
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ABC 

Now when n is indefinitely increased, each of the angles ^ , ^ , ?- 

ultimately vanishes, and An^ Bn, C» each become » J), which is 
.-. 60P. 

.*. the triangles are ultimately equilateraL 

4. Let the forces be denoted by P, Q, R, Their directions pass 
through the centre of the circum-circle 

.\F :Q:B::BG: CA : AB 

:: sin^ : sini? : sin t7 

:: sin^OJ* : sin -POD : sin DO^ 

.•. the forces are in equilibrium. 

5. It is true that one of the values of ^2ft»v^ jg 

cos 2mr + \' — 1 sin 2nv 
and that one of the values of each of these expressions is unity, 
.•. one of the values of e'^^'^-^ — one of the values ote^^^^i. 

To find the other values of the expression e2nirV-i^ introduce the 
common factor ^, and let the arithmetic logarithm of a be a, 

log AT =- a + 2«7^^/— 1. 

Thus we see that a quantity has an infinite number of logs, one 
being real and the rest imaginar y, and the latter are found by adding 

to the real log the quantity 2if»r V— 1. The suitable value to be given 
to « is to be determined from the circumstances of each case. 

Thus to be absolutely correct, in the question the equality 

g2»vC"i ^ giW-i 

should be written 

.*. raising each to power v - 1 

tf— 2ir — g— 4ir e—2ft9 

and this is evidently true when « = — 1. 

Similarly it can be shewn that there is a value of each of the other 
expressions equal to one of the values of e^^-T, 
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6. Let A and B be the centres of the circles which intersect in C and 
G, and let the tangents at C and the common chord cut J.B in L, E, F 
respectively, so l£at A and D are on the same side of the common 
chord CFG. 

Then a - DCF - DCG + EGG = CBA + CAB =. » - ACB 

BC Bm CAB CF ^ J^ 
•'• AB "" Bin ACB "" CA * sin a 

ab sin a g& sin a ^ 

7. Draw i21f perpendicular to SH, 

Since CR ^ CS '^ CH /. iSRjQT is a right angle. 
Since CS - Gft .-. CSB - CB/8f - iZiSF 

.-. the triangle SRM =- triangle SRY .\ SM = 8Y. 
Similarly it can be shewn that HM = HZ, 

Since BM^ = iSM . MH ^SY.HZ ^ BC^ .\ BM - BC, /. iJ lies 
on the tangent at B, 



Again 



SPiHP 



SYiHZ 

SMiHM 

SM . HM : HM^ 

BM^ : HM^ 

SR^iHEK 



Pafeb V. 



1. 



301 
2' 



8032 



1037 (1012 



30000 
301 



30301 



37000 
30301 



3090300 
6064 



3096364 



6699000 
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2. Sappose that the expressions are equal when a and b are 
interchanged. 

he — fl* ca — h^ \ 

Then = « + ^^ir+^ - (« + «. + A» + ^) 

be — ea ^ {a^ — b^) 



For 



/, 1 — • Q , 72 I — 9 = since a — b ^ 0, 
a^ -T b* -T (r 

Now we will prove that when this condition holds, the expressions 
are equal when a and c are interchanged. 

, be-^d^ _^ , , ab -- (^ \ 
^ ^ a2 ^ ^2 ^ ^ ^""^ a^j^lji^ ^) 

, be ^ ah — (a^ — i?) 

-a 

Also, if a + ^ + c = 1, we have a« + 3» + c^ = 1, 

... (^ + <.)»« (1 -«)a 

.-. 52 + c^ 4- 2^c = 1 - 2flf + tf^ 
/. I + 2be - a^ ^ 1 - 2a-^ a^, 
/. it? + flf — tf* = 0, 

••• '^ + 2^17/1 2 - ^ + ^^ - ^^ = 0. 

3. Assume y = a?*, so that when a? has any particular value, y « the 
square of that value. .% w -■ Vy, and the required equation is 
ay -^ b fJy + c = 0, which reduces to 

aY + {200 - b'')y + c^ =» 0. 

Again, assume y = VJ, so that when x has any particular value, 
y s the square root of that value. .'. x = y^, and the required equation 
is ay^ -\- by^ '\r c ^ 0, 
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4. cos 2$ - cos 46 ^ 2 cos 26 cos 46 

« co8 2^-f cos 6^, 
.% cos 6^ = - 008 4^ «■ cos(7r — 4^) 

/. 6^ = 2nir ± (tt - 46) 
.\ either 10^ « (2» + !)«•, or 2^ « (2« - l)ir. 

5. If ^ denote the height of the room 

h"^ cot^a - AC* « a^ + BC^ ^a^ + h'' cot»ft 

• A^ - ^' 

cot^a - cot«/9 

Now if a = 18°, cot'a - 6 + 2 V5, and if ^ « 30°, cot»^ = 3, 

/. hi s — = ?2 « H (2a/5-2) = 12V2 J5-2) 

5 + 2V5-3 2(li-V5) 4«^^ ^ i^ V^v^ ^} 

= 12* X 2-47212 

/. ^ = 12 X 1-672 ft. 

= 18 ft 10 in. -368, &c. 

6. Let 6 be the eccentric angle of P. The equation of any one of 
the series of parabolas satisfying the given conditions is 

{x - a cos 6)'^ + (y — ^ sin ^^ = (or cos o + y sin a - pY, 

If y = 0, JF = ±Vtf* - *'. This gives us 

/. a cos 6 =s p cos a 

and (<*> - 6')Bin«a = p« - a'cos'd - 6*sin*tf, 

/. eliminating p we have 

(a* sin «a + 6» cos «a) (sin«d - sin^) - 0, .-. a « «ir ± ^. 

By giving different values to «, it will be found that there are only 
two different parabolas. Their equations are 

(x - acostf)' + (y - 6sin^)' = (arcos^ +ysin^ - «)« 
{x - a cos 6y + (y - 6 sin &f « (arcos ^ - y sin 6 — a)K 
The equations to the directrices are 

y = — ^ cot ^ 4' ^ cosec d, y c= * cot ^ -f » cosec d, 

and these make with the axis of x angles ^ -\- 6 and -^ — 6, 
•*. the angle between them is 26, 
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7. CLl^ ^ AC.AB^ AC(AC - CD\ 

.'. CD" + AC. CD - AC^ = 0. 

.-. CD = =-^4^AC. 
.% taking the positive Rign we get 

BE=BD^BC+GD^AC+ ^^^^^ AG = "'^^ ^ AO 

BE BE V5 + 1 
... cos ^5^ = _ = _ . ^^ _ eo,36- 

.% ACE = 72° = J of four right angles. 



Paper VI. 

1. Substitute fory in terms of x from (1) in (2) and we get 

ar2 (b^c + aH) — 2xad + i — ^^ „ 0. 
If this has equal roots 

a^d^ = {b^c + a^d) {d — 3'), which reduces to 



3 lA 

aH + W-c ^cd,OT- + :7 =-1. 

c a 

ad ad a 




bH + rt^c? rftf c 

1 ,, , i? - tf* tfc? - a^d bH 

1 


3 

5 



2. 8a = 9 .-. 23* = 32; 3^ = 6 .'. 3 = 5«» 
(1) Let logio^ = *i ••• 10*1 = 1 /. arj ■. 

logio2 = X2 /. 10*» = 2. 

i 1 /10\i 
Then 2 = 3^^ = S^aft » y-^ J^aft 



2 

.-. 2^ '^^^ 


2 
= 103^6 


.-.2 


= 


2 
102+3aft 


\ 10»* « 


2 
102+Sa6 . 


*. ar^ 


. 


2 

O 1 o^z. 
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(3) 



logioS = arj 




Sa Sa 
.\ 10*» = 3 = 22 =• 102+3«6 '.-. ^3 


Sa 

"" 2 + 3tf^ 


logio4 = ^4 




4 
. ^f\x. _- J _ 02 _ irt2-l-:iaA • ,. 


4 



(4) 



• • *" ' * 2 + Sab 

3. sin 5 = sin (C + ^) 

A 8in> JB + sin^ - sin* J 

^sinB. sin (C + A) + sin (C + A) nn (0 - J) 
= sin B {sin (0 + A) + sin (0 - A)) 
SB 2 sin JB sin C cos J.. 

4. Let P be the orthocentre of ABC. 

Then PZ)F = PJ^J* = I - ^ 

PZ)^ = P(7^ = I - J 

/. PD bisects the angle EDF ,', P is the centre of the circle inscribed 
in DEF. Let / denote its radius. 

sin A a 

Then FE = AE . -. — y^ = c cos A . - — aco^A 

sin (7 c 

BEF EFD\ 

.-. P^ = / (cot — 2 h cot —2^)' Todh, Trig. Art. 249. 

/,. ■« . . ^ , sin (B + C) , sin^ 

/. tf cos^ = / (tan B + tan C) = r' ^ /^ = ^ d ?» 

^ ' ^ cos B cos C cos B cos G 

a 
,«. r' = —, — - cos -4 cos B cos C^ 
sin^i 

= 2 JR cos -4 cos B cos C, 

6. Let j4^ be the vertical wall, A BCD the rod, (7 being its middle 
point and B the position of the rail. Draw BO and A F perpendicular 
to the wall, and CF vertical. Then P, the reaction at B passes through 
P. Let W be the weight of the rod, and 6 the angle it makes with the 
horizon, and a its length. Taking moments about A we have 

P.AB^fT.AF 

AB = 2 = 7c • b; ^^ = -40cos^ = X- cos^ 

cos^ 16 cos^' 2 
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/. P - F . 8 cosa B, 
Also P : W.:: sin AFC : sin AFP 

:: 1 : cos d 

.\ P ^ JT . a =- PT . 8 co8»^ 

/. co8»^ = J- /. cos^ « J /. e = 60^ 

6. Join DB, EG, FE, FE, HO. 

Then AE : EB :: AG : OD .-. GE is parallel to DB. Similarly FH 
is parallel to DB /. GE is parallel to FH .'. they are in the same 
plane .*. GH and EF are in the same plane wiUi them. 

7. Tripos 1878. Monday morning. No. 11. 



Paper VII. 



1. Clear of fractions, and we get 
x^(a + b"C- d) + 2T'(ah- cd)+s; {ab(c + d) "Cd(a + h)} =0. 
Then ir = is one root. Since two of the roots are equal, suppose 

(1) the equal roots to be = 0. 

.*. ab (e + d) = cd {a + h) 

1,1 1.1 

•*•«'*" ^ ■" 7 ^ d' 

(2) If the equal roots be not = 

x'^ {a ^ b - e - d) + %e {ah - cd) + ab {c + d) - cd {a + b) ^ 0. 

Since this equation has equal roots 

.-. {ab - cdy " {a + h-c -- d) {ab {c + d)-cd{a + b)} = 0. 

Now the expression on the left vanishes when a ^ e, a =^ d, b ^ c, 
or b ^ dy and it is of the fourth degree, .*. we may put it 

-^k {a — c) {a — d) {b — c) (J) — d) where k is some numerical constant. 

Let tf = d = 2, c = fl? = 1 .-. >t = 9 - 2 (8 - 4) = 1 .-. it == 1 

.', one of the quantities « or ^ is equal to one of the quantities c or d* 
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jf , J ah ^ cd ab ^ eb , . ^ 

,- ab — cd ah — ad 

a + b — c — d b — d * ' 

2.(l + l)^ = l+t+^f^>+ '^^-;^,<^-^> +... 

_ ^ . 3 ai 3.1.1 3.1.1.3 3.1.1.3.5 

■^2 "^22.2! 23.3M 2MI 2^6T~ + --' 

= 14-^4.11. q/_i_ J:3 1.3.5 ) 
^2"^2«.2I '*l2a.3!"2Ul"^2^T!"" J 

1 1.3 , 1 3.5 



••23.31 2\4I ' 2*.5! ••'• 

3 1^^2^22.21 ^ ] 

1 ft^ o f 5^ 23 2 -. 
«g(^ ^2V2J. 2-4-3 ^- 

3. s — ycoBR ^ ecos § = 0] 

ar cos JK - y 4- -? cos P =s / 

.'. since P +§ + -« = (2» + ly, we get 

sinP " Bin Q "" ii^ = ^suppose 
A arcosQ+ycosP-xr^ZlsinPcosQ + cosPsinQ- siniZ'r 

= 0. 

To find cos P, multiply (1) by x, (2) by^, (3) by z, and subtract the 
orst result from the sum of the two latter. We thus obtain 

5^* + «^ - iF* = 2yz cos P. 

4. Let P be the orthocentre, and § the centres of the circum 
and nine-point circles. Then Q bisects OF, From 0, Q, P draw OM 
QRj PiV perpendiculars to BC. 

Then PiV =» PPcosC- ^i^ ^^^ i? cos {7 =- 2i2cos^cosCi 
and 0J1/ = B cos ^4. 
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.'. QB « i{P^+ OM) = ^(2cosircosC+ cosJl) 

6. Tripos 1875, Monday morning. No. 1. 
6. Substitute and clear of fractions. 
.-. ax + b + s/^n ay « {ex + d)i - cyy\ + 'sJ'^V^cx + d)r\ + cy^. 
Equate real and unreal parts. 

,% Qiia - c$) +cr}.y ^d^-^X 
x.CTj'-y{a-c^) = —drf J 

y{{a - c^y+cV] ''crjid^- lf)+dTj{a - ci), 

Now if a?, y describe a circle, we must have 

jp = ar^ + y* 4* /^ + ^^j where k is constant, 
.V k''[{a - (?a' + M " {(^ - ^^)' + ^''?'1{'^ + y^ + i'^ + 22/], 

+ ?^(«?^ - ^) + ?^^(« - <^S. 
On simplifying, this reduces to the form 

where Ay B, and <? do not involve f or i;. 

,'. the locus of g, 17 is a circle. 

7. Let FM, QON be the ordinates at F and 0. Draw /ST per- 
pendicular to the tangent at F. 
Then NG « 2^5, QN = FM ^ 2 AY. 

.'. QN : NG :: YA : ^-S, .-. QG is parallel to SY. 
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Paper VIIL 
1. Referring to Paper VI. 2, we see that 

4 

10^4 = 4 = 22 = 10^-^^^ 



Xa = 



10*. = 6 - 3* = 2 



Sod 
2 



2 + 3tf^ » 
_ ^ab 
^* " 2 + 'dab 



2 + 8a 



10*.= 6 = 2-3 = 2 



^6 ~ " I ~ ' 



^ahc 



10*, = 7 = 5c = 10^ •*■ ^'** 
10*. = 8 = 23 = io2'+»«* 



2 + 3tf 
2 +"3^^ 

2-f 3a6 
6 



• , JTg — 



2 + 3fl^ 
6a 

10:r. ^ 9 = 32 ^ 23a = 10^ + 3a6 /. iTj = g + 3«A* 



6a 



2. If jr = 1, the expression = 1. 

Take any two consecutive values of x and add them, and we get 
^(3. 10* + 3. 10*+i), which = /j. 10*(10 + 1), which is always a 
positive integer. Thus the sum of the numbers formed by giving 
consecutive values to a: is a positive integer. Now we know that the 
number obtained by putting ^ =» 1 is a positive integer, viz. 1, /, the 
2"<l is a positive integer, and so on. 

3. Let 0, Oi be the centres of the circles inscribed in ABC and 
AEOF, Then O^ lies on AO. Draw 0-^E^, OJI perpendicular to AB 
and Oi? respectively. Then since Oi-fi" bisects the angle Ot!A^ 

:. OiEEi =- 45" =. EOiEi .'. O^H = EE^ = OE^ = r^ and r- r^^ OH, 

n 0J3f .A^ u .Br^ 

m • • SCS — ^ = cot — . 

OR 2 



So 



_2_ s=s cot - > 



r-r^ 



r-r^ 2 r - r. 

But cot -- + cot -- + cot - a= cot - cot - cot -• 
2 ' 2 2 2 2 2 



cot--- 
2 



r — r 



+ 



r - u 



+ 



r — r, 



4. The angle M = ir — \{A + D)\ the angle i> 1^ tt - K^ + O ; 
.-. ilf-f P = 2jr - i(^ +^ ^ c + D) ^1ir "ir^ir. 

6. Since 7P, 7P' are tangents from Yy ,\ CY bisects FF. Also, 
since 6? is the middle point of i*'§, .% P§ is parallel to CY, and is .•. a 
normal at F, 

c2 



1 
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6. Taking moments about A and 

y.CD.JD.BiaD^-^p.BC.JB.BmB; (1) 
.•. - i3 . AABC - y . AJCD = y{JBCD - AJBC). 

-•• (y - P)AABC = y . J5CZ) ; 
So a . J'5 . CZ) . Bin5 = - a . i^Z) . CZ) . Bin i); (2) 

.•. from (1) and (2) ay = /3d. Taking moments about Z), 

a. JB.ADBinJ ^ - ^.BC.CD. sinC; 
/. a . A/f52> = - i3 . A5CZ) = - fi{ABCB - Ai^^Z)), 
/. O - a)AABB = ^ . ^^CZ>. And (y - iS; . A^5(7 = y . ^^CZ). 

A^-gZ) ^ ^ y - g ^ a y - 3 

7. The equation of the perpendiculars is 

Vi2 + (^_^yr '" - v^^a + (A 4- tf)Ji 
Square both sides^ and clear of fractions ; 
{^+¥T^+ 2aA] {{hf - hyy + a^{y - Uf + 2a{kx - iiy) (y - k)) 

= [F+^+^ - 2ah} {{kx - hyf + a«(y - ^)« - 2a{l^-hy){y - ^)}, 
/. 4af(itir - hyy + fl8(y - k)^] + 4a(ifc2 + A« + a») (kx-hy)iy - it) = 
/. A[/t(j?- A) -%->t)}* + A«2(j^-.^)8 + (^+A« + «»)(y-it) 

{% - A) - A(y - ifc)} = 

/. h^{x - hy - 2A«>t(y - ife) (a? - ji) + ^^(y - >t)2 + ha\y - k)* 
- (^^ - A» - i5^2) (y _ ^)2 ^ yt(p +^2 +^«) (ar - A) (y - it) = a 

/. Ai5r[(ar - ^)a - (y - ^)2} - (^^ - ^ - «») (-r - A) (y - it). 



Paper IX. 

1. Let ca^ — ax •\- b \>Q one factor of <m?' — iara + c, and let itar + w 
be the other, 

/. asfi — bafl -\- c ^ {cs^ — ax -\- b) {kx + m), 

= itfra:^ + al^{cm — tfit) + a:(A4 — am) + i»i. 
/. equating coefficients of like powers of ar, 
k m cm — ak — b kc a 1 

a'^d" bc'^^ ^ b^^^^ ^ ac^ ac'"o *'* -bc-^bc- a\ 
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.\ tf* = 26c, k ^ -J m = -f 

c 



= bx^ -- ca: + a, 
% The (r - l)tii term is 



r« 



{P + 22 + .... + (r - 1)^} (12 + 2« + .... + r2} 

(r - l)r(2r - 1) r(r + 1) (2r + l/ 

6 6 

36 



(r - 1) (r + 1) (2r - 1) (2r + 1) 



r-l^r + 1^2r-1^2r+l 

6 6 24 . 24 , *• 1 r ^* 

-|- -^ , by partial fractions. 



r-1 r+1 2r-.1^2r + l 
•% if Sn denote the sam of n terms, 

?_._5 1_ 6 24 24 

^*""2-l"^3-l « + l""» + 2"4-l+2» + 3' 

«1_ ? 

^ (»+!)(« + 2) (2« + 3) 

3. j9 sin ^ + y COB B = r(8in J5 + cos 5), 

A (2? - r) smB = (r — g) cos 5, 
sin B cos J? 1 






r - g 1? - r ^(i? - r)2 + (^ - rf 
Now 1 = sin ^A -f- cos ^J. 5= 'p^ sin 2^ + g^ cos ^B, 

... (p - r)> (1 - 2») + (g - r)» (1 - 1)^) = 0. 

4. Let 7) be the middle point of BC. Then BOB = ^ 

a f. b c 

,\ 'p ^ OD ^ BDcotA = ^QotA. So g = s" cot-^> ** = 2 ^°* ^' 
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,^^_^'rp _^PQ ^ ^(Qoi;ScQtC+cot CcotA + cot-4 cot^, 

UC COL CCb 

, tan A + tan B + tan G 

^ i 9 

* tan A tan i? tan 

= i. 

5. Let EHy FH bisect the angles at E and F, and let EH meet BC in 
L and -^2) in K, Then since the bisectora at E are parallel to those at 
F, .'. ^Ifl" is perpendicular to HF. 

.\ FAB = AKE +AEK== FLK + KEC = ^Z^* + LEG = 5^A 

.'. a circle will go round ABCD. 
Let the bisector of CGD meet AB, HE^ BGin F, R, Q, respectively. 
Then EPG = BAG + FGA = BBC + DGQ = CQG. 

And FEB = QERy ,\ FQ is at right angles to EB, and is ,', parallel 
to HF, ,\ the other bisector of G is parallel to HE, 

6. Let TFf TQ be the tangents, PQ normal at P, and let pq be the 
tangent parallel to FQ. Then^^ bisects TF and TQ. 

Since TFSq lie on a circle, 

.'. TSq = ^jpg == TFQ = a right angle. 

Note. — The point p evidently lies on the directrix, and T and P are 
equidistant from the directrix. 

7. Let 2a be the angle between the lines, and take the bisectors of 
the angles between them as axes. Then if (^, 0) be any point on the 
axis of X, the equation of the circle centre {h, 0) touching the lines is 

(ar - hy + ^s = A* sin >a, 

.•. equation to the polar of any fixed point (f, rf) is 

(ar - A) {^ - h)+yTj = II" sin so, 

or h^ cos *a - h{x + ^) + ^f + y? = 0. 

To find the envelope we must express the condition that this equation 
in h should have equal roots. 

.-. (^ + f)' = 4cosMarf +^) 

which is the equation to a parabola. 

♦This question may also be solved geometrically as follows : — 

Let OL^ OL' be the two given straight lines, and let OA bisect the 
angle between them, so that LOA = L'OA = a. Then if F be any 
point on OA, P is the centre of one of the circles which touch OL anil 
OL', and its radius ■= OP sin a. 
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If B be the fixed point, the polar of B is found by joining PB, and 
taking on it a point R such that FR . FB = (radius)* = OP^sin*a, 
i.e. such that PR . PB oz 0P\ and by drawing a line RF through R 
perpendicular to PB. Thus we see that the problem reduces to the 
following. 

Given and Bj two fixed points, and OA a fixed straight line. Then 
if any point P be taken on OJ, and PB be joined, and a point R be 
taken on PB such that PR . PB : jPO in a constant ratio, as F moves 
along OA it is required to find the envelope of a line through R 
perpendicular to PB. 

Describe a circle so as to touch OA in and pass through B. Let 
BB be the diameter through B^ so that J? is a fixed point. Join PB 
cutting the circle in Q. Then BQE is a right angle. Let RF^ per- 
pendicular to PBj meet PB in F, and draw FS parallel to PB meeting 
BEmS. 

Then PR.FB = PF. PQ, and PO' ^ PB . FQ, 

.*. PF : PB in a constant ratio. .*. the locus of 1^ is a straight line 
FZ parallel to OA; and iS' is a fixed point. .*. the envelope of iZl^ is 
a parabola of which S is the focus, and FZ the tangent at the vertex. 

The property here employed is the useful converse of the proposition 
that the foot of the perpendicular from the focus on any tangent to a 
parabola lies on the tangent at the vertex. 



Paper X. 

1. a: . r^ +y .r -\- z 

2 

z . r^ ■i' y . r -^ X 
.*. obviously 2z = r -\- a:, 2y -\- 1 = r + y, 2ir -f 1 = r, 
.'. 2(ar . r -}- z) = 2x . r -{- 2z >= {z - l)r -{• r + a: = z . r + t. 
Again r + ^ = 2^ = 4ar + 2, .*. r = 3:p + 2, 

.'. if we give to .r in succession the values 1, 2, 3, ... . we obtain for 
r the values 5, 8, 11, ... . 

.'. neglecting the scales of notation in which the radix is 1 and 2, 
we see that the above number can only be found in one scale out of 
three. 

2. The A.M. of 1, 2, 3, ... . 3w is known to be > the G.M. 

Sm(3m + 1) „ „^, 
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.% it is suflScient to prove that 



4 



^ ^ > — ^ — , or that Zm > — ^ — ' 
or 3»* > 1, which is true if w > 0. 

3. Todh. Trig. Art. 272 gives an expression for tan n6 in terms of 

tand. If we put tan B = v3 or "7^» tf = «■ or ■^' .'. «^ = a multiple 

of IT or 2ir, since » is a multiple of 6. /. tan nB = 0, and the required 
results are obtained by equating to zero the numerators of the 
expressions. 

4. Let BB' cut A A' between A and A\ 
Then WBC ^ 1ir - {BCF + BC'B'), 

= 2n- - {2(7r - BAB^ + 2(7r - BA'B")} ; 
.-. CBC = 5-^5' + BA'B' - TT, 

= 27r - (^5^' + AB'A') - w, 
= TT - {AOa + ^O'C?) - 0^6)'. 
If BB' cut -^J' produced, CBC will equal the supplement of 0A0\ 

6. Let the normal at P meet the major axis in Q. Through O draw 
a line LMGUM' perpendicular to the normal, and meeting SP and PS' 
produced in M and M\ Draw SL, S'L' perpendicular to MM\ 

Then SP iS'P:: SG : SG ;: SL : S'L' :: *^ : ||' 

:: ^ ' -^Fp :: 5Jf : S'W, since PJi « PIT 
:: BP - PM\ PM - PS'. 

6. To make the highest card project as far as possible from the table, 
we must move it until it is on the point of falling. Then move forward 
the one immediately below it until it is on the point of falling, and so 
on. When the lowest card projects as far as possible from the table, 
it is evident that the highest card will then project a maximum 
distance from the table, and that each card will be on the point of 
falling independently of the rest. 

7. Let 8 be the vertex of the triangle, S'P the base. 

Its' SB = 6, S'PS = 26, cos 26 = "^^ ^ \ cos 6 •= ^^^"^ ^* 
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Let SS^ *a Cf and e =» the eccentricity. 

Then 2A0^ SP±F8^ ^c + 2ecos2S =- c{l+2c<M2ff) = 2c cos ^, 

1 2 v^5 - 1 

•*• ^"' 2cosd" V6 + 1 " 2 ' 
.-. <if 4- 1) - 1. 
IfSB be semi latus rectam^ 

SB - tf(iSJL + AX) - K<? + 1)^-^' - ^X 



Paper XL 

1. 1000 lbs. = 463-69 kilog. 1000 miles - 1609-27 kilom. 

.'. the question may be stated thus : 

If 453'69 kilog. can be carried 1609-27 kilom. for 26*2 francs, how 
hiany kilog. can bo carried 100 kilom. for 20 francs ? 

100 : 1609-27 ,^^^^ , 

:: 463*69 : Ans, 



•". Ana, = 



26-2 : 20 
1609-27 X 453'69 7299487793 



126 ' 126 

6793-24. 



2. iU '\' y) (a + b - c - d) = ed " ab, 

xy{a -^ b - c — d) — ab{c + rf) - cd{a + b\ 

.-. (^) {a-^b-c-df-:-{cd''abY^{a-\'b''C--d)[ab{c+d)-ed{a-\'b)]. 

Now the expression on the right vanishes when « = c, or a = of, or 
b = c, OT b '^ d, and .'. 

= k{a — <?)(« — d) (b - c) {b — d), where k is some numerical con- 
stant. By equating coefficients of any term, as a^l(^ we find k ^ \, 

-'- ^C-J^y^ + b-' C" d) ^ J(a - c){a ' d) {b - c) {b - d). 

« /i l^-*_. . 1/1 ,^.3 1 . 1.3.6 1 , -I 

3. VI- y -^ + 412 "^271 '4 + 27476 '4*+ ••••/' 

.-. Given expression -^jQ) "^}'"^)"73"M"3(^~ '^^^ ^^- 
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47r\ 






/, Expression = -: — -. 
*^ Bin A 



Bin/ 



I 2 sin ^ cos "5 

sin ^ . . ow * 

sm^^— sin*- 

3 
1 4 sin ^ 



sin A 4 sin 2-4 — 3 3 sin ^ — 4 sin '^A 
3 



sin 3^ 



= 3 cosec SA» 



o, tan y = - , : . » 

Vl + **-* - V 1 - a:2 

1 +tany _ Vl +ir« 

• • 1 - tan^ "" vnria 

1+0-2 sec V H" 2 tan y 
"' 1 — a:^ sec^y — 2tany 

^ 2 tan y . 

•'• ^ "" "s^" "" 2sinycosj^ = 8in2y. 

6. Tripos 1875. Tuesday morning. No. 6. 

7. Let TP, TQ be two of the tangents meeting the axes in f, f. 
Join S'T meeting BG in R and draw the ordinate TN, 

Then the angle iSTi = S'Tt, and T^5 = TfR, 

. •. T/S« = t'RT ^ S'TN, 
.'. the triangles STN, S'TN are similar, 
.-. TIi^ = SN.NS\ 
/. the locus of T is a rectangular hyperbola, having S, Si as vertices. 
It is evident that JV cannot fall between S and S\ 
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Paper XIT. 



1. Multiply the three equations together 

.-. (z + X) {x +y) (j -i-^ = db a^Cf 

.*. by division ^r-f^rs ■±^ — , ^-f-x= ± -,ar+y= ±-« 

a c 

By addition we have x + y + z = \{ ± — ± ^ ± — }•, 

x. a b c J 

which at once gives us ar, ^ and z. 

2. Let , — ;- = ■ 1 -> 

{x — a) {x — 0) X — a X — b 

.\x=.A{x - h) + B {x - a\ 

.\A+B^l, Ab + Ba=^ 0, /. A = — ^ . B ^ ^> 

a — b a — 

1 ( b a \ 

••. expression = -• < > > 

«-A l^— ;r a — xJ 

- 7^ {(' --:)"■-('--:)"'}■ 

-.^ 1(1 1) a^ - bV' 1 

.'. coef. of ir« =3 r < — > = , • 

a ^ \ of^ a^ ) a — b an , b^ 

3. Consider the identity 

(a+b + c) {a^ + b^ + d^- be-ca- ab) ^i^+b^+c^^ 3abc, 
Since this is always true whatever be the values of «, 6, c, 
let a = tf«*, h = tf^*, c = 67», where t =» V~ 1, 

/. putting for ««* its value cos a + * sin a, &c. 

|coso + cosjS + cosy + * (sin a -|- . . .)} 

(cos 2a + . . . - cos + 7)+ i (sin 2a + . . .) } 

= cos 3a + cos 3/3 + cos 3y - 3 cos (o + /3 + y) 4- » (sin 3a -{-...); 

.'. equating real parts we obtain the required equality. 

Another relation can at once be written down by equating unreal 
parts. . 
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4. Let be the centre of the circum-circle, P the ortho-ceptre. 
Let AP produced meet BC in M. Through draw ONy OQ perpen- 
dicular to BC and PM respectively. 

Then PM = PB cos C = ^^^' ^^^^ cos G ^ 2R cosB cos C, 

2 sin C 

BM - PB sin C = ^^' ?^^^ sin C - 2i2 cos5 sinC, 

2 sm (7 

ON = R cos ^, 5^" = i2 sinuf, 
.-. 0P2 = (PAf - ONf + (jBM - BN)S 

= -S2 |(2 cos B cosO - co8^)2 + (2 cos J5 sin C - sin^)^}, 
« 222 |(co8 B^^ - 2 cos ^)2 + sin» {C - B)], 
= 722 |i _ 4 cos -i (cos B- + cos£ + 0)}, 
= i22 Ji « 8 cos -^ cos JB cos 0} . 

5. Let the circles round JDE, CDF meet again in 0, Join C?Z). 
The angle JOE = ^Z)^ = CDF = C(9i^, 

and i^OO = FDO = sup. of ODA = (9^^, 

.•. OA : OF :: OE : 00 .\ OA.OC => OE. OF. 

6. LetP be the vertex of the diameter PO which bisects A By and let 
PT, the tangent at P, make an angle with the axis. 

Then if a^, y be the coordinates of any point Q on the parabola 
referred to PO and PT as axes, 

y2 = -^^ ar' : .-. OP = -^ . Bind; .\ p = fji sin^^. 

7. Tripos 1878. Tuesday morning. No. 2. 



Paper XIII. 



1. (a + h + c){a + h - c){a " b + c)(a'' h •• e) 

= (tfS + 52 - c« + 2^5} (tf» 4- &2 _ ^3 _ 2^?&}, 
« fl* + ^* + (?* - 23V - 2cV - 2«*i2. 
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2. (1) This equation may be written 

(•'+? + ")' (• + ;+»)' 

Put a: + 1 - 2 « 16y, «* + i - 2 - 16&, 

. Cr + i)» _ (fe + J)» . 
7~ ~p— . 

/. ^ ss 5 is one solution. The others are found on division to be 
given by the quadratic 6*y* = 6 + y. Then the three values of 

X + -) ftnd .'. the six values of x can be found. 

X 



(2) From (1) and (2) by elim. z we get 

So from (1) and (3) (a - c)« + (6 - c)y « tfd — c* J 

(c -«)(«- 6)" 

The values of y and z can at once be written down by making 
symmetrical changes of the letters a^ ft, c. 

3L The given expression 

= i {cos2 (4 + ^) + cos2 0} {cos2 (-i - 5) + cos2 C} 

+ i {cob2 C - cos2(il + J5)} {cos 2 (^ - ^) - cos 2 0} 

«i {co82Ccos2(^ +5) + cos20cos2(-4 - £)}, 

B cos 2 cos 2 ^ cos 2 B, 



^ ^3 M-ft 9 " Cf ^ 8. 8 — a 

^g 2.-(ft + c) A. - ft) (8 - c) ^ 
' (« - ft) (« - c) ^ « . (« — ll) 

-■ 2« — (ft + c) = tf, 

6. The angle J^ilC =: i ABG = ^£2> = ACD, 

.*. j^^ is parallel to CD. 
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The angle EGA = i AGB = CBD = CAD, 

/. EC is parallel to AD, 

6. Let QNE be the chord cutting the major axis in N. Let A'Q 
meet the tangent at A in L. Then the angle QAL = QA^A ; 

.-. QAN + QA'N =- QAN + QAL = one right angle. 

.'. QAR + QA'B = two right angles. 

7. Let ^ be the centre. Then it is evident that for any given 
weight to have the greatest eJSect in upsetting the table, it must be 
placed at one of the comers, A suppose. Let E^ F be the middle 
points of the adjacent sides. Let W be the weight of the table, and 
let P be the greatest weight which can be placed at A without destro3dng 
equilibrium. Let AQ and EF intersect in R. Taking moments round 
H, we have 

P.AH = W.RG, .'.F= jr. 

.•. no weight less than the table when placed upon it can upset it 



Paper XIV. 

1. {ax - 5^)2 + {ax - hj/) {qy+bx + ly) -[. {ay •\-lx-\- J/;« 
■= aH^ - %alx}/ + h^f + a^xy + abx^ + ahxy - ahy^ - b^xy - ^^ ^ ^y 

+ iV + ly + 2abxy + Wxy + 2ahy\ 
= a'^x^ + a^xy + aY + abx^ + ohxy + aby^ + i?3^ + i-jy + ^y, 

- (^ + ^y + 2/') (^' + «^ + i'). 
*We also give the following instructive method of proving the above. 

Let 1, IT, uP- be the three cube roots of unity, so that 

1^^ + t^ 4" 1 = /. ic- = — to — 1 
and w;' =s 1 .*. ic* = to = — 1 — to^^ 

Then a?'* + x^ -4- y^ = (^f — w'y) (^ — ic^y), 

«={(«— M7y) {a — wb)^ {(^ — ^'^V) (^ — ^^)}> 

= {oar + vPby — «o (^^ + ^^)} ^ax + ^''^^y "" ^'^^ {^^ + ^^)}> 

= {(d«r - ty) - t(? {ay + hx + ^^)} {ax -by- w^{ay + bx-]rby)}. 
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= (ffx - byy - {ax - by) {ay + ftor + by) {w + vP) + v^f^ay + bx + by)\ 
- {ax - byY + {ax - hy) {ay + bx + by) + {ay + hx + byf. 
Thus we see that the product of these two factors is of the form 

.-. let {x,^ + x^^+y^^ {xi^ + x^^ + y^^) = X^^ + X^T^ + T^^. 

Introduce a new factor x^ + 3:3^3 -f- y^. Then the product of the 
three factors 

= {X,^ + X,Y^+ Yi^) {xi^ x^^ + 2^3*), 

= X^ -{■ X^Y^ + Yg^ suppose. 

Hence we see that the product of any number of factors of the form 
x^ + ary H- y2 can be put in the form X^ + XY + YK 

5 ^ ~ ^^ "f" ^^ ™ ^ "" ""^^ + fy 

m' « 

.*. ar (««»*' + nn') — (»'<? — «'^) =» / (»2'y + «';?), 

.-. X {IV + ««»»' + «»') - (iw'tf - tib) = / (/'or + m'y + «'r), 

«'<; — n'b 

//' + «»»i' + «»' / 

Vx + JwV -j- n'z 
Similarly it may be shewn that urT T-Tr~J ^^ equal to each of 

the other expressions. 
^ A B n B 

••• M2 + 2J "" **''|'' " "2 " 2/ "•^" Ml + 2J' 

••• = tan(2+ 2) +tan(^+ 5), 

A B CD 

tan 2 + tan ^ tan - + tan ^ 



A // + V 

1 — tan ^ tan ^ 1 — tan -^ tan - 



(tan tj +tan ^ V 1 - tan ^tan"^+(tan ^+ tan ^ j (l - tan ^tan ^ j ; 
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/. (tan - + tan -) tan - tan ^ + (tan - + tan ^) tan - tan ^ 

= tan - + tan ^ + tan - + tan -• 
Now tan ^ = -, &c, 

bed + cda + dab -f- ahe 
•'• '^ " a + b + c + d 

4. sin 2d - Bind ~ 2 sin d cos d^ 

sin 4d — sin 2d = 2 sin d cos 3d, 

sin 6d — sin 4d » 2 sin d cos 5d, 

• • • • 

8in2"d - sin(2* - 2)d = 28indco8(2* - l)d, 

/. by addition we find 

cosd + cos3d + cosSd + .... + co8(2* - 1)0 — . ^ * 

= 2*"^ cos d COB 2d cos 4d cos 2""^ d. Todh. Trig, Art. 129. 

5. Let one force act at A and the other two at B, and let each force 
be denoted by P. Then the resultant of the two forces at B must be a 
force F parallel to the force at A, .*. the forces at B must each make 
an angle 60° with the resultant, and .*. must make an angle 120° with 
each other. 

6. We will first prove the following useful proposition. 

' The perpendicular from the focus on any tangent and the diameter 
through the point of contact intersect on the directrix.' 

Draw SY perpendicular to the tangent at F and produce ST to meet 
the directrix in D. Draw the tangents 2)Q, Z>§'. Then since the 
directrix is the polar of the focus, Q^Q passes through 8, and is per- 
pendicular to SD, Bes. Con, p. 10. 

.*. QQ[ is parallel to the tangent at P. .•. the diameter through jp 
bisects QQ and passes through D, the point of intersection of tangents 
at Q and ^. 

From this the question in the text follows at once. 
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7. Draw Ci? perpendicular to AB, 

Then CZ?> = DE^ -- EC ^ {DA - AE)^ + {^C^ - ^^ 

= DA^ + ^^=» - 2DA . AE + AB^ - AE^ 

= DA* - AD . 2AE + AB^ 

= 9AB^ - 3^J» + ^5« = 7AB*. 



Paper XV. 

1 . Let P denote the population at the beginning of the Ist year^ and 
let Fly F^ P3 denote it at the end of the Ist, 2nd, 3rd .... years. 

/ 1 1 \ P 181 

Then P, = p + (. Jp = P + ^ =, ^^ P. 



^ ^ 181 ^, /181V „ 



.60 90/ ^ IbO 180 

181 /181^' 

180^^ ■" U80 

.'. if X denote the required number of years 

©''-^'■. 

.-. X (log 181 - log 180) = log 2. 

•301030 -o-^^ , 

'*' ' ^ -002407 ^ ^®^" °®^^^* 

2. Employing the metliod given in the notes 1, (1) we have 

3^ ay y^ 

bd — h'c col — da al/ — ciV 

.-. (6(/ ~ iV) (aA' - db) = (ca' - <?'«)>. 

3. Take logarithms of both sides, 

.-. (a? + 2) (1 - log 3) = 2 (2ar - 1) log 3, 

•'• "" " 61og3-l " -69280325 " ^'^^^^ •• 

4. The angle BOP = | + | = 90- - |, 

UP = PC = I sec ^, 



D 
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radius of circle round BOP 

^iBP cosec BOP = "^ = _ajj'^ _ 

^cos^cosi^ 4V*M*-«)(*-0 

ah \fca (s — b) 

.*. product of radii of the first three circles is 
a^^d^.abn J{s — a) (s — 6) (s — c) 
43 . r8 . «* 



Similarly it may be shewn that the product of the second three radii 
is equal to the same expression, 

6. Through B, C draw BB^ CE parallel respectively to CC, CB, 
Tlien BB'E shall fulfil the given conditions. For in the triangles 
BfEG^ ADiy, AD\^ equal and parallel to EC\ for each is equal and 
parallel to .BC; and AD' is equal and parallel to B'C\ ,\ B'E is equal 
and parallel to Biy. 

6. Let TP^ TF be the tangents, Q any point in ST. Draw 8Y, QZ 
perpendicular to TP^ and SY', QZ' perpendicular to TP*. 

Then YY' is the tangent at the vertex. 

Also SY : QZ :: ST : QT 

:: SY' : QZ', 

and the angle YSY' = ZQZ', .-. ZZ' is parallel to YY'. 

7. Since the conic has double contact with the circle, it is of 
the form 

ar3 + y^ - a» + (& + tny - n)« = 0. 
Since it passes through the origin, the absolute term a 0. 

/. «2 = a\ 

Since the axis of or is a tangent at tlie origin, .'. by putting ^ » 
the expression ^^ — «' + {h — « )* must reduce to ar* = 0. 
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/. / = 0, and the equation becomes 

a?2 + (1 -f m^)f - 2amy = 0, 



or, writing - for w, 
c 



c2^ -j- (tfs + ^2)^2 - 2a^cy = 0. 



Papbe XVL 

1. Lot d denote the distance from Cambridge to Oxford. Then 

-, - are the rates of A and B, When they meet A has walked 
u V 

« — a hours, and B v -• P hours, .'. « — a = p — /3 ; 
/. when they meet, A has walked -(« — «) miles, and J? - (» — P). 

11 V 

.: i{tt-a) + ^ (p-ei)=d, 

U V 

.*. t7 (a — a) + « (p — /3) = «», 

.*. (» + t?) (« - a) = «r, (1) 

(» + v) (p - /3) = «p, (2) since « — a = p — /3. 

From (1) «» = a (tt + r) ; From (2) p« = /3 (« + p) ; 

/. tt* : p^ :: a : /3. 

2. Clearing the second equation of fractions we get 

a (ar» + f) -k- a^ {x + if) = fl» + aM^ +y) + «^> 
/. 2fl» + ay (ar + y) = <7» + fl^* (^f + y) + ^^y, 

.'. (aj + y - ^) (^y - «*) = ^• 

/. either x + y — a\ (1) or ary = ««. (2). 
From (l)y = tf - r, .-. ar^ + (a - ^)2 = 2flS .-. a? = | (1 ± V3). 

/. y = ff - a? = I ^^ "^ ^^^' 

From (2) (ar - jr)» = 0, .% ;f = y « ± tf. The negative sign is seen 
by the 2nd equation to be inadmissible. 

D 2 
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3. Let 3 denote the foot of the tree, BA its height, C and B the first 
and second positions of the observer. Then BCA ■■ 51° BDA » 46°^ 
JJAC « 6**, BAG = 39^ DG = 30 feet 

8m5<* 
/. log AG = log 30 + L sin 46<» - L sin 6* 

- 1-417712 + 9-856934 - 8*940296 
« 2-334350. 
BG-= AG. sin 39^ 
.-. log BG = log A0+ L sin 39* - 10 
= 2-334350 + 9-798872 - 10 
= 2-133222, 
log 135-90 = 2-133219, 
log 135-91 = 2-133251, 
/. BC = 135-90093 



• • 



• • 



Note. — The question is given as it was originally stated. The value 
of log 3 is incorrect, and the value of AB would be found to be about 
190 feet, which is a good height for a tree. 

4. /(2^ - (1 ^ tan« 6) /{B) = ^^ ./(^, 

%e cot 2d e cot ' 

.\f{6) = «». dcot A 

5. Let A and B be the given points, GD the length of the given 
straight line. In the given circle place a straight line equal to GD. 
The angle in the segment which this straight line cuts off is known. 
On AB describe a circle containing an angle equal to this angle, and 
let the two circles intersect in Q and H, Let AG^ OB cut the circle in 
E, F, and let Aff, HB cut the circle in Ky L. Then the triangles EFO, 
HKL satisfy the given conditions. For the angles EQFy KHL are 
each equal to the angle in a segment cut off by a straight line equal to 
CD. .'. EF and KL are each equal to CD. 

6. Let ABGD be the tetrahedron. At A, B, (7, D place weights 
respectively proportional to the lengths of the tangents from these 
points to the sphere. Let the sphere touch the edges AD, BG in P, Q. 
Then F is the C. of G. of the weights Q.tA,D; Q the C. of G. of those 
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at B, C. .•. the C. of G. of the four weights lies in PQ, Similarly the 
C. of G. of the system may he shewn to lie in each of the other 
two lines joining the points of contact of the sphere with the opposite 
edges AB, CD and ACy BD, ••. these three lines are coUinear. 

> 

7. Let rey = ^' be the equation to the hyperbola referred to the 
asymptotes as axes. The equation to the ellipse will be 

is the equation to the chord of contact. Then the equations to 
FF' and QQ' are evidently 

:-+f-'-*x' 

and .'. tlicse two lines are parallel to the chord of contact. 



Paper XVIL 



1. By ordinary division we find the quotient is 

l+a; + a;^ + a!^ + a^ + ar^ + afi + af' + a^ + a:\ 

2. We may consider a, h, e as roots of the equation 

* . _y_ . _f 1 



^ + a ' k-\-^ ' /fc + y 

which is of the 3rd degree in h. Assume A; + a = X ; 

.'. A; + ^ S3 X + /3 — a, &c. .•. o + o* « + ^> o + ^ 
are the roots of 

X ^ X + /a - a^ X-i^y ^ a 
.•• by multiplication, we have 

X» + A^^ + A^ + ^8 - 0, 
where A^— — ;f 08 — a) (y — o). 

Also, since the product of the roots is equal to the last term with its 
sign changed, 

a; (a - ^) (a - y) « Xi . Xj . Xg - (<T + o) ip •\- d) {,c '\' a). 
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3. Since cos a + cos /3 + cos y = 0, 
and sin a + sin j3 + sin y «=■ 0, 

.-. e«< + efii + er< = 0. 
Now whatever be the vahies of a, b, Cyi£a + 6 + e =^ 0, 
^3 ^ ^ + ^ « ^abc = {a + 6 + c){a^ + ¥ + (^ " bc-ea-- ab) 

= 0. 
/. writing e^* for a, &c. 

eSai -I- esysi + eS7< = 3e(a+|8+'>)i 

.*. equating real and unreal parts, we obtain the required relations, 

4. Let DBF be the triangle, and let DP produced meet the circle 
in a 

Then DF = -^ ; 

sin- 
2 

and the angle CFE = P/)iS' + PJED = (7Z)5 + JPi?i^ = CEF, 

.% CF ^ CE^ 2B sin ? 

A PA.PB = FJD.FC-^ 2Br.' 

5. Let JBCD be the quadrilateral ; j&, J', G, H the middle points of 
AB. BO, GB, BA, Suppose four equal weights to be placed, one at 
each comer. Then the C. of G. of those at A and B is at E, and the 
C. of G. of those at C and B is at G, .'. the C. of G. of the system is at 
the middle point of EG. Similarly it may be shewn to be at the middle 
point of FH. .'. EG and FH bisect each other. 

This may also be proved by geometry, by shewing that EFGH is a 
parallelogram, for two sides are parallel to BB, and the other two are 
parallel to AC, and .*. EG and Fff, which are its diagonals, bisect 
each other. 

Again, let EFGH be the given parallelogram. Through E and H 
draw any straight lines AEB, AHD^ and take EB = EA and 
DH = HA. Join BF, BG and produce them to meet in C. Then 
BU = 2HE « 2GF, since. EFGH is a parallelogram. And GF is 
parallel to BD, 

.-. CF : CB :: FG : BD :: 1 : 2. 

.*. F 18 the middle point of BB, Similarly G is the middle point of 
CD. Since AB, AD are any straight lines through E and H, an infinite 
number of quadrilaterals can be described having their sides bisected at 
tlie points E, F, G, H. 
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Again, considering any one of the quadrilaterals ABCD the triangle 
ABE is J ADBy and GFC is i CBD. .*. ARE and GFC are together 
i the quadrilateral. Similarly BEF and DGH are together J the 
quadrilateral. .'. the four triangles are together equal to \ ABCD^ and 
.-. the quadrilateral ABCD is douhle tlie remainder, EFQH. 

6. Let he the vertex of the cone, PCP* any diameter of the section 
ABA*, Join OP, OB*. Let the focal sphere which is nearest touch 
OP in JB, and let the other focal sphere touch OB* in jR'. 

Then OP + OP' = OjB + JSP + OiZ' - BIF 

= ORJ^SF+OR* - P'6* 

= OiE + 0R\ since ^PiS'P' is a parallelogram, 

= const. 

7. Tripos 1875. Tuesday morning. No. 1* 



Paper XVIII. 



1. Tripos 1875, Monday afternoon. No. 3. 

2. Tripos 1875. Monday afternoon. No. 3. 

3. Tripos 1875. Monday afternoon. No. 8. 

2"^2"*"2"2'*'' 2 + ^"'2 2~' 

x/^.^\ P-0 i + tf ^ 

.-. tan^^^ + Oj = cot —2 — = ^^^**^ 2* ^°^^^* ^"^' ^'^^ ^^^• 

{p - g) (d + <? - tf) /^ \ ^ 

•'• ^ I tan y^ 2 + ) = (* — a) tan ^ = diameter of 

inscr. circle. 

Similarly it may be shewn that each of the other expressions is 
equal to 2r. 

5. Let ABCD be the given quadrilateral, the intersection of its 
diagonals, and A\ F, C, D' the feet of the perpendiculars on the 
diagonals from A, B, C, D. Then because a circle will go round 
BCBC\ .-. the angle OBC = OB'C. Similariy OBA = OB A'. .\ the 
angle ABC =• A'B'O. In the same manner it may be shewn that tlie 
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other corresponding angles are equal. Again, from similar triangles 
OBG, OBC, 

BO : BC :: OB: OB 

".AB: A'B from AOB, A' OB. 

/. the sides about the equal angles ABG^ A! BO' are proportionals. 
The same property may be shewn to hold for the sides about the other 
equal angles. .*. the quadrilaterals are similar. 

6. Let be the centre of the circle on ^B an diameter, KR* the 
directrix touching the concentric circle in X. Draw AK^ BK' per- 
pendiculars from Ay B. With centre Ay radius AK, describe a circle. 
With centre -B, and radius BK\ describe a circle, and let these two 
intersect in S, S\ Then ^S, S' are the two positions of the focus 
corresponding to the position KK'. 

8A + SB ^^ AK + BK' = 2CX = constant 

•, the locus of S is an ellipse having A, B for foci. 

7. Tnpos 1875. Tuesday morning. No. 2. 



Paper XTX. 

bab{a-\-b)\al^+b^)^bab{a^+2ab^b^){a^+b^) 

= baTb+lOa^b^+ba^b^+ba^l^'\' \OaH^+babT=^ B, 
\haH%a+b){(^ 4-^ = 15tf «A»+ 15«»^»+15fl3d«+15tf2A8= 0, 

Ha+bf. 

2. Tripos 1875. Monday afternoon. No. 5. 

3. a + b + c = 0', .-. (tf + 3)5= - c5; 

flC + ^S ^ g5 (^ ^ ^)5 _ ^5 __ ^5 

•• I 6 

= tf3{tf» + 2aH + 2alf^ + b'^). 
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So - 3 

= ab{a + b\ 
and {a + bf = c^, 
a" + ^^ + ga ^ (g + h)2 ^gij^i^ 
t 2 

= «« + tf * + ^- - (« + bf - tf^, 

.•- 5 = - ab^ia + bf - ab{a + 6)], 

3 2 

From the given conditions, we have €«< + c/^* + c/^i =. q. 
.*. in the above result writing €«< for a, &c. we have 

6 "" 3 2 

/. putting for fSo* its value cos 5a + i sin 5a, &c., and equaling real 
parts, we obtain the required relation. 

If we equate unreal parts, we have 

sin 5a + sin 5/3 -f- sin 5y 
6 

cos 3a + cos 33 4- cos 3y sin 2a + sin 23 + sin 2y 

3 2 

sin 3a + sin 3/3 + sin 3y cos 2a + cos 2/3 + cos 2y 

+ 3 2 

4. Tripos 1875. Monday afternoon. No. 9. 

5. Tripos 1875. Monday morning. No. 2. 

6. Let D be the middle point of BC, G the C. of G. of the triangle. 

Then P = ^JT. .'. by symmetry the force will just be able to lift a 
corner of the triangle if applied at B or C. 

7. Produce SY to meet S'F in K. Then PRYK is a parallelogram, 

/. PR^KY ^ SY. 
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Paper XX. 

^* 2 3"*"3.7 "^3.7.47 "*'3.7.47.2207 + •••• 

= -34- -04761 904762+00101317123+-00000045907+.... 
= •38196601126. 
.*. V5 = 3 - -76393202250, 
= 2-2360679775. 

2. 3^»+2 _ 8,, ^ 9 = 9«+i _ 1 » 8;, « 8, 

-(9- l){9»+9^-^ + .... + 9 + l-«-l}, 
= Slg*^ « 1 + 9n-i _!+,_, ^9 _ Ij^ 

The quantity in the brackets is evidently a multiple of 9 — 1 ; 

.•. the given expression is a multiple of 64. 

Another method of solving this class of problems is as follows : — 
By trial we find that the expression is a multiple of 64 when » = 1 
arid when n — % Suppose that it is a multiple of 64 when n = p. 
Then writing p + 1 for », and subtracting the value of the expression 
when n = ^, we have 

9^+1 - 8(/? + 1) - 9 - (9'' - 8/j - 9}, 

which = 9^(9 - 1) - 8, 

= 8(9^ - 1), 

and 9-1 will evidently divide 9^ — 1. Thus we see that if the 
expression is a multiple of 64 when » = /?, it is also a multiple of 64 
when « s= jD + 1. Now we know by trial that this is the case when 
» = 1, and when » =: 2 ; .'. it is the case universally. 

3. Tripos 1878. Monday afternoon. No. 8. 

4. Tripos 1878. Monday afternoon. No. 9 

5. Tripos 1878, Tuesday morning. No. 3, 

6. Tripos 1878. Monday morning. No. 1. 

7. Tripos 1875. Monday morning. No. 10. 
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Paper XXL 

1. Tripos 1878. Monday afternoon. No. 1. 

2. Tripos 1878. Monday afternoon. No. 2. 

3. Tripos 1875. Monday afternoon. No. 10. 

4. Tripos 1878. Monday afternoon. No. 8. 
6. Tripos 1878. Tuesday morning. No. 4. 

6. Tripos 1878. Monday morning. No. 4. 

7. Let PQR be the triangle formed by the tangents. Draw PB, QG 
parallel to the axis^ and make at P and Q the angles RPSy MQ8 equal 
to the supplement of BPQ, Then S is the focus. Draw SD and SE 
perpendicular to PQ, PE. Then DE is the tangent at the vertex, and 
SAj perpendicular to DE, is the axis, and the parabola can be described. 



Paper XXIL 

1. For X write tan A^ &c. 

.•. tan A + tan jB + tan = tan ^ tan 5 tan 0; 

.'. A-^B+C^n. 180° ; 

.-. 2A + 2B + 2G^2n. 180° ; 

.*. tan2J + tan2^ + tan2a = tan2^ . tan 25 . tan 2(7 ; 

J X CM 2tan^ 2x 

and tan 2^ =» r — rr = 1 2> &«. 

1 - tanM 1 — or' ■ 

2. Tripos 1878. Monday afternoon. No. 3. 

^ tf7 + 57 + e.7 ^7 + 57 _ (a 4. 5)7 

3. 7- = ^ y 

a' 4. ^S J_ (*5 

— ^g--^— - = - ah{a^ '{• la^h + 2a&2 4. J«J, 

Ija -L J2 -L c9 

— ' ^ ^ ~ = a^ + 06 + &«, 
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.*. by multiplication we find 

a7 4. 57 + c' a« + &54-C5 a» + 6a + <? 
7 6 2 

Then proceeding exactly as in XIX. 3, we obtain the required 
relation. 

4. Tripos 1875. Monday afternoon. No. 11. 

6. Let ABCD be the tetrahedron. Let the resultant of the forces 
along DB and DC cut J5C in E, Let them be replaced by this 
resultant. Then the resultant of this force and the force along DA will 
cut the plane ABC in a point in AE, and is .*. neither wholly in, nor 
parallel to this plane. But the action of the forces along AB, BCy CA 
lies wholly in the plane ABC, •*. the system cannot be in equilibrium. 

6. Tripos 1878. Monday morning. No. 3, 

7. Tripos 1878. Monday afternoon. No. 9. 



Paper XXIII. 

1. Tripos 1878. Wednesday morning. No. 3. 

2. Tripos 1878. Monday afternoon. No. 3. 

3. Let JB be the rod, A the hinge, C the point to which the other 
end of the rod is fastened by the string, so that AC = JB. Draw AF 
perpendicular to BC, and let the vertical through the middle point of 
AB intersect BC in G, Then the action of the hinge at A must pass 
through G. Let T, W, R denote the tension of the string, the weight 
of the rod, and the reaction of the hinge. Then taking moments about 
A, 2a being the length of the rod, and 6 the angle which it makes with 
the horizon, 

fr. ^cos^ = T .as'm^ and T ^ fT; .«. ^ cosd = ^^^g' 

• ,^ ^ • ^ 1 . , e - 1 ± ^^3 

.•• sm«,j +8^2 "" 2 "^ * •*• ®^"2 ^ 2 

Taking the positive sign we have 

2 ^ ^ 2 4 2 ^4 



cos 2 



cos 



J = (4)' .•.^ = 2cos-i(j)- 
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4. (1) sin 6^ + sin 6^ + sin 6(7 

= 2 sin {SJ + SB) cos (3J - 3^) + 2 sin 3C cos 3(7 
= 2 sin SC {cos (3^ - SB) - cos (3^ + 3^)} 
» 2 sin 3(7 sin SJ sin SB. 

1 _ tan !i 

^^ ^^ l + tan^ 

4 

.'. the given expression 

. /TT -4\ . /ir J?\ . /n- (7\ 
Bin(---)Bm(^--J8m(---) ^ ^^ 

C08 (j - -j COB (- - J j 008 (j - J j 

2 2 2* 4 4 4* 

,, , B + C . C+A . A+B 

/. iv =» sin \ — sm — !- — sm \ — 

4 4 4 



+ (7/ B ^ C 2A+B+C\ 
^ (cos —^ cos X_J:- j 



1 /. B , . C7\ 1 / . 2(^+-B+C) . ^\ 

-j(8m- +8m- +8m--l). 

n B + C + A A + B 

D — cos — ! — C08 — - — cos '- 

4 4 4 



1 B 

--cos- 



i_^ (cos ^^ + cos ?^±^±^ 



1/ B. G\ , 1 / HA + B+C) , A\ 

._^C0S-+C08-+C08j, 

which proves the equality of the two given espressionsL 
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5. Let C^ = - cos ^ + _— cos 2A + • • • 

S^^-BmA + ^— , sin 2 J + . . • 
c 2cr 

.•• C+Si ^i.e^i+ ^.^^i + ... 
c 2c- 

- - log (1 - i e^O. 

c 

.•. 1 - - (cos ^ + * sin^) = e"^"^' = e-0 , e-8i 
c 

■B e-<^ {cos 8 — » sin ;Si}. 

.•. equating real and UDreal parts, 

^-Ccos/y= Bs , (1) 

c c 

n ' a hainA ^ sin ^ ,<.. 
e-<^ sm S = ca , (2) 

6 <? 



square and add (1) and (2). 



c^ . r^ 1 e 



.-. e-2C=:- ... a = logtl. 
(^ a 



Similarly, if 



,v a cos B . a^ o t> • 

^' = - sin^ + ^ sin 25 + . . . 
c ztr 

we shall have C' = log - 

6 

.'. the given expression = (7 — d7' = log - — log - = log - • 

a a 

Note. — If we take the value of C + C vre find 

5 C08-4 + fl^cosJB , b^ C092A + a^ cob2B , , c* 
X Jl f. . . . « log - . 

c 2c^ ab 

Also, if we divide (2) by (1) we get tan /^ = tan B, 

b h^ 

.•. J5 a» - sin -4 + r-, sin 2il + . • ; 

e z(r 
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6. The angle HFR = FCD = CQQ ; and the angle FEB = COQ. 

/. the triangles FUR and CGQ are similar, 

.-. HR : HF :: ^^ : GQ 

.*. GQ. HR = ffF.CQ = constant. 

7. The given equation can be put in the form 

{y - m^x) {y - m^) = 

where t?ij -f- wig "■ — — > WiWg ■■ — • 

c a 

I£ these two straight lines are at right angles, 

1 + (m^ + wij) cos *o + WjWj = 0, 

1 + ^ 



.'. cos <o » ? = <? /l ^l\ 

b \a ^ bl 



e 



Paper XXIV. 

1. Since a, /3 are the roots of the 1st equation, 

.-. o + /3 = - tf, fl3 = i (a> - 42), .-. (a - 0)8 = (a +/3)» - 4ap = i«, 

.'. a - /3 = q: 3, /. 2a = - (a ± 6), a' - /3» = ± flr^, 
,•. the equation whose roots are a + i3, o — /3 is 

*2 - 2adr + o« - i3« = 0, 
or or* + (tf ± i) a? ± tf3 = 0. 

2. Let s denote the number of feet in a side of the one cnrpet, ,|f the 
number in a side of the other. Then we have to find when asr^ + fy^ 
is a min. subject to the condition s + y ^ const. 

Now {ax - /3y)2 + ap(x+y)* = (a + /3) (cur* + %«); 
.*. ax^ + j3^ is a min. when aar - jSfy « ; %,e, when § — - » 
•*• the areas are as «^ to ^, t.e. as /3^ to q?. 
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3. The given expression 

= i{sin(i3 + y - a)sin203 - y) + sin(y + a - /3)8in2(y - a) 

4- sin (a + i3 - y)sin2(a - p)] 
= J{cos (i3 - 3y + a) - cos (3^3 - y - o) 

+ cos (y - 3o + 3) - C08(3y - a - 3) 

+ cos(a - 30 + y) - cos (3a - /S - y)}; 
= 0, since cos (— -4) = cos A. 

4. Let BAC be the given triangle. On AB, AC describe two 
similar isosceles triangles BDA, AEC, having the angles at their bases 
each = 0, Let F be the middle point of BG, 

Then DF^ = F& + BD^ - 2FB . BD coa {B + 6), 

EF^ = FC^ + CE2 - 2FG . CE coa (0 + 0), 

and i)F = ^jP, FB = i?'0; 

.-. ^1)2 - CE^ = 2FB{5Z)cos(5 + ^) - C^co8(a+ ^)}. 

Also BD = TT^a ; ^^ = oT-^; ^^ = ^5 

2 cos ^ 2 cos 6 ' 2 

= 2 g{<7(cosBcosd - sin^sin^) - &(cosCcos^ - sinCsin^)}, 

a 
= o (^ cos JB — ^ cos G), since <? sin B = i sin (7, 

<r» - 62 

.'. cos 2^ = ■^; .'. cos^ = ■j=r; /. ^ = 45°; 

/, the vertical angles must be right angles, 

6. Let the given lines be of lengths a, b, c. 

Then (a + &)' - c2 = (a + 6 + c) (a + & - c). 

Construct a rectangle having GH, HK for adjacent sides such that 
GJy = a + 6 + c, (?jr = a + 6 - c. Produce GH to X, making 
EL = HK. On G'Z) as diameter describe a semicircle. Produce KH 
to meet the circumference in M, Then the square on EM is easily 
seen to bo the square required. 
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6. GAB = 30°, DAB = 60°, EAB = 90°, FAB = 120*, 

Bin 120' r- 

.'. AC ^ AB . -^— uT^ = V3 . AB, 

sin d0° ' 

AD = -45 sec 60° = 2AB, 

AE^ AC = VSAB, 

AF = -41;, 
.•. horizontal component 
= J5 + 2^Ccos30° + 3i4i)co8 60° + 4.4j&cos90° + SilJ^'cos 120*, 

= ^jb{i + 2. V3.-^ + 3.2.i+0 + 6(- i)}* 

vertical component 

= 24C8in 30* + ZAD sin 60^* + AAE + bAFsm 30°, 

^Ab[^1. ^3.^+3.2.-^ + 4. ^/g + 6..-^}» 

.« 21v'3 
= AB ,~-» 

AB , 

.-. resultant = -^ ^/Sl + 13JJ, 

7. Let P(? be the normal, Q its middle point, FN, QM the ordinates 
of P and Q, Then MN = ^iVG^ = ^5. .-. 8M = AN; 

.'. QM^ = iPN^ = AS. AN = ^^. ^3/. 

.'. the locus of Q is a parabola, vertex S, and latus rectum ^ that of 
the original parabola. 



50 SOLUTIONS OF 



Paper XXV. 

1. Let iP — a be the common measure. Then if we write a for x hi 
each of the given expressions, they will become = 0. 

.•. a* + tfo + A = 0, 

g* ^ g ^ 1 . 
•*• ab' " dh h - V oT - a 

.-. {aV - a'b) {a - a') + (i - b'f = 0. 

2. Since 1, ar, x^ are in H.P. 

.-. l + p = |; .-.^-2^ + 1 = 0; 
/. (a? - 1) (ic» - ar - 1) = 0, and « - 1 ^ 0; •% a?^ _ a; = 1 . . (:4) 
Since 1, ^^, i/^ are in H.P. 

•••l+i = J'' .-.5^-2^+1-0; 

A (y - ^)(^+y - 1) = 0, andy - 1 =,«= 0; .% / +y = 1 . . (5) 

Subtracting (B) from (^1) we have ar^ - y2 _ (ar + y) = ; 
A {s! +y) (a? - y - 1) = 0, and ar +y ^ ; .-. a: - y = 1 . . . (C) 

.•• y + 2/^ = 1 = ^ - 5^ = *' - ^ ; 
/, — y«, y, a?, ar* are in A.P. the common difference being = 1. 

Again from (C), a;^ - ay = ar, andy^ = 1 - y; 

.-. ar» - ary + y2 = ar - y + 1 ; 

.-. - y^ +y + ^ + ^ = (^ + y) (^ - y + 1) 

= (^ + y) (^' - ^y + /) 
= ar^+y'. 

3. The given expression 

B-^-C B-C C + J C-A , A + B A-B 

= cos— ^ — ^^^~~2 ^^^^ — 2~ *'^^'~2~"*"^^® — 2 — ^°^~2 — 

= j{cosJ? + cosC + co8^+ C08-4 + C0S^ -|- cosJ?} 
=s cos A + COB J5 + cos C. 
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cos 2^ - sin'^ 

4* 2 cot 2B = — ;— 5 w- = cot ^ - tan ^ ; 

sin 6 cos 6 ' 

,•. tan^ = cot^ - 2cot2^; 

^tang = 2°^*2 ■" 

1 ^ 1 ^ 1 ^ . 
So rtan^ =*TC0t7 — jrcot-* 

4 4 4 4 2 2 

1 ^,1^1^ 
/. 77 tan?r + -7 tan 7 — -r cot 7 — cot^. 
z 2 4 4 4 4 

By proceeding m the same manner, and dividing by 2* 

1 ^.lx^_l ^ 1 i- 
23 tan ^ + 2* 2* "~ 2* ^^^2* ~ ^^®*22* 

1 . f , 1. I? _ 1 , ^ 1 , ^. 
gj tan 25 "T 26 2® ^ 2^ 2^ " 2*^^ 2* ' 



• • • 



1 6 1 _i_i_.l..^ ^• 

22»-l**°22»-l •" 22»*^^22« "■ 22'* 22» 22»-2^^*22»-2' 

/. by addition 

1 B \ B \ B 1 B 

cot^ + 2 tan^ + 22tan^2 + .... + p^tan^^ = 22^cot22'» 

1 2''^» ^ 1 I . , 

s - . _I . cos — - rs - when n is very large. 

^ ^ 22» ^ -^ ^ 

5. Let -*^ be the centre of the circle to which the tangents are drawn, 
B the centre of the other circle. Let the circle, centre B, cnt FQ in R 
and FQ! produced in S. Then AF bisects the angle QFQ'y or BFS. 
.'. the arc AR = arc AS, .'. JKjS' is perpendicular to AB^ and .*. fixed 
in direction. 

Join qCy CO!. Then the angle qCA = supplement of ASF =* ARF 
3= supplement of ARQ = supplement of -<^(7$. 

,', ACQ + ACQ = 2 right angles. .'. Q(7 and CQ[ are in one straight 
Jine^ •'• ABy RS, and Q^ are concurrent. 

6. Tvipos 1875. Tuesday morning. No, 4 

b2 



^ I 
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7. Since y » ^ tan a and y » « tan /3 are at right angles. 

,'. 1 + (tan a + tan ^) cos oo + tan a tan /3 = 0, 

- , , Hit . 19ir 19-11 ir 

1 4- tan — tan — cos ir cos — 

24 24 24 3 

.*. cos CD as — 



^ llir , ^ 19ir . 19 + 11 . Stt 

tan — + tan — sin ir sm — 

24 ^ 24 24 4 



cos- . 

3 1 . ^„ T 

. IT V2 4 

sm - 

4 



Paper XXVI. 



1, By ordinary division we find 

Y^ = •052631578947368421 

12 18 

By LIX. 1, we know that each of the decimals Tq* 7q> * * • Tq Con- 
tains the same 18 digits in the same cyclical order, and as the right hand 
figure of any one of the decimals is formed hy multiplying the 
numerator of the decimal by unity, the other digits can be written 
down from right to left by inspection. Thus 

Yq = -368421052631578947, 

Yg = -894736842105263157. 

2. The given expression 

= ^ io*+2w\x^+^+z^ +w^{yz+zx+xy) +w{3^+^+^ - ^xyz) 

= _ fp*+tt?'|2(ar^+y2 -^z^+yz+zx+xy^ - w\a^+y^+z^ ^yz^zx^-xy) 

= - f^*+t^2{(4?2+y»+r')+2(y<8r+sar+a:^)} 
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.^. .(J L) 

o ,, . 2 sin or sin y \ COS or cosy/ cos if — cos a? 

^ ^1 I _ I 008^ + cos* 

2smd:siny Vcos* ' cosy/ 



2 sm — ^ sin — — i 
2 2_ 

2 cos — i-i cos — —^ 
2 2 



-- tan — ^ tan — -r-^- 



4. Let ^ denote the circolar measure of the angle 143^ 14' 22'« 

'•" 1 ~2' 

180P . _ 810000 _ ,.,.,, 
•'• " ~ iiSM^W * ~ 267831 " ** "" • • • 

5. Let A, J£ be the vertices of the given section. Then since CAD^ 
CJ!D are right angles, the sphere passes through A and A*. Now the 
centre of the section of the sphere made by the given plane will be 
the intersection of CD with AAl^ and will .•. coincide with the centre 
of the conic. .'• the plane intersects the sphere in the auxiliary 
circle. 

6. Let be the centre of the circle, OD the perpendicular. Produce 
BO to meet the sphere in I/, Let r, R be the radii of the circle and 
sphere. Then OD ^ r^^ ODf ^ 2R - OD ^ 2R - r s'2. 

Since DUf is a diameter of the sphere, DAD' is a right angle, and 
DA^ = 2)0* + OA^, since DO is perpendicular to AO ; 

and DfA^ = D^C^ + OA?. 

.-. 4JR« = DDf^ = DA" + 2/^ 

= 2r2 + r« + (222 - V2r)« + r» 

= 6ra H- 4iP - 4V2i?r. 

.-. 4V2.i?.r = 6r2 = 3>/2r. V2r, 

.-. 4^ - 3V2r = 3. OD .-. 22 = J (9D. 

7. Let CD be the equi-conjugate diameter to which PM is perpen- 

dicular. Equation to CZ> is - « ^. /. if x'y be coordinates of i*,the 

a b 

equation to FM is 
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The coordinates of M obtained from these equations are 

(*/ + oaf), -j4-S (¥ + ^). 



tf* + A^ ' -^ • ' fl2 + ^ 
Similarly, the coordinates of N are 

/, if f, 17 be the coordinates of §, the middle point of MN^ 



a3 + i2' '- tf2 + 6a 

Vlf XX 

Now the equation to the tangent at P is '^ + — = 1, 



„ „ normal „ (y - /) - = (;r - ar') i-^, 



and we see by trial that the values of f, 17 satisfy this equation. .*. the 
normal at P passes through Q. 

♦This question may also be solved geometrically. 

Let Cx^ Cy be the equicon jugate diameters, and let the tangent at P 
meet them in T, t, and bisect Ti in Q, 

Then the angle FCT = QCt (See solution to XLVIII. No. 7). 

Draw FN, PM, PU perpendicular to Cx, Cy, Tt respectively. 
Produce CQ to L so that CQ — QL, and complete the parallelogram 
CTLt, Then, in the triangles PMN^ CtL we have PM perpendicular 
to Ct, and PN perpendicular to 67', and .*. also to tL, and the angle 
PMN = PCT = qCt, and PNM = PCt = QCT = CLt ,\ the 
triangles PMN and ^^L are. similar, the homologous sides being 
perpendicular. Now, in the triangle CtL, tQ bisects CL, .*. in PMN, 
PU (which is perpendicular to <$) bisects MN, 



Paper XXVIL 



1. Let /r = o + (|) — 1)/3J and a — y , f^-'^ 

From {J) a - b = {p - q)fi, b ^ c=^{q - r)0, c ^ a ^ (r - p) fi. 

.\ a^-c = 'v(3-»")^.p(p-iX«-*')/3, and similar expressions for i«-<» and 
e^^K .'. in tne required product, 
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index ofy=(g — r-|-r — j9+jd — g)i3 = 0, 

index of p = {(p _ 1) (3 - r) + (g - 1) (r - i?) + (r - 1) (;, - q)} /9 

= 0. 
.•. given expression = y" . p® =3 1. 

2. Divide both equations by y*, and write z for - . "We get 

y 

az^ + bz^ + cz + d=^0 (1) 
a^^+b'z' + f^z + rf' = (2). 
Multiply (1) by a% (2) by «, and subtract. 
.-. 2* (fl'A - ab') + z {ac - a(f) + a^d -~ a^ = 0, or a«« + /3^ + y = 0. 

Multiply (1) by <i', (2) by d^ subtract, and divide by % 
.-. r» (fl'd - tfd') + ir (^'fl? - 6<i^ + c'i _ cd' = 0, or a'^^ + j3'^ + y = 0. 

• ^ ^ g ^ 1 

" /Sy - jS'y "" ya' - y'a ajS' - o'/S* 

.-. (aiS' - a'/3) Oy - iS'y) = (ya' - y'a)», 

and writing for a, tf'^ — ab' &c., we obtain the required result, 
multiplied by a factor which is easily seen to be dd — ad'. 

For multiplying out we have 

aPpfy' - aff'y - a'/3V + "'i^iS'y = o'V - 2aa'yy' + a^y**. 

Now remembering that o' = y = aW — ad', we see that this result 
may be written 

a' 0^'y - a^'2 _ ^ y - aV +' 2a'yy') = ay' (ay - /3i3') 

= ay' {(fl'^ - ab") {dd - cd') - {a'c - ad) {b'd - bd!)} 

= ay' (a'<5^rf - a'b'cd - abdcP + tf 6'tfi') 

= ay' {a'd - ad') (be' - b'c) 

= aa'y' {bd - A'c). 

.'. dividing out by a' we obtain the result required. 

3. sec sec 26 = 

cos B (cos ^ — sin ff) (cos ^ + sin ^ 



cos ^ COS ^ — sin ^ cos 6 -{- BinB 
suppose, where -4, B, and C are numerical constants. 
.'. 1 =ui(cos2^- 8in2^ + cos^|^(cosd + sind) + (7(cosd- sin^J, 
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Since this is true whatever he the value of B, let cos ^ » 0, 
/• 1 =a — -4. Then by subtraction we have 

= 2co8^e.J + cos 61 {^ (cos ^ + sin^) + C{cob6 - sin^)} 
= 2cos^.^ + B(cos6 + sintf) + C(coa$ - sin^). 
Since this is always true, let cos 6 = sin 6y 

.'.0 = 2cose,A + 2coB6,JB-^A + B, .\ B ^ - A = I. 
Again^ let cos ^ = — sin B, 

••.0 = 2cosd,^ + 2co8^.C= A + C, .% d7= - ^ = 1 

/. sec^sec2^ = i^ + ^.. z. \ ,:^ ^ + ^ 



cos B cos ^ + sin d cos d — sin d 

9 l80;r 
4. Let X denote no. degrees in A. Then —jar and are the no. of 

10 IT 

degrees in B and C respectively. 

•*• ^ + TX^ + — . ac = 180 ; 

10 TT 

ISOOff 



197r + 1800 

.•. the angles of the triangle in degrees are 

ISOOtt 16207r 324000 

I9fl- + 1800' 197r + 1800' 197r + 1800' 

i.e. S"" 2' 26".3, 2° 44' 11".67, 174" 13' 22".03 approximately, 

6. I. Geometrical Let the straight lines TFP, FBF\ TF'Q touch a 
parabola in P, -K, Q, and let the middle tangent FliF' meet the directrix 
in Z). Draw TK perpendicular to FF', meeting SB in JV; and the 
directrix in 0. Then since BSD is a right angle, and FF'T = F'SB, 
.-. F'TIi = F'SN. /. N is on the circum-circle of PQR, 

Again, FJD bisects the angle ODS, and /. it bisects ON, to which it 
is at right angles. ,\ OK = KN. 

Now in any triangle if a perpendicular be drawn from an angle to 
the opposite side, the portion intercepted between the orthocentre and 
the circum-circle of the triangle is bisected by the side of the triangle. 

.*. is the orthocentre of FTF', and lies on the directrix. 

II. Analytical. Let the same letters be employed as in the former 
proof. Let y^ = 4flfa? be the equation to the parabola, 

{^iSfdi i^^Sft)^ ^sya)i 
the coordinates of F, J2, Q. 



99 }f 
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Then eqtiation to FT is jiyi «* 2* (ar 4- *i) ; (1) 

-F^' » ^ = 2ii(* + ^2); (2) 
^« » yy8 = 2a(^ + ^8); (3). 

From (2) and (3) we have 

y (y2 - n) = 2^ (arj - ar^) - i W - ys*)* 

.-. coordinates of F' are i; = ^^ + ^3 ^ j .^ yi^s. 
Draw ^'£', TE perpendicular to the opposite sides; 
Then equaHon to F'E' is (v -- Vl^VA 2a+U^ M3^ y^ = 0, 

or 2ay ^ xy^ ^ a (y, + yg) + Ma^^. 

Similarly „ T^ is 2tfy + ary^ = a (^s + S^i) + ^^^ • 

/. at we have « (yx - ^2) == ^ (Va "" ^i) •*• * = — 1« .'• is a point 
on the directrix, 

III. By reciprocal polars. 

To the points of contact of two tangents through the origin corre- 
spond the tangents at the two points at infinity on the reciprocal curve, 
i.e, the asymptotes, which will contain an angle equal to that between 
the two tangents from the origin to the original curve. Conversely, if 
we reciprocate a rectangular hyperbola with respect to any point O on 
the curve, we shall obtain a parabola whose directrix will pass through 0. 
Also, if a triangle be reciprocated with respect to its orthocentre the 
reciprocal triangle will have the same orthocentre. .*. reciprocating 
the known theorem, *The orthocentre of a triangle inscribed in a 
rectangular hyperbola lies on the curve,* we have, * The orthocentre of 
a triangle circumscribing a parabola lies on the directrix.' 

IV. By Brianchon's Theorem. 

Let FTF' be the triangle whose sides touch the parabola at i?, jR, Q, 
as in solutions I. and IL Let PF, FR meet the directrix in A and B, 
and draw the tangents AP'^ BR'. Then remembering that the line at 
infinity touches the parabola, we have six tangents which form a 
hexagon, and by Brianchon's Theorem we know that the three opposite 
diagonals are concurrent. Now these diagonals are (1) the line 
joining T with the point where BR' intersects the line at infinity, 
i.e. a line through T parallel to BR'^ and .*. perpendicular to FF'^ 
(2) the line joining F' with the point where AP' meets the line at 
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infinity, i.e, a line throagh F' parallel to AP\ and .". perpendicular to 
TF, and (3) AB which is the directrix. ,\ the directrix passes through 
the intersection of (1) and (2)^ ue, through the orthocentre of die 
triangle FTF'. 

6. NoTB. — The paper is supposed to be on the point of falling over. 
Let A be the vertex, AB, AC the sides, of the triangle formed when the 
comers are double*! over. From A draw a straight line ^^ parallel to 
a side of the rectangle, dividing the paper into two equal parts. Let 
the edge of the tabic hF cut tliis line in L, and let £C cut it in K. 
Then in calculating the weights of the parts we need only consider 
lengths along AF, 

a 
Let AF = a. Then jEC = -.-. Let x = AL = length of part on 

the table. Let G, Gj, G^, G^ be the centres of gravity of ACDEBj 
ABC, BCDJS, EBF respectively. 

Then TG^i = J^AT = J . -^ ; 



2\/2 6\/2 . 3\/2 ' 

KG^ = \(AL - AK) = \{x - ^) = LG^ 

Taking moments about L 

LG . LA = LG^ . LK + LG^ . AK-, 

^ 9-v/>^ ^ 9.k9. ^ RJ9/ 2 48 



ar^ a^ 



_ ^ «a _ 25 2 25 

7. Let the equation to the ellipse referred to conjugate diameters be 
— + yj-^ = 1, and let x'/ l?e coordinates of any point on it 

Then if <^, jB be the ends of the major and minor axes, 

AB^ = fl2 + ^2 = tf'2 + i". 
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Then we have to show that c^ + i* is not less than (ar' + tf^f 
i.«. d^ + ^^2 __ (^ ^ ya + 24:'/) is positive, 

i«. tf'a _ ^'a _^ ^'8 _ ya _ 2dry is positive, 



t.6. 



^''(^ - 7^) -^ *"(^ - S) ~ ^^y ^' P^'^^^^^* 



ic. —77^ 1 ^ 2yy is positive. 

t.e. f -h- r J is positive, whicli we know to be the case. 



Papeb XXVIIL 



1. The com. dif. of the A. P. is 3 — tf, 

.-. (« + 2)th term = (» + \)h - no. 

The com. ratio of the G.P. is -> 

.-. (» + 2)th term = -^. 

The com. dif. of an A. P. in which -) t- are first two terms is 1 » 

a b a 



... (» 4. 2)th term of this A.P. is ^ + (« + 1)(^ - -^j = 



{n-\- \)a - nb 



ab 



ab 
.'. (n + 2)th term of the H.P. is , — 7-^rz 7* 

Since the three terms thus found are in G.P. 



• • 



E2n 



= ((« + 1)4 - no] ——^ -J 



.-. *2m+i((« + l)flf - «A} = tf2n+l|(„ + 1)^ _ no] ; 
.'. tf^(» -h 1) (A2» - fl2») = «(^2».F2 _ «2n+2) 

which gives us the required result 
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2L If » a dy we have when 

.'. when the given condition holds, we have tfTj, a^ a^ in G.P. By- 
ordinary multiplication we may show that with the given condition the 
theorem holds when » — 4. Suppose now that it is true, that with the 
given condition, when n has any particular value the n quantities are in 
G.P. and suppose the given condition to hold between n-{-\ quantities. 
Then we shall show that these » + 1 quantities will be in G.P. . For 
by the given condition 



W + «2' + ....+< -1 + a« J W + V + ....+ «^i. + <+l) 

= («lflf2+-+««-l«n)^+2tfn^n+l(«i^2+-+««-lO+«V^n+l- 
Now(«iH«2^+...+fl^7i-l)W+«3*+--+«\) = («l<3f2+--+«»_i«J*; 

.-. (tfi««+i-<'2»«)H(flf2««+i-«8flf fl)*+-+K^ -^«- A+i)^=o ; 

.•. each of the expressions within the brackets must =» ; 
• • ■ ^= — ^= "— "— • • • • *^^ * 

«« fll ^2 ''n-l 

Now we know that the first n quantities are in G.P., and we see that 
if we multiply a^ by the common ratio of the G.P. we get a^^^. .*. if 

the theorem is true for n terms, it is also true for » + 1. Now we 
know that it is true when » « 3, and when ii = 4. .•. it is true 

universally. 

ABC 

3. cos ^ + cos 5 + cos C = 1 + 4 sin ^ sin ^ sin t* Todh. Trig, 

ABC 
Art. 114. And sin -, sin -, sin - are all positive. .*. expression > 1. 

Again, by Todh. Tng. p. 157, No. 40 

ABC 
8 sin ^sin ^sin ^< 1, except when A ^ B ^ C/m which case it = 1, 

.'. cos -4 + cos j5 + cos C :t> }. 
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4 sein^JcoBB — ysia^BcoBA + g{coB^A - cob'^ =■ 0, 
X sin *A COB C + y(co8 *A — cos *C) — ^ sin •d?co8 ^ = 0, 
.*. eliminating x we have 

= y { cos B (cos '^ — cos ^C) + sin '5 cos A} 

- ^{sin^t/COB^cos-B - cos (7 (cos "^ — cos'J?)}, 

= y(co8 J - cos j9 cos 0) (cos 6' + cos A cos 5) 

- a(cos A — cos B cos C?) (cos ^ + cos Ccos .4), 

= y(co8 C + cos A cos B) — zicoa B + cos C cos -4), 

^ by - ez. Todh. 2V»^. p. 156. No. 24. 

••. 6y = <?2f = A; suppose 

. o^ -w^ ,/Bm*Bco8A . 008*5 - cos *-4\ 
.*. arsin ^A oobB =* &{ r H ; U 



/sin W cos -4 sin J. -|- ^ sin -4 - i^\ 

n — i — + c > 

sin^ 



= k (sin B cos -4 + sin -4 — JB), 

sin -4 

■5 it sin 4 cos B, 

a 

\ ax ^ k = by •= ez. 



• • 



6. Let the perpendiculars from 2> meet the sides BC, CA, AB re- 
spectively in F, Q, ff, and let those from E meet the same sides in F*, 
Cr, H'. Then the angle 

FPF' = HP& = HITP + fl'ZTP = BEF + ^^iG^ + PGA 

= BEF' 4- 5^C + CDF = const. 

•. the locus of P is a segment of a circle on FFf» 

6. Let j8f be a fixed point on the circumference of a circle, and AB a 
chord which subtends half a right angle at 5. Then it is clear that 
AB always touches a circle concentric with the given circle, and that 
the tangents to it &om S are at right angles. By reciprocating this we 
obtain Qie required theorem. 

7. The equation to the pair of tangents through (^, k) is 
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The two straight lines through the origin parallel to these tangents 
are obtained by equating to zero the terms of highest dimension in the 
above equation, viz. 

3f\h^ - c») - 2hkxy + «»(it* - c») = 0. 

If 01^, ffi. be the tangents of the angles which these lines make with 
the axis o± w^ 

If the two lines are at right angles we must have 

= 1 + («ii 4- OTg) cos <o + m^nift 
2hk cos ® it* — c* 

°" ■*" >i9 - c2 + ^~ir^ 

^a + A;> + 2Aitcosa» - 2tf» 

^rr-? ' 

•*• (A, it) lies on the circle 

^ + y' + 2ay cos (0 = 2c*. 



Paper XXIX. 
1. ar, = log,/a; •'• ^i'* = ^2 ; *»** * ^3; • • • • <*-2 = 'n-i ? 

Now ari'^* = x^ .-. iPi*»** = arg** = arj; .'. ri*»***» = x^' = jr^, &c. 

• • *1 •*» *1 I 

• . X\SC^ .... .Fn ""• X* 

2- aV + ^y + (^z^ = ; ««x3 + ^2^3 + cV = ; 

a»=s---^2a=-— cis=i2 suppose, 

X y z 

.*. 1 - a'ar = iZa:; 1 - i»y = i?y; 1 - c«« = i2«. 

.'. aV + 6y + <?z^ - (aV + ^y + c*^) 

= BJsd^a^ + *y + c*-^') = 0, 
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Also aV + hy 4- d^^ - (»V + by + <!«j8») 

= mp,^ + iy + d^£^ » 0, 

3. «« COS 2^ + 2^tf cos (i? - (7) + c» cos 2C; 

= b\^Q%^B - aii^B) + 2^c(cos^cosC? + sin^sinQ + e^(cos^C - 8in«(7) 
= (^ coSuff+<?cos<7)» - (bBinB - <?sm(7)2. 

Now b = ccobA -{- acos C; tf = a cos jB + dcos^, 
.*. dcos^ + (?cos C = 2a cos J9 cos ^ + cos i^(<;cos^ + 3co8 C), 

« 2a cos ^ cos ^ + a cos ^ s a cos (^ — G); 

a 

btdnB - tfsind? = - — > (sin'^ - sin'Oi 

.•. given exp. = oa{cos2(^ - C) - Bm^(B - C)}, 
= a2 cos 2(^ - C). 

4. Let /8f = sin *4r — J sin *2ar + . . • . 

= cos *ir — J cos 22a? + . , . . 
.-. C+iSf=l-i + i-.... = Iog(l + 1) = log2. 
Let 0' = - <8f = cos2ar - Jcos4r + icos6ar .... 
and S' = 8in2.r - isin44? + Jsin6ir..,. 

.-. C' + S'i-- e^ - ie^'i + iefi^.,.^. log (1 + e^, 

/. 1 + g2« = eC . <?afi, 

,-, 1 +cosar + ».sin2a? = eO' {coa S' + i ain 8'). 
.*. equating real and unreal parts, 

e<^ cos iSf' = 1 + cos 2ar ; eC sin /5' = sin 2ar. Square and add. 

.-. gsc = 2(1 + cos 2a:) = 4cos«a: .*. e^' = 2cosar .*. C = log2 4- log cos^r. 

/. C - /y = C?' = log2 - log secar, and C + S == log 2, 

••. 2S = log sec ar, ,\ S ^ ^ log sec ar. 

5. Let J be the vertex, ^CZ) the base of the tetrahedron. Let the 
angles CAD, DABy BAG be bisected by the lines AF, AG, AU^ which 
cut CZ), DBy BG respectively in the points F, G, E, 
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Then since ^^ bisects the angle LAC^ 

/. DI : FC :: BA : AC. 
Similarly CEiEBy.CAx AB, 

and BQ : OD :: BA : AD, 

.-. DF. CE. BQ ^ FCEB. OD, 
•*. BF, CO and DE are concurrent 

6. If a triangle be described about a parabola, its orthocentre will 
lie on the directrix. Therefore, if a parabola be described touching 
the four straight lines, the orthocentres of the four triangles formed by 
them will lie on the directrix. 

7. Let P {afy*) be the point on the ellipse from which the tangents are 
drawn to the circle. The polar of P with respect to the circle is 

9af -^-yif ^ ^. ••• a = £>» i3 = -> • 



since (dV) is on .the ellipse. 



^' 



Paper XXX. 
1. Tripos 1878. Monday afternoon. No. 4. 

2. (1) l^ = ^ +/ ^(x+y) (^2 + y^- ,ty) = (;f + y)|(;j. + y)2 « 3^^}, 

^' - (a: +y)2 = _ Sary = Sa (d: + y) - Bab. 



iP + y 

.". (^ + yf + 3tf (^ + y)' - Sab (x + y)-^ b^^ 0, 

.-. (^ + y)' - *' = - 3^jf (ar + y) (or -k y - b), 

... (^ + 2^ - ^) |(-r + y)s + ^ (;r + y) + ^» + 3a (or + y)} = 0. 

.*. either ar + y = ^> ii^ which case d?y = 0, .'. a: = 0, i ; y = ^, 0. 

or (ar + y)2 + (3tf + *) (x + y) + ^« = 0. 

This gives the value of ar + y, and ay being then known, the 
solution can be easily completed. 
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(2) « + y + If « 3, ••. * » 3 - (* 4- y). 

3 - id + y» + ir» = or' + y« + 9 - 6 (* + y) + (* + y)a, 

.-. «• + y^ + «y - 3 (ar 4- y) « - 3. 

6=..T' + y»+«8«a:» + y» + 27-27(x + y) + 9(ir + y)9-(^ + j^3^ 

.-. 7 - 9 (ar + y) ^ 3 (ar + y)« + jpy (ar + y) . . . (1) 
and 3 = 3 (ar + y) - (ir + y)« + xy, 

.-. 3 (ar + y) = 3 (ar + y)" - (a + y)' + «y (ar + y) . . . (2) 
Subtract (2) from (1), 

.-.7 = 12(r + y) - 6(^ + y)« + (^ + y)>, 
.-. (a; + y)8 - 6 (iT + y)2 + 12 (oj + y) - 8 = - 1, 
.•.(*+y^2)3= - 1, /.aj + y-2= - 1, 
.'. ar + y = 1 ) f ir = 2 



and ay =a 1 j ' 



p = 2 

J ar = J {1 ± Vir3| 
(y-i{l=F V3^} 



By symmetric changes of the letters, we can obtain two other sets of 
values for or, y and /• 

3. Since (s + y)^ == 4a;y + (x - y)a 

we see that if the product of two quantities is constant the sum is a 
mill* when the quantities are equal. Now the product 

2cos^ V3 _ - 
J3 * 2co8^ "" 

•'. the given ezp. is a min. when 

V3. 2co8d 2 6 

4. The sides of the triangle formed by joining the centres of the 
circles are 5 + c, c + a, o + ft. If « be the semi-perimeter, 

« = a + ft + c, « ^ (ft -f c) =a a, &c. 

. • ^ ^ ^ (a + b + e) dbc dbc . ^ _ 1 , 1 , 1 

,2 (a + ft + c)« '^ a + h + c'"?" hc'^ ca'^ah' 

5. Tripos 1878. Monday morning. No. 6. 
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6. If B be one extremity of the minor axis, SB ^ AC. .*. A is the 
foot of the directrix of the parabola. .% its vertex bisects SA. If we 
put SB ^ CA' we see that another parabola can be described whose 
vertex bisects SA'* 

7. Let D be the point of suspension, A CEB the rod, E the position 
of the ring, and C the point where the vertical through D cuta the rod. 
Then C is the middle point of the rod, and BE is at right angles to AB. 
Draw AF perpendicular to BG produced. Let DAB = a. Then 
^C - 1 ft. ^D + D£? « 9 ft. 

Since the tension of the string is the same throughout, CD bisects 
the angle ABE^ and since DEA and DFA are right angles, a circle 
will go round DBF A. 

.\ FDA =- FAG = 6; and DAF = 5! - ADF, 

/. fl + d = ^ - ^, /. a = ^ - 2^. 

Now \^AG^ AFaecB'm JDcos{a + ff)Beo6=^ADtaT\0t 
.-. Otantf = (AB + AE)tQJi6'^ (AD + AB sin a) ta,iie 

=a AB (1 + sin o) tan B 

1 - tan«d 2 



= 1 + sine = 1 + cos 2tf = 1 + 



1 i- tan2^ ^ 1 ^ tan«d' 
.*. 9tan3^ + 9tan^ = 2. 

If for tan $ we substitute 3 — 3 , the left-hand side becomes 

= 9 (3"* - 3~*)3 + 9 (3"* - 3"*) 

= 9 (3"^ - 3 . 3"* -h 3 . 3"* -^ 3"^ + 3"V- 3"^) 

= 9 (3'^ - 3"* + 3"* - 3"^ + 3^* - 3"*) 

= 9(3-' -3-^ -9(1 - J) -3-1=2. 

, , 3- — 3~ is a root of the equation. 
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Paper XXXL 

1. Tripos 1878. Wednesday morning. No. 3. 

2. Tripos 1878. Monday afternoon. No. 6. 

3. (1) The given expression 

= cos C(a sin J? ^ i sin ^ + cos -4 (A sin(7— tf sin -B) -J- cos 5 (tf sin J. - tf sin C) 

(2) Let -A-; = T— ,3 = -T^ — B suppose, 

sm A sin If Bin C 

.\a = 22 sin -4, & = /2sin£, <? = jBsinC 

• a^ -^^ ^ 2J2 Bih»^-sin»^ ^ ^^ sin (A + B) sin U - ^) 

cos -4 + cos B cos -4 + cos B „ ^+i^ A — B 

• ' 2 cos — ^ — cos — - — . 

=2i2^sini±^8in^^— :? = "IR^Um^i -sin^f ),&c. 
2 2 ^2 2/' 

.'. given exp. = 2it^(sin*^ — sin^- + sin* — sin^- + sin^ - ^\] 

= 0. 

*4. Let P be the point within the regular polygon ABC ... of » 
sides whose centie is 0. From P and let fall the perpendiculars 
PM^ ON^ on the side AB^ and draw PR^ perpendicular to ON^^ and 
use a similar construction and notation for each of the other sides. 
Let OP = *. 

Then ONi = OJV- = •••=* radius of inscribed circle =« r. 

Also JKj, JB2 • • • "® on the circumference of the circle on OP as 
diameter, and B^ORz = B^OB^ = . . ., each being the supplement of 
an angle of the polygon. .*. JSjiJg "■ B^B^ = . . . 

/. BiB^B^ ... is a regular polygon. 

Now since ^1-^2 • • • -^» ^^ * regular polygon, 

.-. SFJSTi^ = n{ONi^ + OP^) = n{r^ + 6«). See Casey, Bk. IV., Prop. IV. 

Similarly l.PR^^ = « f?^ + ^) = % h\ 

\ 4 4 / 2 

But PM^^ + P72i2 » pj^j2 

.-. -iPMC- = SPiVV - 2 PR^^ = n (r» + 8^) - ^^ «2 = ^^2 + ^g., 

F 2 
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5. Tripos 1875. Monday morning. No. 3. 

6. Tripos 1875. Monday morning. No. 8. 

*7. The equation (^r - « )• + (y - b)* = (or + jSjr + y)* 

represents a conic w hose fo cus is («, b) directrix ar + i^f + y = 0, 
and eccentricity = Vo* + p\ 

Now the necessary and sufficient conditions that two conies should 
he identical in magnitude and form are (1) the eccentricities must be 
equal ; (2) the perpendicular distance of the focus from the directrix 
must be the same. 

.-. a« + /3> = a'» + /3^ (1) 

(flg + 6/9 + y)^ ^ (a!a' + b'ff + yT 
a« 4- ^=» o'2 + i^'^ ' 

or {aa + 6$ + y)* = (a a' + b'P^ + y^ . . . . (2) 



Paper XXXII. 



1. Tripos 1878. Wednesday morning. No. 4. 

2. Tripos 1878. Monday afternoon. No. 5. 



3. 



(l-tan?)(l-tanf) cos^^sinf ^gCOBJ - j^sin| 
(l+tan?)(l+tan|) cos?+sin? -i^cos| + ^.8in| 

COS - - sm - sin (j - C) 2 (cos- - sm -) s.n - 

a , . a (it /3\ ^ / ^ , . a\ a 

cos - + sin- oos(_--j 2(co3-+8,n-)cos- 



sin a — 2 6in^- 



sin a + cos a — 1 _ sina + sin^ — 1 

sina + 2 cos^- ^ ^^^" + ^^^^ + 1 "" sina + sin^ + l' 
2 
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.% pq?^PC^+CQ'-^c.cqQo&G 

So C^=it»(2^+2<;^ - fl«) - ^(36* - <J«+a*)+ft». 

JJi» = a;»(2<?«+2fl> - U^) - ar(3c« - «» +fc')+c». 

« (3ar*- ar+1) (a^+t^+c") 

& Tripos 1875. Monday morning. No. 6. 

6. Let P, Q be two points on the conic, and let SP^ SQ make angles 
(l>, <l> + a with the axis of s, a being constant Let the tangents at P 
and Q intersect in R. 

The equation to RP is - = 6cos ^ -|- cos {6 — <f>) ; 

T 
n «f -K§ „ — = 6 cos ^ + COS (^ — ^ — a). 



/, at Ry e COS & + cos 6 — ^ — e cos ^ + cos 3 — ff> - a, 

.-. d - <^ = 2n- - ^ + <^ + a, .*. ^ - <^ = TT -I- i; 

•*. the locus of R is the conic 

- = e cos ^ — cos - • 
r 2 

This may also be solved by reciprocating the theorem, * The envelope 
of the chord of contact of tangents to a circle which cut at a constant 
angle is a concentric circle.' 

7. Let the plane of the paper reprenent the section of the cone made 
by a plane containing the axis. Let BC^ DE be the diameters of the 
base and top of the frustum. Produce BD^ CE to meet in A. Let the 
axis of the cone cut BC in Fy and DE in G, Let H, JT, L be the C. of G. 
of the cone JBCy the cone ADE, and the frustum BDEG respectively. 
Let LF = x^AG ^ OF :=i Oy and the angle BAG - 2a. 
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Then IJL^t ^ ^, hK =* ??. 

2 4 

Then volume ADE ^ SAO , circle DE « 3tf TrflStan'a; 

.•.volume £DEC = -4^0 - ^D^ 

8s 6tf 9r4a'tan^a — 3«fr«*tan'a 

« 21«^irtan^a. 
a _ 

, . 2 Stf'TTtan'a 1 _ 11 

•• 3dP - 2U3,rtan2"a * 7 ' •*' "^ "" 28"' 
4 

.-. £(? : Z^ :: 17 : 11. 



Paper XXXIII. 

1. Tripos 1875. Monday afternoon. No. 6. 

2. Let >S'» = 1 + 2 (1 - a) + 3 (1 - tf) (1 - 2/i) + . . . 

+ «(1 - «)...(1 -»-ltf) + 1(1-^7).. .(l-«^), 
.-. ^n+i » 1 + 2 (1 - ^/) + 3 (1 ^ ^?) (1 - 2/z) + . . . 

+ (?i + l)(l-a)...(l-nfl) + ?-(l-tf)...(l-J+i«)^ 

AiS'»+i-^«==(»+l)(l-tf)...(l_«tf)+l(l«^)...(l««^),l_(„^l)^_lj 

*= 0. /. O2 =s 192 = 4^3 = . . » 

And iSi = 1 + 1-—? = i. = «-i 

.% tf-i = ^,j a expression on the right 

3. »8in (« - 1)^ = 2nsin(n-l)^(l >co8^) 

2(l-cos^) 

^ 2nsin(«- l)^-i»8m»^- n8in(«^2)^ 
" 2(1- coa^; 
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So (« - 1) sin (« - 2) ^ 

2(n " l)8in (n -2)B- (u - 1)810 (« - 1) ^ - (n ~ l)8in (n -3) ^ . 



. . «^ SsinSd- 48m4^- 48in2^ 



3 Bin 20 — 



2 Bind 



2 (1 - COB 6) 
68in2^- 3sin3^- Ssin^ 

2(1 -COB^) 

4 sin ^ - 2 sin 2^ - 2 sinO 



2(1 -COB^) 

»% 2 Bin d + 3 Bin 2^ + . . . + n Bin (« - 1) ^ 

{n + 1) Bin{n - 1) -^ sin ^ — » sin n ^ 
"* 2(1 -cos^) 

4. Since r = -, 

A^jr(7-Jr(tf+i+c), ^PC-iri(/3+7+tf), C^jf = Jrj(y+a+A), 

APB - ir3(a+3+tf). 
Now ^PC+ CPA+JFB ^ABC'y 

•'. ri(/3+y+«)+'-2(y+«+*)+''8(«+/3+^) - r{a+b+c); 
••. ('•2-H-8)«+(»'3+n)^+(»*i+ra)y = (r-ri)tf+(r-r2)^+(r-r3>. 

5. Tripos 1876. Wednesday morning. No. 1, 

6. SP.S'P^GD'^CP'. 

7. Let 1, j3 be the eccentric angles of E and F^ 

.-. j&'f' = a^ (cos a - cos fif + ^« (sin a - sin /3)» 

= 4Bin«J(«-/3){«*8in«i(a + ^) + ^C08«J(a+/3)} 
«4Ci'«Bin>J(a-/3). 

•. 2^=* 2sin«i(o-^) = l-.cos(a-/3) =« 1 -cosacos/S-sinasin/S 
« 1 - fi?a _ Ma 
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Paper XXXIV. 

1. Tripos 1878. Monday afternoon. No. 4. 

2. Tripos 1876. Wednesday morning. No. 6. 

3. Expression = 2(co8*g+co8*^) = i/^l+cos^*+(l+co8^)* j 

- H(' + 75)" + (■ - k)'} - H^ + 1) - 1- 

4. Tripos 1876. Thursday morning. No. 2. 

6. Let ABGD be the quadrilateral, the centre of the circle^ 
E^ Fy G, H, the feet of the perpendiculars from on JB, B€, CD^ DA. 
These points are the middle points of the respective sides. Join DB. 

Then ARE is J ABB, and CGF is i CDB, 

.-. AHE + CGF = i ABCD. 

Similarly, by joining AG we may shew that 

BEF + DBG - i ABCD. 

.*. the sum of these four triangles is i ABCD, .*. the remainder, the 
quadrilateral EF6H is also half ABCD. 

6. Let Ttf T'lf, the tangents at P and Q meet the axis major in T, T. 
Then PSQ « /SPT + ^^i', and QSC = iSQ^ + ST'^, 

.-. subtracting, QSP « BqT* - /S?r, since iJ^P = BTq. 
Similarly QST = S*qf - S'P^. 

And iSQT' - S'qt!, SFT = ^Pfc .-. QSP = Q5'P. 

7. If (ariyi), (^^2^2) ^® *^® coordinates of the points where the 
chord of contact intersects the curve, we must substitute the value of 

'%• from — „ 4- ^ = 1 in the equation - 4. -^ =3 1, 

5. 1(1--). 
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'.*,-(p-l)-«-j(— ^)-(«»--^) + (;;i + ^) 

The values of yi + f • and y^jr, may be written down by inter- 
changing a and 6, A and %, 

.•.«»-i{(«i-*.)'+(yi-yi)'} 

= ii('^i+*»)'-'*'Pi*»+(j'i+yj)*-'*yi5'«} 

-(^+?)(^H-^.)(?+?)-. 



Papee XXXV. 



1. The number of combinations of 15 things taken 3 at a time is 
15. 14. 13 . ,, .A 

— TTl- =«-7-i»- 

.*. the number of days on which the girls could walk out having at 

. 5 7 13 
least one different companion each day is ■ ' ' — = 7. 13. 

5 

Now suppose that on the same day a and 6 walk in the same row. 
If there were no restriction, they could do this 13 times, viz. once with 
each of the other girls ; and similarly for each couple. But by the 
conditions of the question, they are only to go once. .*• the number 

of days = -'^ - = 7. 

The question may also be considered thus. 

Suppose we consider a. She can only walk with 14 different girls, 
and she must always walk with 2, but not with either of the same 2 
again, and she can therefore only walk with a couple of different 
girls for 7 days ; and similarly for the others. The order for these 
7 days is 
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Ist day, 2Dd day. 3rd day. 4th day. 6th day. 6th day. 7th day. 



d, tj 


hjyh 


^9 9,^ 


a, iy m 


hy Ij n 


d,l,a^ 


/,^,c 


99 h, i 


i,39 


k, a, h 


f.o^i 


J9Cy9 


e^jy b 


0,99^ 


J,k,l 


If m, c 


^9/93 


k,o,b 


fllry bf d 


99 K^ 


hy tlly t 


m,n,o 


n, dy k 


o,e,l 


n^e^e 


o,a,f 


»»«>/ 


l,b,i 



For further infonnation respecting this interesting problem see the 
Ladies^ and Gentlemen^s Diary for 1862 and 1863, and the Proceedings 
^f the London Mathematical Society for 1881. 

2. Tripos 1878. Monday afternoon. No. 5. 

3. TripoB 1876, Thursday morning. No. 2. 

*4. Let ORiy OE3 .... be the straight lines drawn from parallel to 
the sides of a regular polygon of n sides, and on them let fall the per- 
pendiculars PRi, PJ?2 , . . ., from the point P. 

Then Jii, R2. • , .lie on the circumference of the circle on OP as 
diameter^ and R1OR2 = R^OR^ = . . . . each being the supplement of 
an angle of the polygon. .% R^R^ « R^^ — . . . . 

.*. R^R^R^ .... is a regular polygon, 

.•. by Casey Bk. IV. Prop. 4, Cor. 1 

2Pi2» = 2« . {9L^ = I OP^. 

This may also be deduced from XXX I. No. 4, by supposing the 
polygon^ whilst retaining its regular form, to become indefinitely 
diminished. It may then be regarded as a point coincident with Oy the 
centre of figure, and the sides ail pass through O dividing the angle^ 2ir 
into n equal angles. 

6. Let the plane of the ellipse APA* be perpendicular to the plane of 
the paper. Let be the vertex of one of tbe cones from which it can 
be cut. Let the cone be cut by the plane of the paper which is supposed 
to contain the axis. In the triangle OAA' inscribe the circle EmF, and 
on the other side of A A' draw the escribed circle HSG^ so that OyE, Ay 
Gy are in one straight line. 

'niQnA'0-'AO^{HO^HA')-'(OQ^AG)^HO'-OG+AO'-HA' 

^AS'" A'8'= constant. 

.*. the locus of is a hyperbola which has Jl and A' for its foci, and 
8y S' for its vertices. 
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6, Take the centre of the circle as origiD, and let A CH = 6. 

Then th e coordi nates of A are (a, 0); B (- a,0);J2 (a cos ^, a sin 0) ; 
K (a cos 6 + 2.1, a sin ^ + 2a). 

Equation to ^iT is 5^=3 - ^(l""- oos^) (^ - «) ^ " (^' ■ o)cot|> 

cos rr Sin ~ 

2 2 

a 1 1 + cos {$ 4- 2a) I \l ' 

.'. ycos(2 + a) = (* + fl)sin(g + aj» 

^ , , 6 e ' 

.*. y(co8HCOsa-sin2 8iua)=(ir + fl)(sin2COSa + cos-8ina); (2) 


Eliminating -r between (1) and (2), 

jf{^cosa + (ar-* ff)sina} = (^ + tf){5r8ina - {x — a) cos a}, 

.*. ^ + ^' — 2ay tan a = a', 

••• af^ + iy - a tan a)^ = a^l + tan ««) = tf^sec *a. 

7. Using the same figure and letters as in XXXIL No. 7, let us take 
the case where L, the C. of G. of the frustum is vertically above Ji CM! 
being supposed in contact with the plane. 

Then CE = CF cob FCA + /'Zcos FAC^ 

. 11 
•*. tf sec a » 2a tan a sm a + qo ^ • ^^^ ^ 

1 o • 2 • 11 . • a 17 • 

.'. 1 — 2«m*a + —Q cos 'a, .'. sm'a = jv* 

And we see that if the vertical angle of the cone be decreased the 
perpendicular from L will fall within the base LE; .*. the frustum will 
not topple over if the vertical angle of the cone is less than 

2Bin-i\/|-5- 
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Paper XXXVL 
1. i « -142867142857 

100 
.-. -y- = 14-28671428 

1=^- 14 = -286714.... 






Again ^ = 1-428571 

.-. I - ^^ - 1 = -428571 .... 

Similarly for ^i ^» ^ • 

1 • • 142857 
Now ^ = .142857 - ^^^ 

7 X 142857 7X1 _ - 
'*• 999999 ** 7 "" » 

.'. 142857 when multiplied by 7 must give a series of nines. 

2 3 

From the way in which ^» =,.... are formed, it is obvious that no 

new integers are introduced, and that the cyclical order is not changed. 
See also XXVI. No. 1, and LIX. No. 1. 

2. Letii = 7i» +/?,.-.« - 1 = 7«i -|-^ - 1, 

. n(n " 1) . . p(p - 1) 
• . ^ = mteger H ^ 

By trial we find p = — 3, or 4 are the only ones which give an odd 
remainder, and these are practically the same. Let » = 7in -|~ ^* ^^ 
have to find the sum of all terms of the series whose general term is 

(7»i + 3) (7m + 4), or 49i«» + 49»i + 12. 

.*. By Art. 26 the series to m terms 

Now if we put m = 0, » = 4, .*. «(« — 1) = 12, which is the first 
term, •*, to include this value of m, we must add the constant 12. 
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.-. the sum = i9m(m + 1){ — ^^ + s) + ^2(«» + ^) 

= 49m(m + 1) .^!-±-? + 12(« + 1), and »i = ~^~^ 

, a + ^ tan| + tang. tan»^ +tan| 

3. tan — 5 — «= ^ — _ 

1-tan^tan^ l-tan»|tan^ 

8/ 3\ /3 

tan^^l+tan«^j **^2 1 

■= g « ^ tan/3 = tan0. 

1 — tan* 5" 1 - tan*5 

.•. nir + <f) ^ ""T^' If « = 0, a + /3 = 2(f. 

4. Let JBG be a triangle, 2), Ji ^ the feet of the perpendiculars. 
Then by geometry we know that J, B^ C are the centres of the escribed 
circles of DEF, Let p, r' be the radii of the circum- and in-scribed 
circles of DEF^ r^r^^ the radii of the escribed circles, centres A^ -ff, (7. 
Then 

;r2 = p' + 2pri;y«-p2 + 2pr,;;r» = p« + 2pr3;^» = p2_2pr';p= |. 

Now ''i + ''2 + ''s — '^ = 4p, XXII, 4. 

.-. sfi +y> + xr2 + j^a = 4p« + 2p , 4p » 12p2 = 32?. 

5. Since the angles at A and D are right angles^ a circle will go 
round ABDE, /. CE.CA^ CD.CB ^ iBC*. 

6. A varying geometrical quantity has a maximum or minimum value 
when it has the same value for two consecutive positions. Let BAC be 
the maximum triangle, BA'C a consecutive position^ indefinitely near 
to the first. Then the triangle BAC — BA'C, .'. AA% which is 
ultimately the tangent at ^^ is parallel to BC. 
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Similarly it may be shewn that the tangents at JB and C are parallel 
io ACy AB, .'. the maximum triangle is equilateral. 

/. area = SBOCi where is the centre of the circle, 

3 3/3 

= ^.BO. OCsin 120° = -t" iP. 

For all questions of this kind, see Theory of MaoBtmum and Minimum 
treated without the aid of Differential Calculus by the present writer. 

7. Let PO be the normal, Q any point in it. Draw the ordinates 
PNy Q3L On SP let fall the perpendiculars GK, QL, and draw QL' 
perpendicular to Pli. Let ASP = a, ASQ = 6, so that (r, B) are the 
coordinates of Q. 

Then QL : GK :; PQ : PG ;: PL' : PN, 

.-. QL :Pr::QK: PN :: SG : SP :: SA : AX, .-. QL = e . PL'. 

. .•, r.8in(^ - a) = <?(^^ - QM) = (?(5P8ina - rsin^; 

SP . tfsina 



.•. tf sin ^ + sin (^ — a) = 



r 
c tfsina 



r 1 + tf cos 



Paper XXXVII. 

1. At the first observation let a? and y be the angles made with the 
vertical by the hour and minute hands respectively. 
Then at the 1^* observation it is 30 + ^ min. past 4, 

,•, the hour hand has gone — r^ min. divisions, 

30 + y 
.-. ar = 10 - — 3p^i .-. 12 ar -f-.y = 90 . . . (A) 

At the 2nd observation it is 30 — ;f min. past 7, 

30 - ar 
/. the hour hand has gone — j^ — ™^°- divisions, 

30-4? ,^ , ^^ ,^ 

.-. ^ == 5 + — 2" , ••• 12y + ar = 90 • . . {B) 

From A and jB by subtraction, we get a? = y. 
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2. (1) \/\{l)x - a2) - \/^ {ax -h^^a-h, and evidontiy 

= (^-*)(*- ^3 > 

.-. by division, we get 

\J ^{hx - a^) + V -(^^- ^') =^- ^^- ^^ -'— 

• • 2 V j(^^ -«) = * + «-* ^;^ 

= ^ ab " 

1 / a\ 2ab + 6^ 

a\ 0' a 

.•. tax ~- 1] - 2« V «ar ~ ^ "" (^^^ + *^) " ^• 

.-. \/ ax - 1 '=a± 's/a^ + 2alf '{• 6^ ^ a ± {a + b) =^2a + boT -- 6. 

If we square both sides, we at once get the values of a;. 

(2) ^+y + V?^^* = tf (1) 

y^/x^ - ^2 = 2& (2) 

From (1), \/ar^ - / = ^f - -f - y (3) 

/. ar2 - / = a« 4- x^+^ + %cy - 2flra? - %iy, 
/. 2/ + 2;ry - ^ay =* 2ax - Bf». 

From (2) and (3), ay - ay -- y^ ^ 2b . . . . . . . (4) 

fl' - 46 
2tfar - a« + 46 =» 0, .*. « « — 2 • 
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Substituting this value of x in (4) we get 

which gives the value of j^. 

3. J + ^ + C-mr, A sin(^ + -5)=±8inQcos(^ + ^ = q:co8 6; 

sin2C _ sin 2 J _ 8in25 _ sin 2^ -f si" 2J? ^ sin 1A - sin 1B ^ 
~3~ "" ~b^ ~ "4 " 9 1 

2 2 ^ 

.-. |8in(^ + J5)cos(^ - -B) = jsin {7cosC/ 

2 V ' 

2gin(J - J5)cos(^ + 5) = gsin (7cos{7j 

/. cos(J - ^) = ± 3cos(7, sin(^ - i?) = :f ^sinQ 

.-. 1 = 9cos«(7+ gsin^^, .-. sec»{7 «= 9 + jtan«<7, 

.-. 8 tan«(7 = 72, /. tan^C = 9, /. tan C = ±3, 

2tanC^ ±6 ^3 

••• «^2C = l+tan*a = r+9 = * 6* 

.-. sin 2^ = ± 1, .-. 2i4 = riTT ± -g, .*. ii = ^ - 4» •'* ta° ^ = ± 1- 

Again 
2 Bin(^+g) 008(^-0 _^ gsin^coag j ri„(^ + C) = ± 8in5 

2 8in(^ - C?) cos (^ + G) _ 2 sin jg cos ^ f' cos (^ + CT) = +cos^ 
2 4 ; 

/. cos(u4 - (7) = ± 2cosjB, 8in(il - O = + g^^^-^' 

.-. 1 = 4cos2JB + J sin^J?, .-. sec^J? « 4 + j tan^^, 
/. 3tan»5 = 12, .-. tan^J? = 4, /. tan5 = ± 2. 

4. Denote the two expressions on the left by X and T* 

, ^ sinri/S 
By the ordinary formula, X — 2sirn3" 
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In finding Y we wiU consider (1) n odd, (2) n eves. 

(1) when n is odd ; 

r=co8(»- l)j3 + cos(»- 1 - 2)i3 + ... + cos{»-l - (n - 3)}/9 

» — 3 
to —^ — + 1 terms. 

= cos ■{ w — 1 — ^— 2 ^) I /3 sin — 2 — /3 cosec P ; 

n + 1 » - 1 1 

= cos - 2 - ^ sin — ^ — jS cosec ^ = « (sin njS - sin /3) cosec ^ ; 

1 1 + (- l)*-i 
.*. -X" — F =» 2 ~ 4 ) ** being odd. 

(2) when n is even ; 

F=cos(n- l)i3 + cos(n-l - 2)^3 + ...+ cos {n — 1 -(to- 2)]^ 

71-2 

to — 2~ + 1 terms. 

= cosj n - 1 n-\rT — l) { /3 sin "2^ cosec /3 

n^ n^ 1 

= cos "2- sin 2 cosec /9 = o sinni3 cosec /3; 

.*. -X" — Y = = J , n being even. 

5. Let FS, QB intersect in Z. By symmetry L lies on the diameter 
through A, It also lies on the polar of A, which is a fixed straight 
line. .*. X is a fixed point. 

6. By the same method which was employed in XXX VL No. 6, we 
can shew that when a triangle inscribed in an ellipse has its maximum 
value, the tangent at any vertex is parallel to the opposite side, and 
.'. tlie diameter which joins any vertex to the centre bisects the opposite 
side, being conjugate to it. .*. the centre is the intersection of the 
bisectors of the sides. 

We know that corresponding areas in the ellipse and auxiliary circle 

are in the ratio ot b : a. Now by XXX VL No. 6, the area of the 

3 a/S 
maximum triangle in the auxiliary circle = —r— a\ ,*. the area of 

3 iJ^ 

the maximum triangle which can be inscribed in the ellipse is —j- ab 

Obviously, as in the circle, an infinite number of such triangles can be 
inscribed, all having the same area. 

G 
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7. Let the coordinates of P be (x^/). 

X if 

Then the coordinates of V are -(.r' — <re), 5- 



y 

.". Equation to ^C^is {-j = 



X — a 



V X — OB 

Equation to SP is -, = -; • 

^ y X' - ae 

.•. to determine the coordinates of Q we have 

y(:i?' - fl6) = /{x -a))* 

1 — 6 1 — 6 

X^ f/^ 

.'. if the equation to the original hyperbola is -r^ — '- « 1, the 



(x — tf6)* 

ecjuation to the locus of Q is j^^^j jvj 



S^ 



a\l - 6)2 ^2(1 _ g^2 



= 1. 



j4 «S 

The lines parallel to the asymptotes are evidently -j, — "^j = 0, 

showing that the two hyperbolas have parallel asymptotes, and are 
.*. similar. Also the transverse axis = a{e — I) = CJS — OA = AS, 



Paper XXXVIII. 



32 



1. Ef the last dealer, has to pay away to the others — X 4 = 64 

counters. And as the total is 32 X 5 = 160, J? has I6O - 64 = 96, 
which gives the last table. The others can be obtained by working 
backwards. 



A has 
B „ 
G „ 



E 



99 



When 










At the 


A deals. 


B 


C 


1) 


E 


end 


81 


2 


4 


8 


16 


32 


41 


82 


4 


8 


16 


32 


21 


42 


84 


8 


16 


32 


11 


22 


44 


88 


16 


32 


6 


12 


24 


48 


96 


32 


160 


160 


160 


160 


160 


160 
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1 



2. Consider two consecutive numbers n and {n + 1)"^ , Raise 
each to the «(» + 1)*^ power, and divide by w». This gives us n and 

(^1 + - j , the latter of which is equal to 2 + & proper fraction. .•, if 

1 -f- ~/ ; •'• the quantities gradually decrease. 

Now consider J/^ and lj% or 3* and 2'. We see that V3 > V^, 
. •; Vs is the greatest of the numbers. 

3. Since the tangents are in A.P. and A a 45°, 

^ _ - . tan A + tan B 

.•. 2 tan5 = tan^ + tan C = 1 + tan C = 1 - ^ .. — 5 

1 — tan A tan ^ 

_ 1 + tan J? 2tan^ 

" 1 - tani^ "" ~ 1 - tan B 

.'. either tan 5 = 0, which is inadmissible, 

or tan 5 - 1 = 1, .*. tan 5 = 2, .". tan C — 3. 

2 . 3 

,•. sin 5 = —r 1 sin (7 = -7=r» 

1 ,^8iTr^sinC ,, « o 2 _ n'IO ^ , « /jr 
.-. 3 = area=^ ^^"^5- -•• ^' = 2.3 ^^2 -^-=3, .•.^=2^2, 

isin^ n ,- 1 ^^ '7- 

smB v2 2 ' 

*8in67 / 3 ^/5 ^ 

4. tf' = 2r cos - &C. 

, B . C A B C 

iCUe Sf^ A B C « sin -^ sin- cos -^ cos ^ cos ^ 

.'. —7-" = -7" cos o cos -x COS ,7 =a Sr' . • = 

a6c abc 2 2 2 A abe 

cos r: 



2 



r* 2 sin 5 2 sin g r^ 
2' 6 • tf ""2^ 



02 
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5. Let abed be the figure fonned, bo that B^ a, &, S>^ are in this order 
in a straight line, and similarly Dediy. Then since AC is equal and 
parallel to (7^, /. A J' is parallel to CC, Similarly B£f is parallel to 
DP, .*. the figure abed is a parallelogram. 

Join AC, Then since Bf is the middle point of AB^ and Bfd is 
parallel to Ba^ .*. Ad = da, .*. abed « 2Acd ^ AdD. 

Similarly it may be shewn that abed is equal to each of the triangles 
AaBf BbCj CcD. But these 5 figures make up A BCD, 

.-. ahed = ^ABCD, 

6. Bisect AB in C, Draw through C a straight line perpendicular to 
AB, The point JP will always lie on this straight line. Now the angle 
QFA = FAB, ,\ QP is parallel to AB, and .•. perpendicular to PC; 
and AQ =^ QP, .*. the locus of Q is a parabola, focus A, and directrix 
CP. 

7. Take as origin, OC the axis of ^, and a perpendicular to OC as 
tlie axis of y. Let the coordinates of the fixed point G be {h, 0). 

The equation to any straight line CPP* is of the form 

y s= m{x — ^) . . . (1), .'. ^ — iw? = — mh. 

The equation to the conic, which passes through the origin and 
touches the axis of x is of the form 

ax^ + bf + cay + eyr=.0 (2) 

If we make (2) homogeneous by means of (1) we get 

ax' + by^ + c^ry'-ey.^LZL^^O .... (3) 

This, being a homogeneous equation of the 2^d degree denotes two 
straight lines passing through the origin 0, and since it is satisfied by 
the coordinates of the points which satisfy (1) and (2), it is evident that 
(3) represents OP, OF. (3) may be written 

a^mah + mxif{ch + e) -|- t/^mbh - tf) = 0. 

If this splits up into (a? — «iiy) {x — m^y) = 0, 

»ii = cot COP, «2 = cot COF. 

m(ch + e) ch -^ g 
.\ cotCOF + cot COF ^mi + m2=- - \^ ^j- 

B constant. 
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Paper XXXIX. 

1. Let Xy y, z denote the number of direct routes from London to 
Cambridge, London to Oxf ord, and Cambridge to Oxford respectively. 
Then 11 » a? + ^^ ; and 13 = y + zx, 

.'. By subtraction {x - y) (jp - 1) = 2. 

Since x^ y, z are integers, the only solutions are from 

7 f\ 

either « - 1 = 2, j? - y =■ 1, .% « — 3, or = n> y = o' i^^^^^issible, 

or 2? - 1 = 1, a? -- y = 2, .-. « = 2, * = 6,y =■ 3. 

2. Consider p quantities each equal to ^-^ q quantities each ■» af-P, 
and r quantities each » xP—9, 

Their A.M. = P^'^ + ^'^ + rxP'<i ^ 

P + ^ + r 

via -y)+g(*'-pH«<p-g) 
Their G.M. = « !»+«+«' -= ^c^ - 1. 

Since the A.M. > the G.M. 



p + q + r 



>V 



except when as = 1, when the A.M. = the G.M. which is also the case 
when^ BO gr =s r. 

3. Produce OG to meet the fixed circle in E, 

Then OD . 00 = OP . OP' =^ OA . OE ^ constant And 00 is 
constant. .*. OD is constant .*. D is a fixed point 

Join PA, PD, CP, OP*, EP\ Then since PDCB is a quadrilateral 
in a circle, /. the angle OPD = OOP'., Similarly OPA = OEF. 

And OOP' at the centre = twice OEP* at the circumference. 
.-. OPD = twice OPA. 

4. Since O1BO2 and- Oi-iOg are right angles, a circle will go round 
OiBAO^j ,\0A . OOi = OB . 00^. Similarly it may be shewn that 
each of them = 00 . OO3. 
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Again, 0^.00,^-^.-^= ^'i g. C 

sin- sm - sm -.Bln-8m- 
^ . flr Bin — sm -p» 

* * a ^ J *» 

= r , z T = 4r . n— : — 7 = 4r5!, 



sin -g cos -^ sin ^ sin ^ sin ^ cos -s 

5. Let P be the position of the point within the triangle ABC, Let 
the perpendiculars from P on BC^ CA, AB be denoted by ar, ^, r 
respectively. Then evidently 

ax + ly + CZ ^2a (1) 

We have to find when the expression a^ + y^ + z^ 16 sl minimum 
subject to the condition (1). 

Through P draw a straight line PD parallel to AB, and suppose that 
2 remains constant whilst a? and y vary. In other words, suppose P to 
move along the line PB, Then we have to find the point on this line 
for which i? + y^iB a minimum subject to the condition that ax + by 
is constant 

Now {aa + hyf + {hx - ay)^ = {a" + h^) (iP» + /), 

X y 
••. x"^ + ^* is a minimum when 5a? — tfy = 0, f.«. when ~ = ^* 

Similarly, by supposing x to remain constant whilst y and z vary, we 
shall get "^ = -, .\lfx,y, and z all vary, the expression ir* +^' + ^ 
has its minimum value when 

X y z ax + by -{• cz 2A 

tf " F "" c "" a=» + 6'* 4- c* *" a«"+TM^ 
If «* be the minimum value of a;^ ^ ^a ^ ^^ 

4A« 4A' 



*- «2 = 



6. Square and add. .% ^s _j. ^a ^ ^a ^ ^ _|. 4^ J5 gj^ ^ ^os $. 
Multiply. .•. xy = AB + {A^ + B^) sin ^ cos 6, 

Eliminated. ^^ A^ + B^ 

.'. {A^ + JB2) (r» +y«) - 44Bay = (A* - J5«A 
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7. Let LMN be an equilateral triangle. Let if be on the axis of x, 
N on the axis of y. Let {x,y) be the coordinates of Z, and let NMO » ^ 

Then x = LN sin LNy = 2flsin(150*» - d) - 2tf Bin(^ + 30**) 
= tf VS sin d + <* cos ^, 1^ 
y = LM Bin LMx = 2^ 8in(d + 60°) 

= a^/'6 cos ^ -]- ^ B^i^ ^1 
•*• in No. 6 writing 0\/3 for Af and a for £, we have 

We have the double sign because L may be on either side of MN» 



Paper XL. 

1. Since the number is less than a million, its cube root has only two 
figures. 

Now (lOp + qf = 1000p» + SOOp'q + 30jp2« + f. 

•*. q can at once be determined by considering the units* digit of the 
number, and we find p by taking the number whose cube is the greatest 
integer which is not greater than the number given by the three left* 
hand figures of the given number. 

2. Let £x denote the price per head of the 10 sheep. 
•*. £{x — ^) denotes the price per head of the 5 sheep. 
Let lOy '}' z =* total price of the 10 sheep, 

.-. lOy + r — lOr and lOz+y ^ 5x - f , 
/. 8y - 19r = 5 ; 
.-. y « 19r + 3, jp - 8r + 1. 

Now y and z must be positive integers lees than 10. .*. the only 
admissible values are obtained by putting r » ; 

.*. ^ = 3; ir - 1 ; .'. lOor = 30 + 1 - 31 ; .-. ar = £3^ - £3 2«. ; 

* - i = £2 12#. 
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. A 

t -m^ ^ Bin — 

A B C 2 

3. tan ^ + tan ^ + tan ^ = — --. + • • - • 

cos- 
2 

.A B C , 
sin -cos - cos ^ + • • • • 

A M Jt 

" 1 ~B C 

cos - COS - COS - 
M *i m 

C . A + B . A B . C 

COS -x Sin — 5 — + COS o cos -^ sin ^ 

J cos ^(cos — 2— + cos — 2— j 

cos^ "5 + cos 2 cos 2 8"! o 



« 2 



= 4 



» 4. 



0.0 ^-i^.^H-^ 

cos o S*^ o" + ^^^ 5 ^^^ 9 

. . . C( A B . C\ 
1 + siur^l cos 2^^^ 2 "■ ^^^ 2/ 

IW i ■ I ■ I I II » 

2 sin + o (sin J + sin ^) 

1 + sin ^f cos - cos "5 — cos — ^ — 1 

sin ^ + sin i^ + sin 

ABC 
1 + sin nsin ^sin ^ 

sin -4 + sin^ + sin 



4. Let FAE^ FBD be the tangents at A and 5 ; JDCE the tangent at 
C, Take the centre, and draw OOD cutting BC in G. Similarly 
draw OHE, OKF, These lines are respectively perpendicular to BC^ 
CA, AB. Then AF^E cot AFO, AE ^ B cot AMHy CD ^ B cot CDO. 

.-. perimeter of DEF = 2i5(cot AFO + cot AEH + cot CDO) 

»= 2i2(tan JU5 + tan^uiO +- tan DOB) 

-a 2i2(tan (7+ tan 5 + tan^) 

« 25 tanii tan B tan 0, since A+B+C^ 180'. 
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XT ^ . . ay _ abe. 

Now ^ = Binii - -^; .% -B - j;^:' 

abc 
.'. perimeter of DEF « -^ t2^A tan 5 tan (7. 

5. Draw D^ parallel to CEF, meeting AB in 0. 

AE AF 2AF 
'^^^ "ED '^ FG '^ 'FB* ^"^^® "^^ "" ^"^^^ "^ ^^°^ *^® middle 
point of jBC 

6. Let j^ be the common focus, J?, B.' the 2nd foci of the variable and 
fixed ellipses. Let the ellipses touch at P, and on the tangent at F let 
fall the perpendiculars SY, HZ, H'Z'. Let (a, b\ («', b") be the axes of 
the variable and fixed ellipses. 

Then since SP makes with FY the same angle which FH and PZT' do, 
.'. FH'H is a straight line. 

(1) 8F + FH' - 2a' ; SF + FH ^ 2a. .'. HH = 2(a - a') - const 

.'. the locus of iTis a circle. 

H'^ Tf' P 

(2) SY. H'Z' « b'^ ; SY.HZ^ b\ .\ -g^ = const .-. -g^ « const 

HH 
•'• ^^ ~ const .'• the locus of ZT is an ellipse similar to the fixed 

ellipse. 

7. Let (a?i,yi), (cPoyy^y {^^Sfzi ^0 ^^ ^c®* o^ t^© normals from the point 
P{a, p). The equation to the normal at P is ^ - ^ = — - (a — jr) . (1) 
Eliminating x between (1) and ^ — 2px we get 

ya + 2pip - a)y = 2i?«i3. 
•*• yi) yjjj ^3 ^©iJig *^® roots of this equation, 

vi + Vi + vs^ ^y y^z + ysyi + yiy2 = ^p{p - a). 

Square the first of these equations, and subtract twice the second, 
and we get Xi-\- x^ + x^^ - 2{p - a). 

From (1), fe -i^O^ -^yi) = - ^i03 - ^1), 

•'. yi(P - yi) = - soTi + ari«, 

and sfi^ = - 2pari + 2yi*, 
.\ adding, 2(5?i2 +yi«) - 20? + a)j?i - /3yi = . . . . (2) 
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••• «•.* + y.' ~(J> + «)«•! - ?j'i = ^ 



/3 



Similarly «,» + yg* - (/> + «)'» - J^» "■ 



. 



/3 



(4) 



and «•,» + y,* - (p + a)*, - J^s = 0^ 

.*. by means of (4) we have 

P = 3(aa + ^2) -(a-i»)(jr,+;r8 + ^3) - (2/3 + |)(yi + y^ + y^), 
= 3(«« + /32) - 2(a - ^)^ 
.*. the required locus is the ellipse 

^' + 3/ + 4:px - 2/ = >t«. 

If P be a point on the line such that the sum of the squares on the 
three normals is a minimum, and = Py then the sum is also a minimum 
for a point P' on the line indefinitely near to P. Now P and P' both 
lie on the ellipse x^ + 3y* + 4px — 2p* = P, .*. we must give Jlc such 
a value that the ellipse may touch the given line. Now the general 
equation to the tangent at (//) to the ellipse referred to its centre, 
wliich is at ( - 2|?, 0), is 



J^ - / - - ^. (^ - ^') = - ^ (^ - ^'). 



1 j^ 
m = - jt -3» 



or the point of contact lies on the line 3my + a? = 0. . •. changing; tlie 
origin back to the point (2j?, 0) we have 3my + ^c + 2p = 0. 



1. 



Paper XLL 
5 men do *6006 of the work in 2'12 hrs. 



/. 1 man does — „ 



•*• 3 men do 



51^ 

100 " 
49 



yy )i 



)> n 



.-.7 boys do — „ „ „ 



Ihr. 
3 



%% 



If 



.-.6 » II gg If 



I) II 



i» 



•1 

I 
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1198 
There remains -— - of the work for 6 boys to do. .*. they will take 

3000 

1198 50, ou Kii • 

X -= hrs. = 2 hrs. 6U miiu 
3000 '^ 7 ^ 

2. The expression on the left 

=ir(l-ir)-'-^(l-:r^-^+rXl-a:«)-^ 

= ar+a:'+*'+^+ • • • 
— a:* - ar* - if® — a?*' - . .. 



• ■• 



Add the columns vertically. 



= jr(l-r»+ar4-x«+...)+^Xl-a:*+^-ari«+...)+d^l-a^+a?"--..)+- 



3. 2 sin (a + ^ sin 03 + 0) = 2 sin (/3 + ^ sin (o + <^), 

/. cos (o - i3 + tf - 0) - cos (a + /3 + d + 0) 
= cos (a - j3 _ ^ 4- </)) - cos (a + /3 -f ^ + <f), 

••. cos (a - i3 + ^ - 0) - cos (a - 3 - ^ + 0) = 0, 

.-. 2 sin (a - P) sin (d ^ <^) « 0, 

,•. either o — )3 or d - <^) = «ir. 

4. Produce AB^Cx to meet -BC in A and let 6 « - — ;— r- 

6»i + 1 

Then each successive triangle will have its side inclined at an angle 
B to the corresponding side of the previously formed triangle. .'. the 
n^ triangle will have each side inclined at an angle nQ to the corre- 
sponding side of the original triangle. .*. X is the triangle which is 
brst formed when nd is a multiple of 27r^ %,e. it is the (6ff» -f- 1)^ 
triangle, since (fi« + 1) ^ = 'imir. 

.'. X =s Sf-^-q* 

Now Ji^iCi = BiDC+BDCi - J^BC 

= JDC - JBiC + ABB - u^(7i5 - AiBO 

« :5^^5C2 - l.BAi.AiCsin^ 
4 2 o 
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^ ^ BC^ - I B(P . 



sin tf sin f ^ — 6\ 



■ ^ B0« 1 1 - 4 sin^ sin (I -6)1 



- ^ 50« cos 



(2. - I) . 



Similarly ^T, = iSi cos (2^ - ?) ■= 5. cob« (2^ - ^), and so on. 
.-. Sp r=: S.co^ (2^ - |), iSi « aV.cos« (2^ - |), 

/. Sp.Sq - /S". iS'.cosP+« f2B - I ) - iS'.i^+g = 'Sf.X. 

5. Let EA, EB be the tangents to the given circle. With centre E, 
and radius EA describe a circle. These two circles will cut ortho- 
gonally, and AB will be their radical axis. .*. if F be any point in ABy 
and FI), FG tangents to the two circles, FD = FQ. .". the circle 
described with centre F and radius FD, cuts the given circle ortho- 
gonally, and also cuts orthogonally the circle described with centre E, 

6. Let CD be the diameter conjugate to CP^ and let the circle 
on Ml^ as diameter out the normal at /* in ^ and E. Draw FF 
perpendicular to CD, 

Then PE^ = PE. PW ^ MP ,PN ^ CD\ .\ EE' = 2CD. 

And CE" r= CP' + PE^ - 2EP. PF = CP^ + CD^ - 2CD.PF 

^ AC^ + BC^ - 2AC.BC 

= (AC - BC)K .\ CE ^ AC-- BC. 

And CE^ + CE^ = 2{CP' + PE^ » 2 {CP^ + (72>») - 2(^C"-f BC>) 

« (^(7 + BC)^ + (^C - BCf. 

.-. CT' = -46' + BC. 
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7. JjQt ABO be the given triangle, Oi the centre of the given ellipse. 
Through the three points A, B^ G describe an ellipse of the same 
eccentricity as O^, and let 6?2 be its centre, and let its axes be parallel 
to those of Qi. Join O^A^ and draw O-^a parallel to 0^, ac parallel to 
AC, and ^ parallel to CB. Then the triangle abc will have its sides 
parallel to those of ABG, 

Now consider any triangle inscribed in a circle. Through each 
angular point draw a straight line so that the line and the opposite 
side shall be parallel to two diameters at right angles. Then these 
three straight lines will evidently pass through a point, viz. the ortho- 
centre. .'. by projection, we see that if in the triangle ahc we draw 
through the point a a line ad such that ad and be are parallel to 
conjugate diameters, and similarly draw be and cf^ then ad^ be, cf will 
be concurrent. Then if through J, B, C we draw AD^ BE, CF 
respectively parallel to these, they will evidently be concurrent. 



Paper XLII. 



1. (l-^)»=(l+2^+iP'-24r-2a;»)* 

= {(l+^)»-2^(l+:ir)}* 

EL 

2. Consider the series 1» + 2^ + 3' + . . . + {Smy. 

TheA^M. = ?HE = / 3«»(3m-hl) )«^ 1 ^ 3m (3m + 1)\ 

Sm \ 2 } * 3m 4* 



1^ 



The G. M. = (product) = {iSm}**. 

Now A. M. > G. M. ••. -J- (3m + 1)2 > f[3«\~. See Appendix. 

QT>„i. xu • A +B B -i- C C + J . .^ 
a By hypothesis TT , — ^, ~T^ are in A. P. 

(JAB 

. ISO** - C 180° - A 1S(P •- B . , ^ 
• • ^ i 2 > » ^^® ^° ^- ^• 

. Ifi0° - 180° . 180° , . . _ 
• . -TT " ^9 -J h — g 1 are in A. P. 
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• • ^ -.J ^ are in A. P. 

/. C, Ay B are in H. P. 

Let G = 60** -\' x^ A ^ 60° + y, if possible, where x and y are 
positive. 

Then j5 = 180'' - 60'' - r - 60° - y = 60 - ar - y. 

Since Q Ay B are in H. P. 

.-. GiB\:C - A: A ^ B, 

.*. 60 + a; : 60 — flj — y :: a; — y : a? + 2y. 

Now the 1st term is > 2ndy and 3rd term is < 4th, which is 
impossible. 

4. A is any point on the circumference, D the centre. Let the 
chord OQPR which is parallel to AB meet AC in P, and the circum- 
ference in Q, R. Then the angle OPC = BAG = DBG. .\ P is on the 
circle round OBG. But D is also on this circle, since OBD + OGD = 2 
right angles. /. DPO = i^W = a right angle. /. QR is bisected 
in P. 

6. Let PNy RQ be the ordinates at P and iZ. 

PJ\r« = RN.NA = 44)Sf. ^iV; .-. BN = 4^5. 
.-. Pi22 ^ RN.BA^ 4AS . ^jK = QRK 

.6. Let ^ be the fixed point in the axis. Draw BR perpendicular to 
the tangent at P meeting SP in Q. Draw PK perpendicular to the 
directrix. Join SK meeting PR in F, Then SY is perpendicular to PY. 
Since BQ is parallel to SK, the triangles ^Q/^, PSK are similar. 
.'. iSQ :SB :: SP : P^, .'. SQ = SB ^ const. 

7. Draw CM, ON perpendicular to PQ. 
The equation to P^ is ^ + ^ - 1 = 0. 

.-. GM' ^** 



-d pg^4. (^*' + -'g,;;'y + -n XXXIV.. 7. 
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.'. area CQOP = CPQ + OFQ 



Paper XLIIL 



1. Let a(by+cz—ax) = ^(tf2+<"^ — %) = (?(<r:r+^y-^^) = -B suppose. 

/. — = by+cz—ax; — = w+oar-^y ; — = ax+by-^cz, 
a o c 

Adding the 2nd and 3rd of these results we get 

2a:r = iJ (1 + i) = iJ . i±-', .-. * = JJ . ^-t-". 
^0 c) be abc 

Similarly y^R. M^, z^R. ^^^ 

abc abc 

.'. ^ + y + -^ = -r (^ + * + ^) *= ^• 

aoc 

2. (» + 1)8 = n (ri - 1) (n - 2) + 6» (» - 1) + 7» + 1, 

1 fi 7 1 

/. the n^ term of the series = , -| -{ ~ + -^^ 

|n - 3 ^ [ft - 2 ^ [» - 1 "^ [?i] 

/. sum to 00 = tf -|- 6e + 7e + tf = 15^. 

3. Using the formulas of Todh. Trig, § 288 

cos 5^ = 6cos^-20cos'^+16cos'^; 
sin 5^ = sin ^(1 - 12 cos^^+lO cos«^ 
= sin ^(5 - 20 sin2^+16.8in*^ ; 
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/. 8in5^-co86^ « 6(sind-co8^-20(8in3d-cos8^+16(8in»^-co8«^) 

= (8in B- cos ^ (1 -2 sin 2^-4 sin^ 2^) ; 
sinS^+cosS^ = 6(8md+cos^-20(8in3^+cos8d)+16(8in'^+cofi»^ 
= (sin ^+cos 6) (1+2 sin 2^-4 sin' 2^) ; 
tan ^ — 1 sin ^— cos 6 



("-D 



and tan. ^ .. — ^ /i.^— .yi. j, 

tan ^+1 sin ^+cos 6 

.*. by division we obtain the required result. 

4. CP - £!»^ (1) 

sin/3 

^o 3 sin Pi^C b9,m{PAC+a + 1ff) ,^. 

^^ ~ — iTTfl — " irTo • • • v-^; 

sin p sin p 

.-. a^mPAC =- b {sin P^6? cos (a + 2)3) + cos FAC sin (a -f 2)3)} ; 



tanP^(7= - 



* sin (o + 2/3) 



i» + A cos (a + 2/3) ' 

., sin PAC - ± ^^J^h±M)=^. 

V«2 + *^ + 2tfi cos (a + 2^) 

By substituting this value of sin FAC in (1) we obtain the value 
of CF. 

6. (1) Tripos 1875. Monday morning. No. 4. 

(2) Let CE be the common chord of the two circles. 

Then the angle CBD = BDC = C£A = ACK 

.-. ABC « AECy and -iCB = ACE, .*. i)^C = JK^C. 

.*. CE subtends at the circumference an angle which is one-fifth of 
two right angles. .*. CE subtends at the centre an angle which is one- 
fifth of four right angles. /. CE is one-fifth of the circumference of 
the small circle. 

6. Tripos 1875. Monday morning. No. 7. 

7. This question is partly solved in V., No. 6. There we see that 
two parabolas can be described, and that the equations to the directxices 
are arcos0 ± ^sin0 = a. The lat. rect. are evidently twice the 
distances of F {a cos <^, b sin <^) from these lines, and 

= 2 (a - («C08»^ ± isin2<^)} = 2 (« rp d) Bm^<l>. 
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Paper XLIV. 

1. Tripos 1875. Monday afternoon. No. 4. 

2. Let oa? + A -f £. == V, 

a? 

.*. oar^ ^ (y - i) x + <? = 0, 

. ^ _ y - 3 ± V(y - ^)« - 4ao 
• ••*-— ■'■'■' ...» 

Since ar is real, the expression under the radical cannot be negative. 

Again, let J^ + Bx + C ^ 

.-. (^ - A'y) aJ« + (^ - ^y) 0? + ^ - C"y = 0, 

Since a: is real, the expression under the radical cannot be negative 
and f will have its limiting values when this expression = When 
this 18 the case, 2x {A — A'y) = — (^ — ^y)^ ' 

.\^x + B=^(2A'x + Briy^(2A'x + ff).J^LtIfLt£^ 

.-. (^^' - ^'i^) ar« - 2 (C^ - CJ)x + BC'-^BC*0. 

3. 2 sin^ = sin C + cos C, 

.-. cos 2^ = 1 - 2 sin»^ « 1 - }(1 + 2 sinCoosC} » }(1 - 2 sinCcos^, 

= i(cos C-sin C)^ = f-_ cos C^ -1. sin Ci^ « cos« /'-4.6?^ 

V2 V2 v4^ ^' 

sin^5 =s sin C'cos C 

.-. ^cos 2B = i- sin'^=i- sin (7 cos C?»=cos2(?4-C) = cos 2A: 

4. Tripos 1875. Monday morning.. No. & 

5. Tripos 1875. Monday morning. No. 11. 
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6. The equations to the two normals can evidently be written 

^f = m (as — 2d) — am^ . • (1) 

y - i (iT - 2<r) - 4 (2) 

.% subtracting, (a? — • 2«) = a . = — » 

... z - a - «. (i^±il' (3) 

Again, eliminating x — 2a from (1) and (2), 

y (1 - f»«) = tf (^1 - i»8), /. y = flf . '^^-ili ... (4) 

.•. from (3) and (4), y* => « (* - a). 

7. Let the tangent at P meet the major axis in Ry and the minor axis 
in Q, and let (a cos <^, h sin <^) be the coordinates of F, 

The equation to the tangent at P is - cos d> + v sin = 1, 

a 

.'. CB = a sec <^, CQ =^ b cosec <^, 
.-. Ql? = CR^ + C§^ = flfSsec«<^ -t- d'cosec^*^ 
^ a^ + b^ + «nan20 + ^»cot»0, 
/. ^ZP will be a min. when a^ tan* + A' cot^ </) is a min. 
Let tf ' tan« </> + *« cot^ <^ = »«, 

/. a2tan*0 - ««tan20 + i^ ^ 0, 

...tan^,^^ 2^5 

The min. value is given by «* «= 4fl2^2^ .'. w* = 2ab, Also see XL V. 2. 

.-. qiV" = «' + ^2 + 2ab = (flf + ^)2, .-. QE^a + b. 
The singularity is evidently a min. for there is no max. limit 

*We add a purely geometrical proof of the above. 

Let the tangent at P meet the major and minor axes in T and t 
Then when Tt is a min. Tt = TT, where T'lf is the consecutive position 
of Tt, i,e. Tt moves at tliis stage as if it were a line of constant length 
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sliding between two rectangular axes. Draw Tfi, tR parallel to the 
axes meeting in R, the instantaneous centre. Then if RF be joined, 
RP is the normal at F, 

.% FF?^ FT,Ft = CLf', 

•*• FR = CDi and is measured outwards along the normal. 

/. CR^ a + b. See XLL, 6. 

Since CTRt is a rectangle, T* = Cfl =■ a + ^. 



Papeb XLV. 



.\ Sx = jr + 2^ + .., + («- 1) ar»-l + «ar«, 

.\SO.-x) = 1 +x + x^ + + ar»-l - «a-» 

1 — ar« ^ 1 - (« + 1) «« + «.r»+l 

1 — a? I ^ X. 

2. Since the product of the two expressions ae^^ and be-^ is const, 
and = ab, .'. the sum is a min. w hen the two expressions are equal. 

Each of them is then = Vproduct »= ^/ab. ,\ the sum = 2's/ ah. 

3. (1) Let /Sf = cos ^. sin ^ + cos* 6 . sin 2B + cos^ ^. sin 36? + . . . 

C = cos ^ . cos 3 + cos^ 6 , cos 2^ + cos' 6 . cos 3^ + . . . 

.•. C + Si = co8^.tf«+co8«tf.«2*i4-cosM.<r«+... 

_ cos 6.e^ _ cos ^ (cos ^ + t sin ff) 
1 — cos S.e^ ~ 1 - cos 6 (cos ^ + i sin ^) 

_ costf (cos^ + tsin^) . - cos^ + tsin^ 
sin 6 (sin ^ - i cos ^) * f sin $ + cos 6^ 

.•. /S' = cot^. Evidently ^ = 0. 

(2) The given series = the sum of the two series 

« >* - 1 + ««»«**- 1 = 2 - 1 + 22 - 1 - 4. 

H a 
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4. Let C ■= cosa? Bin (' + ^ ) + nco8 (*+?) ^^ {jr + "1 ) + •• • 
8 = sinarcos (a? + ^) + « sin (a? + ^ j cos [a? + ^ ~ ^ } + . . . 
... C + 5 - sin (2ar + !^) + n sin {2aj + ^) + . . . 
-sm{2a: + !?){l + «+!L^ + ...} 

= (1 + 1)" sin (2* + I") - 2» Bin (2x + ^, 
C — S '=' BiU'^ + nBmi^ - tt) + • . • 



-sm^{l-« + _^ } 

-Bin!5(l-1)* = 0, 
.-. 2C = 2« sin (2ar + 2^) ; /. C « 2«-i sin (2a? + ^\ 



nwK 
2) 



5. Using the results given in Todfa. Trig, Miscel. Ex. Nos. 257, 268, 
the area of the triangle formed by joining the points of contact of the 

inscribed circle is rr-- • 

2B 

The area of the triangle formed by joining the centres of the escribed 
circles is 

S(-s-+""f+'»'f) 

■a —- cot - cot - cot - , since A + B + C <=» ir. 

^8 St M A 

.\ the product of the two is 

rS abe I $ (s - a) 8 (8 — 6) g (a - c) 

25'^28 ' ^ (8 - d)(8 - c) ' (8 - c) (« - a) ' {8 --a) {8- b) 

rS abe V«* 



2/2 "2« V« (« -«)(«- b) (« - e) 



and abe » 4^'S^ 
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•'• iS is tt mean proportional between the areas of the two triangles. 
The other cases in which one of the triangles is formed by joining the 
points of contact of one of the escribed circles can be proved in exactly 
the same manner. 

6. Since FD bisects the angle BFC, 

.\ DB : DC :: BF : Fa 
Similarly CE : EA :: CF : FA, 

.\ CE. DB : CD.EA :: BF : FA^ 
.\ CE.BD.AF =^ CD.BF.AE. 
.'. the lines AD, BE, CF are concurrent. 

7. Let ASP » ^, ASQ » ^ + a. Let the tangents at P and Q 
intersect in T. 

The equation to P^is - ■« « cosd + cos (B — <^), 

„ „ QT „ ^ = e cos ^ + cos (^ — <^ — a), 

r 

.*. at T, e cos ^ -f cos (^ - ^) = 6 cos d + cos (fi - 4> -- a), 

.-. cos (d - ^) = cos (d ^ ^ - a), .•. ^ - ^ « ± (d - ^ - o). 

Taking the negative sign, ^ "^ ^ + ^ 

/• the locus of T is - e= cos ^ + «co8 (^ + ^)t 

/sec a 
or = 1 + <sec| cos (^ + |j . 

This is the equation to a conic, whose axis is inclined to the former 
at an angle », and whose eccentricity is e sec — • 



Paper XLVI. 
1. Put ar = a + i + ^ .\ b^ -^ abx •- a^O (1) 

X 

If « =. i + 1 + 1^ .-. (?ar2 - ^ca: -- A = 0. * . . . . (2) 

c » 

1 1 

H X ^ e \ 1- -, .\ 03^ — acx — <? =r (3) 

a X 
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1.^. 



Multiplying (1), (2), (3) together, and dividing by abc, we get 

\b c a / 

V a b c ' 

^lt + i + t^bc-ca-ab\x''^{a+b+e)x'1^0, 
^c a J 

or aj6- 1 -(tf+^+£f)a;(iB<+l)+(tf3+3tf +<:a)»«(ar»- l)-\-{a+h+c-dbc)a^ 

.*. tlie three continued fractions satisfy the given equation. 
From (1) X = "'' ^ ^"J + ^K 

The positive sign gives us a + -,-,,, , 

+ a + 



The negative sign gives us — - - - 



• • • • 



From (2) and (3) we obtain siniilar values. 
.-. the other roots of the given equation are 

11 .1 1 _ ^ 1 

6 + a+..., <? + &+.. ., « + <?+.. .. 

.-. log.2 = log (*)• - log| - 2 log (l + 5) - log (1 - i) 

_„/l 11,11 A ■ /I . 1 1 . 1 1 J. > 

3. The common denominator of the three fractions being 
— 8in(a— /3) sin (fi—y) sin (y— a), the numerator is 
sin (fl-jS) sin {6-y) sin (/S-y) + sin (fl-y) sin (tf-a) 8in(y-o) 

+ sin {6-a) sin (tf-j3) sin (a-3), 
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= i sin 03 - y) {cos (/3 - y) - cos (2^ - /3 - y)} 

+ i Bin (y - a) {cos (y - a) - cos (2^ - y - a)} 

+ i sin (a - /3) {cos (a - /3) - cos (2d - a - /3)} 

= i {sin 2 (/3 - y) + sin 2 (d - /3) - sin 2 (d - y)} 

+ i {sin 2 (y - a) -r sin 2 (d - y) - sin 2 {$ - a)} 

+ i {sin 2 (a - 3) + sin 2 (d - a) - sin 2 {0 - |3)} 

= i {sin 2 (a - /3) + sin 2 - y) + sin 2 (y - a)} 

= i {sin (a - 0) cos (a - /3) + sin (/3 - a) cos (a + /3 - 2y)l 

= i sin (a - /3) {cos (a - /3) - cos (a + /3 - 2y)} 

= sin (a - /3) sin (o - y) sin (/3 - y) 

= - sin (a - p) sin (/3 - y) sin (y - a). 
•*. given expression ■= 1. 

4. Let Bf C denote the bases of the hill and tower respectively. 
A and D their summits. Then ACB ^ a, ADB ^ p, CD ^ a. 

I^et JB = ity BAG ^ e. 

Then CBB+p + e + ^ -^a^^ir. 

.-. COJ = I - (3 ^. tf - a); COJ - 1 + o - <), 

a _ sin* ^C 1 
7C~co8(o-«)' T=iiE^' A *8inO = «ein«oo8(a-<0, 

.', sin 6 {jc ^ a sin^ a) = a sin a cos a cos d, 
, a sin g cos a __ x — asin^a 

sind cosd 

Now CB =a a^cota, DB = acosecO + d - a), CD2 + Cfia ». z>i32^ 

/. a2 + *2cot»o = a=» {1 + cot2 (fi + 6 - o)}, 

.*. iP cota = flf cot (i3 + d - a) 

.'. iPcosa sin (i3 + d - a) = a sina cos + d - a), 

.-. sind {ircosa cos (j3 - a) + a sin asin (3 — a)| 

« cos d {a sin a cos (/3 - a) - d? cos a sin (/i — a)]. 



(1) 
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Eliminate 6 by means of (1), and arrange the result in descending 
powers of ar. We have 

ar^cosasinO - o)+(LF8ina |cos*aco8(/3 - a) - cosO - a) - sina C0Sfl8in(/3 - a)} 

-{- tf* sin^a jcosa sin (/3 - a) + sina cos (/3 - a) } «« 0. 
/. a^ cos a sin (/3 - a) - oar sin^ a sin ^ + a' sin* a sin^ « 0. 
This equation is unaltered by writing «r - a, «r - ^ fcr a, /S. Now 
P may be > ^, but a must be < ^. .*. only one value of ^ satisfies the 

given conditions. The other value gives the solution of some other 
question. 

6. Let ABCD be the square, P the point on AC thrcngh which the 
four circles pass. Let EFGH be the quadrilateral, E, F, O^ H being 
points on the circles round PAB^ FBC, FCD, FDA respectively. 

The angle FGD « FCD = J right angle. 

The angle FED = FAB = J right angle. 

.-. FGD^ FED, .'. FO = FH. 

Also FD = PB, .*. the circles round AFD and AFB are equal. 

.•. the angle FHA = FBA, .'. Pil = FE. 

SimUarly FFC - FGG, .-. PP = P(7. 

.'. the circle described with centre P and radius any one of the 
lines FE, FF, FG, FE will pass through the exu-emities of the 
otlier three. 

Also FEG = FGE = FCB = i right angle. .'. EFG is a right angle. 

And FEF = PFB ^ FOB = J right angle. .-. EFF'm a right angle. 

.-. EFG = EFF:^ Add to each FFG. .'. EFG = FFE, and the 
sides which include them are equal. .*. the base EG ■■ base FE^ 

Since the triangles EFG^ HFF are equal in all respects, and FE is 
perpendicular to FF and FG to PJET, .'. the base EG is at right angles 
to FE. 

6. Let <S be the given focus, C the centre of the auxiliary circle. 
Produce SC to S' so that C8' « C!S. Then S' is the other focus, and 
if 88' intersect the circle in A and A*, these points are the vertices. 
In CS take a point X such that CX : CA :: CA : CS. Then X is the 
foot of the directrix. .*. since we know the focus^ directrix and 
eccentricity, we can describe the curve. 
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7, The equation to a chord FF* is - = 6 cos^ + sec/3 cos {0 - a). 

T 

In the rectangular hyperbola, e =V2, and seci3 « V2, since 4Pi8fP'=- ^. 

/ 
.•. equation to PP is — «» cos d + cos {B - a), which is the equation 

of the tangent to a confocal and coaxial parabola. 

This may also be proved by reciprocating the theorem, 'The locus 
of the intersection of tangents to a circle which cut at right angles is 
a concentric circle/ the centre of reciprocation being taken on the 
circumference of the inner circle. 



Paper XLVII. 
Square and transpose. 

+ ^4 + ^4 + ^ + 2fl»6» - Sas^a - 2&26> 
=. 4 [ a^ + ar» (6 - a) + a?« (a2 + &2 + 5c - 6fl - <j« -f. tfc) 
+ X {a" (c - tf) + d» {b - tf)} + a*i5»], 
.•. ar*-2arV+&^+<?'-26<?-2ai-2«d)+4a?(a-3) (flrc+3c-tfd-tf«) 
- (a* + i< +c* - 2iV - 2c2tf» - 2a^b^ = 0, 
.% 1^ + 2iw?« + iaJ (« - 3) (A - c) (tf - fl) + r « 0, 
.•. aj* + 2^aj* + ga? + r = 0, 
where p, g, and f satisfy the required conditions. 
2. Prom tho r things there can be formed [r^ permutations. 

II » - »• M l> >l .^ " ^ If 

.-. f{r) - |r 1^ ■ r. 
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.*. the expression on the left hand 

3. (1) sin 18- - ^\- \ ... co8«18 - 1 - ^_zA^ ^ 10j^2^^5 

4 ' 16 IG ' 

6 - 2'^5' 



.-. tanMB^ 



Ac 



10 + 2 V6 



.9-0 2 tan 18^ 2tanl8« 2(5+ V5)^ ,^„ /^ .0 

tan36'«» — J— — = — 1=.= ^ ,J tanl8°« V5tanl8o. 

l-tan2l8° 3- n/5 2+2^5 

6i-V5 
(2) tan9« = -?!e1?^ ^ ^/5 - 1 



And 



1 + cos 18' ^ n/10 + 2v/5 4 + VlO + 2 V6 

4 

° 16-ao;'2V5) {^- ^i5TW5}. 

V5 - 1 _ v^5 ~ 1 1 V5 + 1 

6 - 2V5 (V5 - 1)« " v'5 - 1 °* 4 ' 

/. tan 9° = ^^^^jt_l |4 - Vl0 + 2v6|. 

4. Let ABC be the triangle required. From the vertex J draw AD 
perpendicular to the base £C, Then we have given the values of £C» 
AD, HJid AJB^ f^ AC\ 

Then AB^ - AC^ = (BD^ + ^2)*) ^ (AJ)» -f . DC^) 

/. jS2) *-* DO is known* And BD + DC is known. .-. ^7) and DC 
are known. .". the position of D is known. And since we know the 
value of DA we can construct the triangle. 
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5. Let the tangents OQ, OF meet the directrix in the points F* F, 
Draw the tangents FF, F'Cjf. Let OQ, FF intersect in A, and FP'^ 
Fq in B. Then SA hisects the angle FSQ, and SB bisects the angle 
P'SQ', Since F and F* are on the directrix, .-. FF and qQf pass 
through S, •*• AB passes through 8. 

Again, since OSQ = OSF, and QiSJ - F/?^ .'. OSA » O^A 
•'. OS is at right angles to AB, 

This may also be treated as an instructive example in reciprocal 
polars. 

Take EF, any chord of a circle, and draw the diameters EO^ FH, 
Corresponding to the lines EF^ FG, EH we have the points 0, A, B, 
Since FG and EH are parallel, and .'• meet at infinity,, we see that AB 
passes through S, 

Since FQ is at right angles to EF^ we see that AO subtends a right 
angle at S. 

6. Let AB be the circular arc, its centre, and let the particles be 
situated at the points A^ P, Q, . . . B, Let AOF = 6, so that 
(n — 1) ^ =3 2a. Take as origin, OA as axis of Xy and a line through 
at right angles to OA as axis of y. Then if {xi y^, {x^ ^3) • • • be the 
coordinates of A, P^, • • and if (i, y) be the coordinates of 0, 

X = -(ari + ^o + .«•• + a;n) 
w 



= -(1 -J- cos ^ + cos 2d + ...• + cos » - id), 

rn-l^.jied Br . na a 

= -cos — 5 — dsmrrcoseczr =-cososin 7 coseo =» 

n 2 2 2j» j»— 1 «-l 

y = jCyi+j^2 + .... +yn), 



r 



= - (sin + 8m20 + ,,.. + Binn - Iff), since yi = 0, 

r.« — l..«d d r. .«a a 

= - sm — o — 6 sm o" cosec j? = -sin a sin =• cosec r» 

» 2 2 2ii »— 1 » — 1 






a 

cosec 



H - 1 
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Writing this in the form 



-sin 11 rja, . 9 

» ^ 11—1/ a a 



a 

sin 



«- 1 



or n.Binfl^-L^Aa.-.!^:i_.fl. 1), 

sin 

» - 1 

we see that if the number of particles be indefinitely increased, their 
C. of G. wiU ultimately coincide with that of the circular arc Now 

when n is indefinitely great, — — r and - may be considered as in- 

a 



II — 1 

definitely small compared with unity, and the value of — 



a 
sm 



»- 1 

is ultimately equal to unity. 

r 
.'. if ^ be the d of G. of the circular arc, 00* = -sin a. 

7. Let be the origin, P the point (A, k) PA^ PB perpendiculars on 
the axes of st and ^ respectively ; JPJV^ PM are parallel to these axes, 
and PQ is perpendicular to AB, 

Then OA=OM-\-MA^h + kco&a^\ OB ^ ON + NB ^ k + hcosa. 

X y 1 1 

The equation to AB is 1 ■■ 77-7 + Tni = a _i_ 1. ^^« 4" / 1 i^ > 

^ OA OB a + k cos oi * k + A cos 0/ 

or ar(A cos « + ^) +y(^cos © + A) -• (A + ^cos<») (^ + ^cosa>), 

^ ((^C08tt)+^U+(^+AC0S0)U-(^+^C08tt))(^+AC0Sa)) . ^ 

• P0^= ,i_ — ^ L SID <a 

* ' ^ (Ac0S«H-it)*-+(/ir+i4C08a))=»- )i{h+k0OB»){i+AC08<o) 

A^iP(l - COS ««)« sin »® 



(^£ -f >t^ + 2^/t cos ©) (1 - COS 

^i^ sin io 



'• ^ ^/A« + /5:2 ^ 2>4/«: COS « 
Suppose the equation to PQ to be -4j? + J9^ + ^ — 0. (1). 
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Since this is perpendicular to AB^ whose eqaati(Mi hi 
(Acog « + /fe)ar + (/fecoBii + % - {k + Aco8«) (^costt 4- i) -1 0, 
.*. by Salm, Con. Art. 26, Cor. 2, we mast have 
A(icoB»+k)+B{kcoBm+i)«' [A(k+ k ooew) + B{kcoBw+h)}coBa, 

Since PQ passes through (k^ k\ (1) may be ^litten 

A{x - A) + ^(y -^ it) - 0. 
or ;i(ir - 4) - % - *) = 0, .'. &F - ity - A* - it«. 
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+ ^ 






1. The given expression 

2(» -. ^c) { (i - c)«(tf^+tf^-.fe- 2fl«)+c»(tf3 + ^(?- «i) + «»(tfc+*c - aA) } 
■ 4(« - be) (4V - fl«^ - fl'^a -i- 2««^tf) 
:4(« - bc){b^<? - fl9(3 « ^)«J 

' 16(« - be) (u - ca) (u - a3). 

2. Clear of fractions, and arrange in descending powers of x, 

+ a^e(b - e) + ^ca(c - tf) + y^ab(a - b) = 0. 
Since this equation has equal roots, 

'A{<j^{b---e)+P\c-'a)+'/{a''b)}{aHc(b---e)+^ca{e''a)+y*ah{a'b)} 



1 
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Arrange the result in terms of the powers and coefficients of a, fi, y. 

.-. a*(6 - cY + /3*(c - «)* + /(fl - by - 2i3V(c - «)« {a - ft)?' 
- 2ya«(a - 6)2 (& - c)« - 2a»/3»(6 - c)« (c - of = 0, 

.'. ± a(& - c) ± P(c - a) ± y(a - 6) = 0. See XIII. 1. 

3. Let iSf =■ tf sin tf + a' sin 2^ + a' sin 3^ + ... . 
C =» tf cos ^ + fl* cos 2^ + a* cos 3d + . . . . 
••. + iSi = «(?* -h flV*'+ . . . • 

« (1 - /w")"^ - 1, 
A (C+l + /»•)(! -a<?^) = l, 
.-. (C + 1 +^0 (1 - flcosd - ». rtsin^ = 1. 

£qnating real and unreal parts 

(0 + l)(l - flfcos^) + S.a%me = 1, 
(0 + 1) . flf sin d - ^(1 - a cos ff) - 0, 
.•. <S(fl2Bin2d + 1 - 2flcosd + a^cos^^ « ffsind, 

^ asmB 

l-^j(l-2v)-"- 

...e*-e--2.V>(l-^)(l-2^,).... 
Let dt Bs IT, 

.-. e- - «-' - 2,r(l + 1) (l + y (l + gi) (1) 

Let 6% = ?> 

...ei-r^-=.(i + y('i + y (2) 

6 17 37 
" "■ • i * 16 ' 36 "^ ^' 
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Divide (1) by (2). 

... ^ + ii - 2(1 + l) (l + p . . .. 

2 10 26 

.-. 4^ - ya - (/ + f^f - (/ - 6"^)> = 4, 

6. Let ABC be the rigbt-angled triangle. On the hypotenuse BC 
describe the square ^A'^C. Let \ff(?, Ci'' intersect in JK Draw ^Z) and 
BE perpendicular to AC^ AB respectively. Suppose AC > AB. 

Since the angles at Aj H. D are right angles^ .'. UED is a right angle. 
The angle BEG is a right angle, .'. BEH = DEC. .-. from the right- 
angled triangles EBH, ECDy since EB « EC, .\ EH = EI). 

* 6. Let OSaS' be a square, and OM, OM\ SY, S'T' perpendiculars 
from its angular points upon the variable straight line. 

Then Casey, p. 24. OM* + O'J/'* - ^Y.. IS'Y' =- area of square. 
.'. if OM^ + aw* constant = k\ SY . S'Y' is also constant, and the 
variable straight line always touches an ellipse, foci S and S'. 

If tf, 6 be the semi-axes, SY , b'Y' = I? = ^^(1 — e% and area of 
square = "iLCS^ = 2flV, 

Also, and O are on the line through the centre at right angles to 
the major axis, t.e. are on the conjugate axis, and CO = CO = CS. 

*7, Let Cb, 03 be the equiconjugates, and let the tangent atP meet 
Cn in Q and 6)3 in iJ. Draw PX, P/i parallel to CVi and Q3. Bisect /^Q 
in Z>, and draw 2)Z parallel to Co, 

Then Cfi . CQ ^ Ca^ = CJS^ = C?X . 6!ff, 

.•. C/i : C\ :: CZ2 : C^ :: EL : Z^ :: CL : ZZ), 

,*. Cfi: Pfii: CL : ZZ). And the angle PfiC = (7ZZ). 

/. the triangles PCfx, BCL are similar, .•. the angle PC/i =* DCL. 

i.e. CF and CD are equally inclined to the equiconjugates, and .-. 
also to the major axis. Now if we produce QC to Q' so that CQ = CQ, 
RQ is a tangent to the ellipse, and is also parallel to CD. .'. CP and 
11^ are equally inclined to the major axis, as are also GP and MN . 
, \ RQ[ is parallel to MN. Similarly it may be shewn that the tangent 
from Q is parallel to MN, 
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Papeb XLIX, 

1. (1 + *)n = 1 + «4r + *^^ " ^^ d?« + . . .. 

I* 

.% /j(r) = coef. ar"-*" in (1 + a:)2« = coef, ar»+% 
.-. (1 + ar)2» = 1 + . . . . +/i(0)ar« +/i(l)ar»+l + 

(1 + ar)» = *» + ..,. -f. . , ^ ■ a^-^ + . . . . 

••• /sC*") =■ coef. ir2»-r in (1 + ar)aii « coef. ar^-K, 
A (1 + 3r)8» =» I + . • . . +MO)an +/,(!) .ar»+l + 

(1 + a?)* -«•+.... + , 5=L-^^-r + . . . . 

••• /sW = coef. a^-r in (1 + ar)4ii - coefc ar2»+r. 
So/4(r) "s coel a;Sn-r in (1 4- a?)^ = coef. a?2«+»-, 

/^(r) « coef. a!8»-r in (1 + iF)«» » coef. ic8«+*'. 
• • • • • 

•'• if xn be even, and » 2pf 

2(P+l)n 

/«(r) « coef. r * " in (1 + flf)(2p+i)» - coef. xP*+'- 

|(2jP + l)« 
.•. /m W =» coef: iTP* or coef: «(i'+i)» in (1 + ir)(2p+i> = \ ^ ix , - 

If m be odd, and — 2^ + 1, 

f„,(r) - coef. ar(P+i)»+'' in (1 + ip)2(P+i)», 

I 2(p + 1)« 



.•./«(«) « coef. ir(p+2)» in (1 + ip)2(p+i)»= 






\i(m + S)nMm-- l)n 
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2. Consider a quantities each » -, 6 quantities each »--,<; quantities 

a 

each = -• 
c 

a J.*._+c._ 

TheirA.M. ^ " « c 3 



Their G.M.-(i.i.i)-'-. 
Since the A.M. > the G.M. 



tf + 6 + <? « + & + <? 

1 



a^ 



3 ^ / t V+6+C 



This may be shewn to hold in a similar manner for n quantities. 

3. Let the angles referred to their respective units be 2r, a?, 3ar. 

^ „ . 100 , ^ 10000 

Then 2^ + _^ + 3.3gj^^=180, 

.'. T = 15, and the angles are 30% 25% and 125'. 

4 Since the product of tan '^ and cot^^ is constant, and = 1, /. the 
Bura is a minimum when tan-^ = cot*^ = \/( product) = 1, 

.•. tan ^ « ± 1, A 6 ^ In ± j\ir. 

5. Let BC, BD, BE be the three given straight lines, BD being 
))etween BC and BE. Let the given point A be on the side of BE 
remote from the other two lines. In BC take any point C, and draw 
CH perpendicular to BD, and produce it to JTso that CH is to HK in 
the given ratio. Through K draw KE parallel to BDy cutting BE in 
E, and join CE, meeting BR in 2). Through A draw ANML parallel 
to CDE, meeting BE^ BD, BC in Ny M, L respectively. Then AL is 
the line required. 

For LM : MN :: CD : DE :: CH : HK, 

.*. LM : MN in the given ratio. 
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*6. Let HyK be corresponding points in AB^ AD^ so that 

AH : EB :: AK : KD 

or HB : KD :: AB : AD. 

Let EH, CK meet in 0, and draw OM parallel \jo AB to meet BC 
in M, and let E lie between J? and 0. 

Then OJf : CM :: C72> : -K"/?, 

OM : J5:itf :: ffl5 : BE, 

/. OM^:CM,EM::CD.HB:BE.KD::CD.AB:BE.AD::AB^:BRBa 

,\ the locus of is a hyperbola having CE for diameter, and line 
bisecting CE and parallel to -4B for the conjugate diameter. If E lies 
on CB produced, M lies between C and E, and the locus is an ellipse. 

7. When two conies have double contacl^ their equations can be put 
in the form /8f = 0, and 8 — Ka^ = 0, and their difference is evidently 
a perfect square. . *. in the question we must have 

x\a - a) + 2xy(e " y) + y^h ^ ff) + 1x(fi - aO a perfect square. 

•*. all the terms involving x and y must be of the 2°^ degree. 

This gives us the two conditions 

<r' u- a' « 0; (a - a) (5 - 3) = (^ - y)«. 



Paper L. 

*1. ^ » /or + «iy + nz\ (1) <r = /^ + w^ + «f ,. (4) 

rf ^nx + fy + mz; (2) ^ = «f + /»? + «»f ; (5) 

i'=«iir + «y + fe; (3) ^ = »,g + «,y + /f ; (6) 

From (1), (2), (3), (4) we have 
X = l{lx + my + nz) + m{nx + ly + fnz) + n{mx + ny •{- Iz) 
« (/2 4. 2mn)x + («3 + 2/«i)y + (»ia + 2/«)ir. 
Since this is true for all values of dr,y, r, 
.-. /2 + 2»i« = 1 ; {J) «fa + 2«/ = 0; (5) «« + 2/»i « ; ({7) 

and the same three conditions are obtained by expressing y or r in 
terms of x, y, z» 

From (J) and ((7) w^ - «» -. 2/(« - «) « 0, 

.*. (jw - If) (w + « - 2/) - 0. 
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From (B) and {C) we deduce that when m and n are real^ they both 
have their siga opposite to that of /. 

.•.« + »- 2/ ^ 0. .% « — « « 0. 

/, excluding zero values, we have 2/ -{- m ■■ 0, and P + 2«i* = 1. 

.\ I » ± i. .•.«-««- 2/ " ± f. See Errata. 

2. Assume that 

(x •' a) (x — 6) (x -^ c) X — a^ X — b x ^ e 

where A^ B, and C are constants. 

Then 

^+px + q^'J(x — ft) (x - c) + ^(x - c){x - o) + C(a5 - a) (a - b). 

Since this is always true whatever be the value of x, we may put 
X = a. 

.% a^ + pa + q '= J{a ^ 6) {a — <?). 

Similarly by putting x = b, and or = ^, we get 

If^+ph + 3 = B(b - c) (6 - a); c« +i?c + q '^ C(c - a) {c - h). 

Thus 4, ^, and C are determined. 



Now 



J Jr ar\-i 



- - -(i - -) 

a\ a' 



.*. the term involving ar* in this expression is 1^^ • 

•*. the general term required is 

an+r (a_5)(c- a)"'"&^i' (a- &) (5 - c)"*"c»+i* (& - c) (c - a)' 
3. The given expression 

cos^ cos^ cos (7 



+ 



sin 5 sin (7 sin ^sin ^ ' sin ^ sin^ 

sin ^ cos ^ -I" sin B cos ^ + sin C^cos C 
sin 2i Ein ^ sin C 

^ sin 2^ + 8in2g + Bin 20 ^^ ^ + i? + g ^ 180°. 
2 sin J? sin i^ sm 6 

4 sin A sin 5 sin C 

^ ss 2. 

2 sin ^ sin ^ sin C7 

I 2 
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4. Let Sf F be the points of contact on CB, CA of the escribed circle 
opposite C ; ^', ¥* corresponding points on BC^ BA for the escribed 
circle opposite B, From A draw AH perpendicular to BCy meeting EF 
produced in 0^ and E'F' produced in G*. We will first prove that 

C B 

{s ~ b cos 6?) cot - sa (# — tfcos^ cot s' 

C S B ,,v 

(* - b) cot Q = = (*-<?) cot t; • • • • (1) 

3sin t/ = csinJB; ••. 2© . sin^ 5- cot - == 2c . sin' 5- cot -^ »* 

(7 B 

/. 6(1 — cos(7)cot5' = (j(l — cos JB) cot ^ • • • (2) 

.•. adding (1) and (2) we hare 

G B 

(« — & cos C) cot 5" = (« — c cos B) cot « • 

Now QH = BJ^tanHBGf « (OS - CB) cot DBF 

n 

= (« — 6 cos C7) cotx , since DJ&CF can be inscribed in a circle, 

B 

■= (« — ccos5)cot -x 

"= G'fl. .'. G' coincides with (?. 
.•. EF and ^J* intersect -4Jff in the same point G. 

Again AG = (jjET - AH = (s - e cos j5) cot ^ — csin 5 

B\ B 



(# — <?co8 5 — e . 2sin*^j cot ^ 



B 

= (it - c) cot 2 = ^» • 

5. Join EB. Then the angle EAB = C/^2), and AEB = ^CT, 
.". the triangles ABS, ACD are similar, 

.-. AB : ^i^;: ^fZ) : AC, .'. AB . AG ^ AE . AD, 

.\ AB.AC+AB'^' AJ){AE + AD) ^ AD . ED -^ DC , DB 
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6. Let CF<t CD be the eqniconjugate diameters, and QC^ the diameter 
perpendicular to CP, Let QFq be the chord through Q parallel to CD, 
Then Qq is the double ordinate of GF. Let the tangent at q meet CP 
produced in T, 

Then CF . CT = CP«, /. CV . FT ^ CP^ -^ CF" ^ qj^ ^ QF. Fq. 

.•. a circle will go round QCqT, and the angle QqT = QCT = a right 
angle. .*. Qq is a normal at q. Similarly it may be shewn that the 
chord Q^q' is normal at q', 

7. Let a, P, y be the eccentric angles of Z, Jf, N, d that of P. Then 
by iSalm. an. Art 244, Ex. 5, a - 240' - ^d, = 120" - Jd, 
y = - i^. And by Art 231, Ex. 6, the area of the triangle formed 

by a, ft y 

= 2ab sin J(a — ^3) sin i(fi — y) sin J(a — y) 

3a/3 
*= 2fld . sin 120° sin 120° sin 240° = -^ a6 = const 

4 

3/3 
And XXXVII. 6, -j- ab = the area of the maximum triangle which 

can be inscribed in the ellipse. 



Papeb LL 
!• (1) From (1) and (2), 

X 



(tf+flf)(fl-^)- {c-a){a + b) {a + b){b-c)^{a^b){b + c) 

z 

/. a ^^—ri = —; « = ^ suppose. 

be - a^ ca - h^ ab -- i? ^^ 

From (3) by simplifying we get 

abx . bcv . caz ., , . ,v 

.*. B{be + (?/! + tf^) = n{bc + ca -{- ab), .•. i2 = «, 
.% X = «(3<? - a*) ; y =» «(<:/» - i*) 3 « = »(«3 - <?')• 
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(2) Put y ma ^ ^ a -^^ iP, Then the equation becomes 

V(y + />)(y-tf) + V(y-^)(y + «) = V(y+«)(y + *)-4fl2;(l) 

and (j + 6)(y-a)^(y ~b)(j + a)^ 2{6 - tf)y, 

2{b - rt)y 

.-. V(y + ^) (y - «) - VOr - A)(y + «) " V(y + a) (y + Ij^lS' f ^ 

Adding (1) and (2) 
2V(y + *)(y-a) = >/(y + a)(y + d)-4.d +^^^^^^=|== 

^ (y-^)(y + 3^) , 
V(y + ») (y + ^) - 4fl'^» 

•*« either y =^ a, and ^ » 2^ — ^, 

or 4(y + d){y« + (« + ^)y - Sad) - (y - a) (y + 3^)2, 

.-. 3y3 + (5a + 2by - {2ab + 6i2)y - 3tf^2 « q, 

.-. (y - 6) f3y^ + 6(a + % + 3«3} = 0. 

This gives us the 3 other values of y, and solving, we get finally 

X ^2a - b, a, J(a - 116) ± V25(«« + b^) + Uab. 

(3) ar«y'(^ -/) = «» = xy{x^ + y»)2 (ay' - 1)«, 

/. ir* — y« = (ar' + y*) (^y — ^ry* + !)> neglecting the factors 
^y\^ + y'-*), which do not give admissible values of x and y when 
equated to zero. 

/. a?> - y2 = ar*y* + ary - 2a?y - 2^/ + ar» + y^, 
... a?y + iry - 2iJir - 24y« = - 2, 
.-. ;iy(i:^-2)(^+y«)- -21 
From (1) xy{xt^ - 1) («* + y*) =• « / 

.-. a(ay« - 2) = - 2(iy« - 1), 



• • 



a + 2 ' • • -^ * a + 2 
/. from (J) by substituting the value of ay' — 1 

^(^+y«) = « + 2, 

and aV(^ - y*) = a\ 



a« 



••• ^^ - i'') - «-+2' 
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.-. 24r3(fl + 1) = f{a^ + 2« + 2). 

{a + 2)* "^ ^* 2(a + l) 

" •'^ " (fl 4- 2)^ («^ + 2« + 2) 

(a« + 2^ + 2)^ (g« + 2g + 2)» 
*^ "^ ^ ' 16(fl + 1)* " 2"(fl + 1) (tf + 2)»* 

2. Let 4/ 4* <^ ^^ 4* ^) '^^ 4* <^ ^^ ^ numbers, in which a, &, c are all 
numbers < 4. The sum of their squares is 

16(/> + »|2 + »2) + 8(tf/ + *a + «i) + tf* + A^ + «""-8p + a' + ^« + cl 

Now if this is of the form 8i? + 7, we must have 

a» + 6» + c» = 8y f 7. 

For this to be possible, we must have either one or three of the 
numbers a, &, Cy odd. Now all the sets of 1 odd and 2 even, or 3 odd 
numbers less than 4 are 

1,1,1; 3, 3, 3; 1,1,3; 1,2,2; 1,2,0; 1,0,0; 3,2,2; 3,2,0; 

3, 0, ; 1, 3, 3. 

And we see that in none of these cases is a' + ft* + <^ o^ the form 
8y + 7. 

3. Tripos 1876. 2nd Tuesday morning. No. 2. 

4. Take the common centre as origin, and a line through it parallel 
to ABC as the axis of a. Let the coordinates of A^ B^ C be (a, 2?), (/S, ^), 
(y, j?), and let a, 6, c be the radii of the circles. 

Then a« « a* + ;?«; 6= = /3« +i?»; c* = y* +i?«. 

The equations to the tangents at A^ By C are 

ax + fy ^ a?] fix + py ^ h^\ yx + py =^ c^. 

•*• by SalTn, dm. Art. 39, the area contained by these lines is 

2(ajp - fip) (fip - yp) (yp - ap) 

{a(y - y') + ^(y' - g') + y(a' - fi%^ 

2p{a - ^) O - y) (y - a) 
(q - g) (ff - y) (y - a) AB . BG . CA 

'Ip "• 2/?. ' . 
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6. Tripos 1876. Monday morning. No. 9. 

6. Let the triangle DEF be inscribed in ABC so that D is opposite 
Ay &c. Then the triangle FDE = FAE, each being one fourth of ABC. 
Draw AG, DH perpendicular to EFy and let EF and AD intersect in K, 
Then since AtF = DEF^ and they are on equal bases, .". their altitudes 
are equal. .'. AO =» DF, ,\ from the right-angled triangles AGKy 
DHK it follows that AK = ED. 

7. Since the line joining two of the points mentioned is at right 
angles to the line joining the other two 



^ a. 

But yi = r &c. 

.•• 7t(^i - ^2) • TT^^s - ^4) + {'2 - ^1) (^4 - ^3) = 0, 

'1*2 *3*4 

.% X^X^^^ + C* « 0. 



Papeb LIL 

♦1. The given expression 

» 32» . 62» + 64» - 35 . 62n - 32» + 34 

„ 32»(62» - 1) + 64n - 1 _ 35(52« _ 1) 
« (52« - 1) (32n 4. 52« _ 34). 

Now 62* - 1 - 25» - 1 = (1 + 24)* - 1 = M{2i) = M(2^ x 3). 
Also 32» + 62» - 34 = 32n + M(24) + 1-34 

« 32n + if(24) - 33 = Jf(3). 
And 32» + 62» - 34 = (4 - 1)2» + (4 + 1)2» - 34 

-2{l+'-^^^T^^16+if(256)}-34 

1* 32n(2» - 1) + ir(256) - 32 
« if(32) - M{2% 
... 32n ,|- 62» - 34 = if(3 X 2'). 
/. the given expression - M{2^ X 3«) = if(2304). <8fee Errata. 
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2. ADE *» -5 — -4 ; AE = ccoa J ; 1)4 — — /= - 2R cos^l cos^cosC. 
Todh. Trig. cap. xvi. Ex. 27; A - 2/?«ijin-4 sin i; sin C 

jDj » J.^8in£ = ccos^sinf 2JRsin£8inOcos^, 

/. pi-\'P% +i>3 =» 2i2(8in58inOcosJ. + sinCsin-^cos^ + sin^sinJBf cosQ 

- 2ij{8iu0'8in(il +-B) + J(cosX^-cosJ4rg)co8Cj 

- 2/2,1 - cos ^C + i(co8 Z^^-cosZ+TS) cos 0} 

« 2/2{l + i cos C(co8 A—B + cos A +3)) 
= 2jK(1 + cos A cos -B cos C) ; 

Pii's +/'2P3 + I's/'i =* ^^ sin ^ sin £ sin C (cos ^ cos J? sin (7 + . < .) 
ss 422^ sin ^ sin £ sin 0{cos ^ sin J? -I- 67 + sin ^ cos B cos C\ 
ss 4jR« sin'^ sin £ sin C7 Icos j5 cos - cos B'\'C\ 

F> 4i? sin« A sin' 5 sin« C = ^; 

and l>4(Pi + l»2+l'3)= -r'(2i2+fO- -2221^-1^, 

/• sum of products 2 together = — — 2i2/ - #^, 

T1P2P3 = ^* 8^' -^ i^^"' -^ "^^^^ ^ • 2/2 cos ^ cos B cos (7 

A* 
.*. sum of products 3 together = 0. 

fiP%PzPi ^ "" *"^ • ;^ 

•*. PiPiPsP^ are the roots of the equation 
«* - 222x3 + (^^^ ^ 222/ ^ r'») ^ - ^^. /« - 0. 
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3. [n+ 1 + 2 is divisible by 2 ; \n 4- 1 + 3 is divisible by 3 ; 
|» + 1 + 4 is divisible by 4 . . . [« + 1 + n + 1 is divisible by » + 1. 

Now the Dumbers on the left are consecative numbers, each of 
which has a factor, and /. is not a prime. 

4. Let FT be the tangent to the other circle. Then FQ.Fq ^ FT^ 
Now the chord of intersection is the radical axis. .*. the resalt foUows 
by Casey, p. 113, Cor. 1. 

5. Let ^, ^ be the centres of the circles, C and F their points of 
intersection. Let JSCD bo the position of the chord required such that 
rect. £C, CD is a max., alid let E'CI/ be a consecutive chord through C. 
Then since the rate of change of the rectangle is zero 

/. rect EC.CD ^ rect E*G , CU. 

.•, a circle will go through DLfEE', And since 2), Df are consecutive 
points. on the one circle, as are also Ey Et on the other, we see that the 
line required is the chord of contact of the circle which touches the 
two given circles, the circle being such that its chord of contact passes 
through C, 

To draw this chord, we have only to notice that it makes equal 
angles with the tangents at E and J9, and .'. also with the tangents 
at (7. .*. the required chord bisects the angle between the tangents at 
the point' of intersection. 

*6. Let the diameters through §, B. meet FS in M and j^ respectively. 
Produce FE to meet SK in T, and NR to meet P^in F. 

Then &N . NF :8M.MP :: BN : QM, 

and MFiNF :; QM : FN, 

.\ SN:8M::EN:VN, 

.-. SB : 8L :: ST : SK. 

••. FB is parallel to KL. 

This problem can also be solved by Pascal's hexagon. Thus, if & he 
the point at infinity in which the axis again meets the curve, and aa 
denote the tangent at oo, i,e, the line at co^ the theorem tells us that 
the points of intersection of the following pairs of lines are collinear, 
viz. {PQ, Sq) or K; (Q&, SB) or L, and (o«, FB) or the point at 
infinity on FB. .'. KL is parallel to FB. 

7. Let the tangent at F meet the tangents at J and J! in T and 2". 
Let ST\ S'T intersect in Q. Join FQ. 
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Since TS bisects PSAy and T'S bisects >/8f J', .-. TSr is a right angle. 

Similarly TS^P is a right angle. .'. a circle will go round TSS'T. 

Again SQT^ BTT + S'TT = STT + &8r - 8TT + T8F = 8PT. 

/. a circle will go round 8QPT, And since T8Q is a right angle, 
/. TFQ is a right angle. .*. PQ is normal at P. 



Fapbb LIIL 

1. (1) Employing the method of p. 19, No. IL, we have 
5«l-.2-3-2 + l + 6-|-... 

^1=1 -3-1 + 1 + 3 + 5 + ... 
8^^ 2 + 2+2 + 2 + ... 

.*. the nf» term is of the 2nd degree in w, and may be written in either 
of the forms 

An* + Bn + C. . . (1) or A'n (n + 1) + B'n + 6" . . . (2) 
K we take (1), and put » = 1, 2, 3 in succession, we have 
A + B + C =^1; 4A + 2JB+G-=^ "2; 9A + SB + C =- - 3. 
From these equations we get J. = l,jB= — 6, (7=6, 

.% the n^ term is »' — 6« + 6. 
.*. ^y P« 1^> -^^ 26, the sum of « terms 

- g b ^ + ^^' 

If we take (2), we have 
2^' + J5'+C' = l; 6^' + 25'+C"«-2; 12^' + 35' + C'=: -3. 
From these we find :4' = 1, ^ = - 7, (7' = 6, 

.*, the n^ tenn is n (w + 1) — 7» + 6, 

.-. Bum of ntenns = '*(" + l)(« + 2) _ 7."^"+^^ +6«. 

Of course the two results thus formed are the same, and merely 
difEer in form. 
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(2) iSf - 2 + 6 + 12 + 31 + 86 + 249 + . . . 

^ = 3 + 7 + 19 4- 65 -f 163 + . . . 

£f, = 4 + 12 + 36 + 108 4- . . . 

Here the second difference series gives us a geometrical progressioUi 
common ratio 3. 

••. p. 20, No. III., the n^ term is of the form A + Bn + CB^-i. 
Putting n = 1, 2, 3 in succession 

A+JB+C-^2; A + 2B + SC-=5; ^ + 35 + 9(7=12. 
These equations give A = 0^ B <= 1, C '^ 1. 

/. the n^ term is n -|- 3"-i. 

. - ^ 4! * n (n + 1) , 3» - 1 
/. sum of n terms >= — i — - — -' + • 

2 ^3-1 
«iU(«+l) + 3*-l}. 

(3) —1- 4. ^ 4- » r 

^ ^ 1. 4. 7 "^ 4. 7. 10"*" 7. 10. 13 ^'•' 

The^i^term^ ^^ - ^ 3n - 2 + 1 



(3» - 2) (3» + 1) (3» + 4) (3n - 2) (3n + 1) (3» +4) 

1 . 1 

"" (3» + l)(3w+4) "^ (3»-2)(3n + l)(37i + 4)* 

To write down the sum of n terms of this series^ we use the following 
rule. 

Strike out the first factor of the n*^ term. Write the result negatively 
and divide by the product of the coef. of n and the number of factors 
which remain. Then add a constant which can be determined by giving 
a suitable value to n. 

^ . 11 1 1 ^ ry 

,*, sum of n terms » — - . - — -—■ — -— ^ — — . ^. ._ — j— 7. -J- u 

3 3» + 4 2 . 3 (3n + 1) (3n + 4) 

To determine C, we observe that when « ^ the sum « 0, 

2. (2n)» = 4»« = 4 {1 + 3 + 6 + . . . + (2» - 1)} 

== 4 + 12 + 20 + . . . + 8n - 4 
es an A.P. with common difference 8. 
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(2m + 1)« = 4n« + 4» + 1 

«l + 4 + 12 + 20 + ... + 8» -4 

+ 4+ 4+ 4 + .. .+4 
- 1 + 8 + 16 + 24 .f . . . + 8» 
B 1 -j- AA '^•P* "^th common difference 8. 

3. Let A be the summit, B the foot of the hill, D the point in JB 
such that AD ^ S.DBy C the point in the plane. Then by the 
question, CD bisects the angle ACB. 

.1 BD BC sin (^-30') V3 1 ^- ^ . 3 

3 JJA CA vmS 2 2 3 V3 - 2 

4. Let ABC be a triangle. Produce BA to E, and bisect the angle 
CAE by AD, meeting the circum-circle in D, Join DB, DC 

Then the angle BCB ^ BAD ^ DAC ^ DEC. .'. DB = DC. 

Again, let 0^ O^he the centres of the escribed circles opposite B and C. 

Then Oo-ffOg, OiCO^ are right angles, and DB = 7^(7, 

.*. the circle on 0^0^ as diameter passes through B and Q and D is 
the centre. .•. I> is equidistant from B, C, 0^ 0^ 

♦5. Let Oiy O2 be the middle points of AC, BC. Join £0^, BD, FO^, FD. 

Since AD^ DB^ O^A + O^B, .\ O^D « O^C = OgF; and 0^7) ^ Q^C 
= d-E and DE = D-F, .*. the triangles OxTiEy OJ)F nave corresponding 
sides equal; /. the angle DO-^E = DO^F, ,\ O^Ef O^F are parallel. 
.'. EF passes through 0, the centre of similitude of the two circles. 

6. Let be the circum-centre, F the orthocentre of ABC Draw 
FY, OT perpendicular to BC, Then since GAB « PAC, &c. .'. and 
F are the foci of the inscribed ellipse. 

.-. FY.OT " (J minor axis)«. 

.*. the product is the same for all the sides. 

Tliis can also be proved as follows : 

Pr= rCtanPar= ^CcosCcotB = -^-^. cosJBcosC 

sm^ 

= 2ff cosBcosO, 
OT ^ R cos A. 
.'. FY, OY «» 272* cos^ cos B cos 0, a symmetrical expression. 



1 
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7. Let ABC, PQR be the circum- and inscribed triangles. Let/), g, r 
be the points of contact of BC^ CJ, 4B, Through F, Q, R, 5, r draw- 
diameters meeting BC in L, M, N, m, n, respectively. 

The diameters at jb, q, r will bisect the chords QR, RP, PQ, 

Then QR ^ MIf «- ML + LN ^ 2Ln + 2Lm = 2mn - 2rq = iBC. 

Similarly it may be shewn that RP » AGA^ PQ » ^AB» 



Paper LIV. 

1. (1) iS « 4 + 18 + 48 + 100 + 180 + 294 + . . . 

5i » 14 + 30 + 62 + 80 + 114 + . . . 

iS, - 16 + 22 + 28 + 34 + . . . 

8^=* 6+6+6 + ... 

Here the 3rd difference series gives us a series of equal terms. 
.*. the nth term is of the 3rd degree in n, and is of the form 

A + Bn + Cn{n+l) + Dn(n + l){n + 2). 
Writing » s. 1^ 2, 3^ 4 in succession, we have 

A+ B+ 2C+ en = 4^ 

A + 2B+ 6C+ 24Z)« 18 
il + 3^ + 12c + 602) = 48 
A + iB + 20C+ 120Z) = lOOj 

Attending to the remark given in No. II. on p. 20, we find J ^ 0, 
^ « 0, C = - 1, D - 1, 

/. the n^ term is n (n + 1) (n + 2) — » (n + 1). 

When the nth term is of the above form, to obtain the sum of n terms 
we have only to introduce an additional factor at the end of the n*h 
term and divide by the number of factors thus obtained. 

. . 7i(w + l) (n + 2)(n + 3) n{n + l)(n + 2) 
,•. sum of n terms « — ^^ — - — ^ ^ .^ — / \ ^ / ^: — 7 ^ ^ * 

4 o 

- i n (« + 1) (n + 2) (3n + 6). 
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(2) 



A' = 6 + 11 + 22 + 41 + 74 + 133 + . . . 
^1 = 6 + 11 + 19 + 33 + 69 + . . . 
82= 6 + 8 + 14 + 26 + . . . 

3 + 6 + 12 + . . . 



^3« 






Here the 3rd difference Beries gives us a geometrical progression, 
common ratio 2. 

,•, p. 20, No. IIL, the n^ term is of the form 

A + B»+Cn{n + 1) -|- D. 2»-i. 
Putting n in succession = 1, 2^ 3, 4 we have 

j+ £ + 2C+ JD = 6 
J + 2B+ 6(7 + 2D = 11 
J + SB + 12C±AD = 22 
J + 4B + 20C+SD^ 41) 
From these we find A ^ I, B ^ - 1, C = 1, i> = 3. 
/. the nth term is n (n + 1) - « + 1 + 3 . 2«-i 

XI. r X w ^« -|- 1) (n + 2) n (n + 1) , ■ q /o« < \ 
/. the sum of n terms = — : — ^-p" — — o — ' + « + 3 (2»* - 1). 

(3) Consider the series formed hy the numerators 

8 = 6 + 8 + 15 + 34 + 89 + 262 + . . . 

iSfi « 3 + 7 + 19 + 65 + 163 + . . . 

82^ . 4 + 12 + 36 + 108 + . . . 

,*. the n*^ term is of the form A + Bn -{' C, 3«-i. 

Putting » = ly 2, 3 in succession we have 
A+B + C = 6; ^ + 25 -H 30 = 8;. A + ^B + 9C = 15. 

From these equations we find Jf = 3, 5 = 1, ** 1, 

,*. the n^ term of the original series is 

Sn-i + n + 3 1 ^ 1 « + 3 1 

n(n+l) (n+2) ' 3»-l k(«+1) («+2) "*" n(n+l) {n+2) * 3»-i' 
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As on p. 23, No. 5, assume 

« + 3 1 — An-\-B J A(n-1)+B 1 

n{n+l) (n+2) " 3»-i — (n+1) («+2) * 3»-i « (n + 1) * 3«-«* 

.*. « + 3 = - 2^n» - (3^ + 2^ » + 6 (-4 - 5). 

Equating coefs. of like powers of n on both sides, we see that ^ « 0, 
B ^ — ^ satisfy this identity. 

.*. the nf^ term of the series 

1 1 1 !_ 1 1 1 

n (n+1) (n+2) 2 ' (n+1) (n+2) * 3«-l "^ 2 * n(n+l)' Sn-^ 

•*. the sum of n terms 

^^ 1 1 1 1 

2 (n + 1) (n + 2) 2 * (n + 1) (n + 2) ' 3»-i* 

To determine C, we observe that when n — 0, the sum = 0, 

.*. sum of w terms = 1 — (1-4 i« 

2 (n + 1) (n + 2) V ^ 3'»-i/ 

2. m»-i — 1 = mult of n; n'w-i — 1 =■ mult, of «. 

/. («*«-! — 1) (n^-i — 1) 8= mult, of mn, 
,\ {«"-^ .n^^-i + 1 — (jw»-l + n**-!)! -H ««n = an integer. 

.'. (««"-i + n^-i — 1) -5- «n = an integer. 
•*. «»♦»-'+ n«»-J when divided by «n leaves a remainder 1. 

3. Since the ships are moving uniformly, we may imagine the first 
to remain at rest, and the other to be moving with a velocity equal to 
the difference between its own and that of the first. Let A denote this 
stationary position of the first ship, B, 0, 1) the positions of the second 
at the different observations. 

Then J^ ^ — =. «^" (" - ^^ - 49. = -^ ^ sin {B - y) 
AG AG sin {6 ^ a)' q CD sin {fi -- y)* 

• ^ sin (a - /3) sin (B — y) 
" q sin (jS — y) sin {B — a)' 
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^\ p sinO - y) (sin^ cosa — cos^ sina) = g8iu(a — ^) (sin^ cosy — cos^ siny), 

/. tan 6 \p coso sin (/3 — y) — g cosy sin (a — /3)} 
s» j» sin o sin (/3 — y) — ^ sin y sin (o — ff). 

4. The angle EBG « EDO = FDA = /^^^, and ^Zff = EEC, 

.'. BEG « BAFf and the triangles ^IffjP, CBE are similar, 

.-. the angle BCE = -B^f' = CDB = -B^67, 

•*• the triangle BEG is isosceles, and /. also AFB. 

5. In the ellipse CG : CJV :: CS^ : (7^ 

(^ xFNy. GS^i CB^y 
.\ CQ.Cgoz CN.FN. lifow FIP : AG* - CN* :: BG* : CA^, 

F2P . C2P = -5^ {AG* - (7iV^) . GN^ 

AG 

cc (^CT* - CN*) . CiV^. 

Now the sum of these two factors is const. .*. the product is a mai^. 
when 

CN* « AG^ - CA^, .\ G2P = i^C«, .-. FN* = i^6^, 

/. CP* = CIP + FN* = i{AG* + BG^y 

.*. (7P is one of the equicon jugate diameters, and /. 4 triangles con 
be drawn. 

6. Let ABG be the triangle, the circum-centre, F the orthocentre. 
Let B, /y be the middle points of BG, AF. Then if DiX and OF 
intersect in iV, BB^ is the diameter and N the centre of the 9 point 
circle of ABG, and N bisects both OF and JOiX, •'. OBFBT is a 
parallelogram. 

Then resultant of FB, FG is represented by 2FB ; and FA = 2P2)', 
/. resultant of FA, FB, FC = twice resultant of Pi), FB^ 

= 20P. 

7. Let (h, k) be the point from which the tangenta are drawn. 
Then by Paper XXXV., No. 7, 



-* ^" l^ 



b*h* . aV^ 
IP- 

k*Y 

4p*, since (A, k) is on the given curve. 



(length of chord)' = 4 g + ^ - l) ^— ^ 
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Paper LV. 

1. Let dr, y, e denote the digits, r the radix of the scale. Then the 
numbers are rlr + ry + «, *^^ + rxr + ar, r^a + nr + y. Since these 
are in A. P. 

^ (^ + ;,) + r (x +y) + jf + f - 2 (rV + rz + x\ 

.-. ^ (r2 + r - 2) +y (- 2r2 + r + 1) + 2: (r2 - 2r + 1) « 0, 

•\r(r + 2) (r - 1) -y (2f + l)(r - \)+z{r - !)« = 0, and r - 1 ^fc 0, 

/. -p (r + 2) - y (2r + 1) + * (r - 1) = 0, 

3 

/. « + ar — 2y = (y — x) = t suppose. 

r — 1 

Then since y — ar < r — 1, .*. "^^ is a positive or negative proper 

fraction. .•. i is integral and lies between + 3 and — 3, and /. 

= db 1 or ± 2. 

.-. 3 (y - ar) = (r - 1) «, .-. r « 1 + 3 . ^-^ - 1 + 3p. 

t 

•*. the radix of the scale exceeds by unity a multiple of 3. 

Now y " X ^ pt^ and ;p + ar — 2y = /, .'. iP = ar + (2j9 + 1) ^. 

Now z and x are positive, and each < Sjj + 1, /. ^ ^ ± 2. 

.-. ^ = ± 1. 

If < = -f. 1, ar may have any value between 1 and p -- \ inclusive. 

„ * = - 1, or ^ „ „ „ 2p + 2 and Zp „ 

.•. there are 2 (p — 1) solutions. 

Let any set of digits be ys=fl5, x^a+pi, z=a''{p+l)tj where /=±1. 
The.com. dil - (Sp+l)^X'h{Sp+l)y+Z'-(^+iyy^ {3p+l)Z'-x 

« (3/, + iy{x^y) + (Sp + l)(y^z)+z^s 

'^(Sp + l)^.pi + {Sp + l)(p-\ I)/- (2^ + 1)^ 

« ± 3/1 (V + 3p + 1) 

■B constant, since j9 is constant. 
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2. Denote the left hand member of the last line of the qneBtion by X 
Multiply the firat 3 equations by Xi^ fti, vi respectively. 

/. x^iOi - xjfkia^ « p (Ki/H - Xii»a), 

.*. adding, we get 

p2 = a^a - xy (Xifl, + nib^ + ViC^ 

= (r(ji^+y^) - xy (k^a^ + ft^b^ + PiC^ 

=: <rp^ + ^ {(rxy - a^ (X^a^ + fxjbf + i^i^H}* 

X 

Row a^ - a^xy = p (/ii - i^^), 

h^ - hxy = p (vi - Xi), 
<?2ar« - ciry = p (Xi - /Xi). 

/. a^ (XiflTj + fH^2 + '^^^s) - ^^ 

» p (Xifii - Xi^i + ftii^ - /iiXi + i^Xi - ii/ii) = 0, 

.'. p2 = pV, .'. S = per. 

3. Tripos 1875. Monday afternoon. No. 12. 

4. Let be the centre, and Q the middle point of the arc "BC, tfom 
A(i meeting CF in F^ and let AO produced bisect the arc CD in 0, 

Then the arcs AF and CQ together = the arc PQ. 

The angle FAF =» sum of angles subtended at the circumference by 
the arcs AF and CC = the angle FFA, .'. FA = Pi?*. 

Again, since the arc AF = 06?, .*. the angle FCA = C^G^. 

.*. PO is parallel to AO, Similarly it may be shewn that -4.§ is 
parallel to ^0. .*. AOGF is a parallelogram, and CF = AO, 

.\FC^ FF+FC^ AF + AO. 

This proves that 2 sin 61' = 1 + 2 sin 18°. 

5. Tripos 1875. Wednesday morning. I^Oi 1. 

b:2 
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6. Let the eqaations of the ellipse, director circle and tangent bo 

f* + ^* = 1 ; ,« +y« = tf« + i«; 1 COS^ + {• BinB = 1. 

The equation representing CF and CQ is evidently 

^ + yj « (a« + A») (^ cos^ + |. sin^y, 

which on reduction becomes 

. I 23 sin 6 cos 6 _ ^ ♦! ft 

^ "^ a«8in«^ - 5»coB«^ ^ «« "* ' 

Writing this in the £orm 

(j - «i^) (y - «a*) = 0, 

we see that Miffi. a — - , which is the condition that the lines should 
)be conjugate diameters. 

7. Suppose one of the distances, AP, to remain constant, ue, suppose 
P to move along the circumference of a circle centre A, Then we 
have to find the point P on this circle for which BP + PC is a min. 
Then P is such that BP and CP make equal angles with the tangent at 
P, and .*. also with the normal AP, (See Theory of Maximum and 
Minimum by present writer). .*. the angle APB = APC. Similarly, 
by supposing PB to remain constant whilst PA and PC vary we should 
find the angle APB = BPC. .'. when AP, BP and CP all vary, the 
point P is such that APB = BPC = CPA = 120'. .'. on the sides 
describe arcs of circles containing 120% The point of intersection of 
these arcs is the point required. 

Note. — If one angle C be greater than 120®, the point P will 
evidently coincide with C, 
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1. (1) lY + ary = 27 (2.ry -x -^y), 

x^y + 4-/ = 3 (4ay - X - y)j 
/. (* + Sf) C^/ + 27) = 54*^, 
(•P+y)(^i' + 3) = 12;r/, 
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.% dividing, ory - 3iy + 9 = fry, 

.-. 2aY - 16ay + 18 = 0, 

.'. (2ay - 3) (ay - 6) =* 0, /. ay « f or 6. 



either {* +^) (6 + 3) = 12 X 6 

ay = 6 5 
.•.J. -y = ± 2ViO 



or (^+y)(| + 3) = 12X1 
.'. * + y « 4 1 
ay = jJ^ 

.•. X - y = ± VlO 
.-. J- = 4 db VIO; y = 4 rp ViO ; or ^ - J (4 ± VIO) ; y « i (4 ip VlO). 
Also jT a 0, y =B obviously satisfy the equations. 
(2) Multiply up, and we get 

6h -^^ c^y ta gyz ^ ^x -^^ c?x = tf'y + l^Xy 
... (^2 « ^2) * + tf2y - tf^i: = 

^x - <?V + («* - ^) ^ = 0, 
* y if 



Substitute in 



22 suppose. 



- + - = *> 



This determines iZ, and then ar, y, z can be found. . 
/3) (j« - tf2) >/4tfa -^ x^ = 2tf3, 

.-. («* - 2^24:8 + ^4) (4^2 _ ^.2) ^ 4^6^ 

/. - a^ + 6tf2ar* - 9tf*u;2 + 4ff« = 4tf«, 

.-. A« - 6tf2jr4 + 9tfV « 0, 

/. 3^ (a:* - 3fl2)2 = 0, .-. ar = or ± fl\/3. 

2. 1 + V-Ts = 2(1 + V~i . ^^) = 2 (cos^+ ^^^sin?) 
... 4 (1 + V:r3)««-i * 4 . 2«*-^ (cos ^ + ^ATTsin l^'^ 

» 2«"+^ [cos (6«-])?: + ^TTl sin (6«- 1) ^} 



<H+1 
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I 

- 2*'+i {cos (6« + 1) I - V3i Bin (6«+l)|J 
« 2^+^ (cos : - ^TTi sin I), 

.-. 4 (1 + V33)«"-i - (1 - v:r3)«*+^ = 0. 

o 7 VJ - 10 ^ J , „ 
3. = — ■' =B tan* a: + 8ec2jp 

1 — cos2ar , « Bec2ar — 1 , « 

■= -r-i 7i- + sec 2ar »*: , — - — — - + sec 2s 

1 + cos 2x sec 2i? + 1 

2 



1 + sec 2a? - 



1 + sec 2ar 



.% (1 + sec2ar)« - ^ ^^ . ^^ (1 + sec2ir) - 2 - 0, 

• l + eee2T- ^-^^"^^ ± n/271-140V3 _^ 7^3^10 ^ 14-5^3 

2 V« 2^/3 2 n/3 2 \/3 ' 

« 2 r- 

.*. sec 24? = -75 or 6 — 4 v 3. 

fJO 

7 /^ — 10 
Now — ^— — is negative, and tan* a is positive. •*• sec 2ir is 

negative. .*. we must take the second value. 



.•, cos 2a? = 



5 + 4 V3 



6 - 4 V3 23 

♦4. Let JifJ^. . . Jj be the angular points of a regular heptagon 
inscribed in a circle, and let be any point on the circumference 
between Ji and Jj. 

Let ^iJ^ = ^2^3 = . . . = tf ; -^1-^8 '^ -^2-^4 =»•••«= <^. 
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Then from the quadrilateral OJiJ2^3 ^® ^^^® ^y ^^^* ^^'f ^9 
(OJx + OA^ia = OA^d\ So {OA^ + OA^^a « OA^d] 
{OA^ + OA^ a « OA^d; (OA^ + OA^)a «= OA^d\ 

{OA^ + OAi)a = OA^d; (OA^ - O^0« - OAjd: 

(OA^- OAj)a^ OAid. 
/, by addition, we have 

{OA^ + OA^ + OA^ - (OA^ + OAs + OA^ + OAj))d 
= 2a {0^, + OA^ + OA^ + 0^7 - {OA^ + 0^^ + OA^), 
.\ {OA^ + OA^ + OAt - {OAi + OA^ + OA^ + 0Aj)}{d+2a) « 0. 
Now d •{'2a ^Of 

.-. OAi + OAt + OA^ + OAj = OA^ + OA^ + OA^ 

The above method is perfectly ji^eneral, and may be extended to the 
case of any regular figure of an odd number of sides. 

5. Let be the fixed point, AC, BD the chords through at right 
angles. 

Let S, Ff (7, H be the poles of AB, BC, CD, DA. Let FG, GU meet 
in Kj and let EF^ DG meet in Z. 

Then AEB = jt - 2EAB = «■ - 2ADB « 2D AC ^2CDG^ir- CGD. 

.\ AEB + CGD « 2 right angles. 

« •*• a circle can be described about EFGU. 

Again, F is the pole of BC, and H is the pole of AD, ,\ FK is the 
polar of the point of intersection of AD and BC^ which evidently passes 
through 0. Similarly EG passes through 0. 

Again, BEO =* DKO^ being in the same segment, 

and EBO = ir - LBO = ir - LDO = HDO^ 

.-. EOB = EOD = FOB. .\ EOF is bisected by OB, and /. also 
EOH is bisected by OA. 

6. SI^+S'P^--2(S0^+ OF*)^2{SO^+B(^) = 2(SO^+OB^+0^) 

^2{SB» + 0(^ ^2(0A}+ Oq^ = A(? + A'C^, 
and SB + 8'F ==AA*^Aq + A% /. /SF - ^Q; ^'P = ^'^ 
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7. Throngh Jf draw MS at right angles to JOT, meeting the 
axis in If, 

'Hien HA.AK ^ JM^ - PN^ » 4JS . AK .'. AB = AAS. 
.*• JJ is a fixed point, and AM is a fixed line, and MN at right angles 
to MH, /. the envelope of MN is a parabola having jET for focus 
and AM for tangent at the vertex. 
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1. (1) ^ = 6 + 7 + 18 + 45 + 94 4. 171 + . . . 
S^^ 1 + 11 + 27 + 49 + 77 + . . . 

^2 - 10 + 16 + 22 + 28 + . . . 

^3 =« 6 + 6 + 6. + . . . 

Here the 8rd difference series gives us a series of equal terms. 
/• the n^ term is of the 3rd degree in n, and is of the form 

A + Bn -{- Cn{n + 1) + Dn {n -\- 1) (« + 2). 

Patting » a» 1^ 2, 3^ 4 in succession, we have 

A+ B+ 2C+ 6Z)» 6^ 
^ + 25+ ec+ 24Z)= 7 
A + SB+ 12C+ 602)= 18 
A + 4B + 20C+ 120D = 45 J 
From these equations, we get -i » 9, i? =» — 1, (7 =» - 4, i) =» 1. 
/. the nth term is « (» + 1) (» + 2) - 4» (« + 1) - » + 9. 

.*. the sum of n terms 
- i«(«+l) (« + 2)(« + 3) -$«(«+ 1) (« + 2) - i» r« + 1) + 9;f 

-^{«(« + 3)(3«-7) + 88}. 

(2) ^ = 7 + 13 - 7-181 - 1149 - 6111 - . ,. 
iSi = 6 - 20 - 174 - 968 - 4962 - . . . 

i^, » - 26 - 154 - 794 - 3994 - , . . 

iSi =. -r 128 - 640 - 3200 - ... 
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Here the 3rd difference series is a G.P. oommon ratio 5. 

.-. the nth term is of the form A + Bh+ €k{n + l) +2). 5»-i. 

Determine Aj By C^ D ha before by giving n the successive values 
1, 2, 3, 4, and we find ^ = 1, 5 = 2, €^ =- 3, Z) = - 2. 

.-. the nth term is 1 + 2« + 3« (« + 1) - 2. 6«-i. 

.-. the sum of « terms = « + «(»+ 1) + «(« + !)(« + 2) - i (5» - 1) 

= « (» + 2)« - i (6» - 1). 

(3) By the method of IIL, p. 20, we find the ntb term of the series 
formed by the numerators is 

3 . 2«-i + «» - 12. 

.*. the «th term of the given series 

3.2^-1 + «a - 12 1 
«(« + !)(« + 2) • 2'*-! 

3 «« - 12 1 



:>> 



« (» + 1) (« + 2) ^ j» (» + 1) (» + 2) 2»-i 

As in v., p. 23, assume 

<t«- 12 1 — An-^B 1 J(n~l)+g 1 

w^n+l) (n+2) ' 2'*-i — (n+1) («-|-2) * 2»-l "" n (n + 1) * 2»-i 

.-. n» - 12 = - ^w« - (2^ + ^ n + 4 (^ - 5). 

.'. equating coefficients of like powers of «, we find that ui « — 1, 
^ a 2 satisfy this identity. 

• the »«« term - ('LllAZ-? ^ *-2 1 

..the. t«nn - - ^ ^^ _^ ^^ . __ - ^^ _^ ^^ ^^ _^ 2^ . __ 

«*. the sum of » terms of the given series 

^3 1 « - 2 1 

^ 2 • fr+ 1^ (« + 2) ~ {« + 1) (« + 2) • 2»-l* 

If « = 0, the sum ■■ 0, /. C? =* - f . 

2* Tripos 1875. Thursday morning. No. 1« 

3. From (2) 2cos2<^ + cos*d = 1, 

and sin^d + cos*^ = 1. 

.•. 2 cos2 ^ = sin2 d, ,•. 2 cos <f =» n^ sin B. 
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From (1) sin^ (2 cos <^ - 1) » 1 - 2cob^, 

.*• (sin^ + 1) (2cos^ ^ 1) . 0. 

If 8m<^ + 1 » 0, <^ = - 7, ^ - 0. 

2co8<^ -1=0, <^ = 5, B ^ 

From these results, the general values of 0^ can be written down. 

4. (sin A + sin B) (cos B + cos C) (cos C + cos A) 

Q A-B B-C C-A,A + B B + C C+A 
Bs 8 cos — - — cos — - — cos — ^ — sm — ir — cos — J — cos — i — . 

2 2 2 2 2 2 

p A-B B - C C - A C . A , B 

r= 8 COS ; — COS — - — cos — - — cos - sm - sm -. • 

2 2 2 2 2-2 

■ 

xT^ • A * B iJ , • B • C A I »^ G •^A B 
Nowsm- sm- cos- +sm- sm- cos- +8m- sm- cos- 

M U ■ A it M J* A M M 

. B , A+ C , . C . A . A4-C 
= sm - . Bm-^ + sm - sm - sm— ^ 

. A+ C/ A + C , . C . A\ 

, A+ C A C 
Bs Sin — - — cos — cos 

2 2 2 

. A+C . B+ C . A + B 
« sm— ^ ^^^—~- "li-^— > 

.*• the given expression 

Q . A+B A-B . B+C B-C . C+A C - A 

B> 8 sin — - — cos — r — . sm — ^ — cos — - — . sm — ^ — cos —-r — 

2 2 2 2 2 2 

■» (sin A + sin B) (sin B + BmC) (sin C + sin A), 

5. Let AB be the diameter of the circle, and let ABCD be the figure 
formed by half the hexagon, so that AB «= a, BC = ^, CD ^ c 
Join AC, Then ACD is a right angle, 

.-. d^ = {AC^ + GD^) d 

= (tfS + ^a - 2abcoBB + e^d 

= (a^-i- l^ + c^ + 2ab cos2)) d, and cosi) = ^, 

d 

= {a^ + l^ + (P)d + 'ilabe. 
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Now the square of the area of the triangle, having -a »J2, b J% e V2 
for sides ^ ^ (a + b + e) {a + 6 - e) {b + e - a) {c + a - ^)* 

Square of area of hexagon ■■ 4 times the square of ABCD 
'^l(a+b+4:--i){a+b-e + i){b + e-a + S){e + a-b+i) 

« t{(fl+ d)« - (^ - rf)2}{((? + (Q« - (« - *)«} 

= i{(tf + by {e + <^« + (tf - b^f {c - (?)« - (tf« - ^)« - (tf« - rf»)«} 

- tf* - A* -<;* ~ («« + *2 + 1^) rfa + 6tf^tfrf} 

= i (« + * + <?) (tf + * - tf) (* + tf - tf) (<? + «-*) + tf*<?<^ + J ^ 

= (area of A)^ + ^^^ + i ^• 

6. Let A be the centre of the fixed circle, B the centre of the other, C 
the fixed point, DE the common chord. From C draw CQ perpendicular 
to EF^ and CH, a tangent to the fixed circle. 

Then by Casey, p. 113, Cor. 1. 

CH^^AB.CG. 

Now CH and AB are fixed, .*. CQ is fixed. 

7* Tripos 1878 Monday morning. No. 8. 



Paper LVIII. 



1.(1) '^. + ^ "l^t^a + i, 

a b X y 

sfi - a^ __ _ y^ — l^ , a{x — a) _ __ ^(y - ^) 



, and -^^ i = 5^?i '- . • . • (1) 



;r 



A by diviaion £<i±il - - y^ + *> , 

.\ l^x^ - »y 4- ab^-x - aHy = 0, 
.•, {Jix — ay)(^^ + flty + ^^) ■■ 0. 
If ^ar - ff^/ ss 0, then writing (1) 

abjjt - g) , ah{y --V) __ ^ 
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we have »+y»a + b, .'.s^'Ofy^b . « • . U). 

U6x + ay + ab '^ Oj 

. T- - (^ + ^)^ . ^„ «* 

. >. I JL a* , ^' a^ ab 

X y s a -jr X 

.-. {a + b)x^ + 2abx - «« = 0, 
- tf^ ± asfa^ + ab + 6^ 

. y « - ^ = - 1 - -ar « ^ ^ .T =i^f or & 

fl a a -f- 

(2) Write the equations in the homogeneous form 

jc^a + ^) — bj:y — ^y* = a — tf (!)• 

bx^ + aary - (a + b) ^ b - e (2). 

Eliminate the absolute terms by multiplying (1) by ^ — ^^ and (2) by 
a — e and subtracting. 

.-. *2(^ « tftf) . ay(^2 _ ac + fl« - ^tf) + y\a* - 5(?) = 0. 

4* 

Divide by «*, and for - write g, 

9 
.'. e\b^ - tfc) -r(^ - fltf + «« - 3(?) + «« - 3tf « . • . (3). 

Evidently z ^^ 1 satisfies this equation. This leads to the result 
X = y^ which we see is inadmissible* 

The product of the roots of (3) is — , and since one root is unity, 

t^ — hi* ^ 

the other is -^ . This leads to 

0* — ac 

U suppose •••••• (4). 



a^ - be l^ — ae 
Now subtract (2) from (1), 

/. or' — (tf + b)xy + 5y* =* tf *- ^, 
.'. {x — y){ax - by) ^ a - b. 
Substitute in this equation the values of a and y from (4)| 
.•. B%a^ - A« + fl<? - be){i^ - b^ '^ a -^ b^ 
.\ JR(fl + 3 + c)(a» - b^) ^ 1 
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This gives the value of B, and .'. x and y are known. 

ft 

2. (*• - 1)* ■■ ( a? + - + . • . j « ar" + terms involving higher 
powers of s. 

Now (e» - !)• - e« - «c(«-i> + *^^ " ^^ d(»-2)* - ... by the 

Binomial Theorem. 

.*. expanding ei^ch of the terms on the right^ we find the 
coeiL of afi is 

1 {«» - «(n - 1)» + ?(^> . (« - 2)» - . . . j . 

But no power of ar lower than *• occurs in (e* - 1)». 

.-. «» - ft(« - 1)8 + "i^LzJlfn - 2)» - . . . = . . . (^, 

If. 
and by p. 6, Art 7, of Problem Papers, 

^,3 + «(« . 1)8 + <» - 1) (n - 2)« + . . . « n\n + 3)2*-8 . . . (^). 

ll 

.*. adding {J) and (^)} and dividing by 2 we get the required 
result 

3. Clear of fractions. 
sin(a+^sin03+<^)+sin(a+^)sin03+^ =» 28in(a+<^)sinO+«^), 

cos(o+^cos(/9+<^) + cos(a+^)cos03+^ = 2cos(o+<^)cos08+(^). 

.*. adding these two lines together we have 

cos (o - iS + ^ - <^) + cos (a - iS - ^ + ^) = 2 cos (a - jS), 

.*. 2 cos (a - P) cos (^ - <^) =s 2 cos (a - /3), 

.*. cos (a - /3) = 0, or cos (^ - 0) = 1, 

.•• a *- /9 = (2« + 1) 5, or ^ .- = 2«jr. 

4. tan ^ > ^, /. tan ^5-7—, > , . _o which is > 



1 + -f8 I + x^ 1+s + x^ 

Now sin ^ < ^, and 1 - ^ < cos $, 
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:.^e<' ... tan j_^ < Ldi^ 

* ~ T^ 1 — 



2 2(l+:r»)> 

.% tan --; — i < p-j- 

1 
if ^+^ <^ ^ • 



1 - 



2(1 + ar2)a 

2(1 + ^) __!__. 

2(1 + a^« - 1 1 - r + a:*' 

if 2(1 - ^ + 2^ - ars + ar*) < 2(1 + 24r» + i:*) - 1 ; 

if 1< ar(l + a:*) 

which is the case if ar > - • 

5. Tripos 1878. Wednesday morning. No. 1. 

♦6. Let y^ — Aax be the equation to the parabola, (ariyj, (^2^2) *^® 
coordinates of the extremities of the chord FQ, Then the equation to 
PQ is 



yi + 

or y(yi +y^ - ^ax = yi^j (^). 

If (5, 17) be the coordinates of 22, the middle point of P§, and 
yi — ^2 = 2(?, we have 

25 = ari + arj « ^(yi* + y,^; ; 2i; = y, + y^ 
Now (^1+^2)2 + (yi - ya)* = 2{y^^ + y,^, 

To find the envelope of P§, we have 

h + yj)' =- (yi - ya)^ + ^y^y, = 4c» + 4yiy» 
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.*. the equation (J) to PQ may be written 

(yi +yt)* - ^(yi + y^ + !««* - 4c« - o. 

.*. expressing the condition that this equatLcm should have equal 
roots, the equation of the envelope is 

yj « Amp — «•, which coincides with (5), the locus of E, 

This question may also be solved geometrically. 

Let QF^ be a double ordinate of the diameter FF^ and QD per- 
pendicular to PF. Then QD is constant, being half the difference of 
the ordinates of Q and a, and QD^ = 4JS.PF, ,\ PF is constant 
Also QF^ is parallel to the tangent at P, ,\ the locus of F, and the 
envelope of QQ^ coincide with the p.irabola obtained by moving the 
given parabola a constant distance PF in the direction of its axis. 
See Errata. 

7. Let {a cos a, 6 sin a) be the coordinates of P. Then those of p 
are {a cos a, a sin a). 

The equation of C!P is y = - ar tan a • 

„ auxiliary circle is ar* + ^ « £^, 

/. by substitution ar* + •^-'J?* tan *a = aK 

•*. coordinates of j^ are 

a^ cos a tf3 sin a 



I Vtf3 cos 2a + 6^ sin J^ V^ cos ^a + 6^ sin «a 

•*. coordinates of Q are 

a^ cos a i^2 gjn a 



Vtf2 COS 2a + ^ sin 2a' \/tf2 cos ^a + b^ sin 2a 

/. equation of QT, the tangent at Q is 

ar cos a + y sin a = s^d* cos 2a + ^ sin ^eu 

This is perpendicular to Cp, whose equation is 

or sin a — y cos a = 0. 

If Cp and Q7 intersect in 7, CT is the length of the perpendicular 
from C on QT. 

.\ CT = V«2 cos 2a + ^2 sin 2^ « ^p^ 
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Papeb LIX 

1. By ordinary division, we find 

i » •0588235294117647. 
17 

The explanation required is exactly the same as that given in Papers 
XXVL, No. 1, XXXVL, No. 1. 

^* (\\ ^ - ^ ^ ^ g _ ar — ^ 

6 X — a X " 6 a * 

. (a? - gy - ^ ^ _ (ar ■. ^)« -, gi 
b(x — a) a(ir — 6) * 

• (^ - g - ^)(^ - a+ b) _ _ (ar - ^ - g)(ar - ^ + g) 

b{x ^ a) a{x — b) 

,\ either ar — a — i = 0, .*. ar = « + d, 
or a{x — ^)(ar — « + *) + ^(* — «)(* — ^ + «) = 0. 

(2) Square both sides, and transpose 

.-. VJ4- \^ar - I - Nr^r+1 =» - 2Va?* - ar. 
/. ar + a?- 1 + a:+ l+2*/?^^-2 ViM^_2V?^i = 4Va^-a-. 

.-. 3a? - 2 v^^nr= 2('yxM^+ ^x^'^^- 

.-. 9a^ + 4(iC«-l) - 12arV^^nL = 4(a:8 + a? + ;r« - ar + 2ar Vi^iri). 

/. 5^ - 4 = 20:r \^i«^n[. 
.% 25^ - 40a?2 + 16 = 400a^(ar2 - 1). 

.-. 375a:* - 360iF» - 16=0. 

/. 376ar« = 180 ± V32400 + 6000 

«180±80>/6r 

•••*' "5425(27=*= 12 n/6). 
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2 



• • 



«= ±^. 



r6^^27±12V6. 



„ J __ (d — a){& — g) _ bd -\- ae ^ ab — ed 

{d + a){b + c) bd + ac + ab •{• cd 

, 5 ui 1 — cos ^ ab + cd 

,*, tan' — = » ! — • 

2 1 + cos^ ac '\- bd 

Similarly 

tan> -? = ^^ + i> tan« ^ - £?L±i''. 
2 ia + erf 2 eb + ad 

Now - + - + -2 - »r, 



,.0 = tan(^2 + |+f) 



=■ tan - + tan - + tan tan - tan - tan -> 

2^ 2^2 222 

/. (tan 4 + tan I + tan |y = tan« ^ tan* | tan^ ^ 

tf3 + g<f be 4- ad ca 4- bd 
ac -\- bd ba + cd cb + ad 

« 1. 

.*. tan - + tan - + ten - = ± 1. 

4. Let -<f22 produced meet CQ in 2) and BF in i?, and let BP and (7Q 
meet in F, Let ^§ produced meet FC in (? and jfei? in H^ and let 5i2 
and CF meet in JT. 

Then the angle BDF = ERB - -4(75, 

and the acgle EFD « J3Q2) = ABC, 

.'. the triangles 2)-&F, ABC are similar. 

Also the angle OHK = 2)^^, and OKH « i?i)f; for 55 is parallel 
to DFy and HO to ^J?", .'. the triangle 6HK is similar to DEF, and 
.-. also to ABC^ and* the triangles QHK^ DBF evidently have their 
homologous sides parallel. 

Let the angle A BE he denoted by 6, 

Then the sum of the homologous sides of LEF and GHK : the 
homologous side of ABC i: DF+ HK : BC. 
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N ^ ^ — 4i.M?^ sin $ sin C . sin {B + C) 

2)F sin $ Bin B , sin (^ - JB) 
BG Bin (7 sin ^ sm B 

.-. HK+LF:BC\\ sin ^(sin* C + sin' 5) 

+ {sin {6 + C)BmB + sin (^ - B) sin C} sin u^ : sin ^ sin B sin C. 

:: sin ^(sin* A + sin* B + sin* C) : sin ^ sin B sin C, 

for sin {6+ C)b\uB + sin (^ - ^ sin (7 

■= sin B (sin ^ cos C + cos B sin C) + sin C(8in ^ cos ^ — cos B sin B) 

= sin ^ sin (^ + C) — sin ^ sin A. 

5. Tripos 1878. 2nd Tuesday morning. No. 1. 

6. Tripos 1876. Wednesday morning. No. 8. 

7. Tripos 1878. 2nd Monday afternoon. No. 4. 



Paper LX. 

1. Let Wf Ty y, z bo the number of Liberals returned by England, 
Scotland, Ireland, and Wales, respectively. 

Wf X^Ty Z Conservatives 

.-. (l)«^ + 4r-}.y + £r= r+ 15; (2) W + X + F + Z ^ 2w + 15 ; 
(3)X-xr; (4)ar-X=2^=f (y- D. . . . (5). 
(6) IF - Iff = r + y + 10; 
(7) r4-X+ 7+^+«^ + ^+y + ;f = 652; (8) a; + X « 60. 
By (4) ar - X = 2^; by (8) .r + X = 60. 
.-. ar = 30 + ^; and X = 30 - ^. But X = ir, .-. ^ + r - 30. 

.-. F + r + tt^ + y -h 90 = 652, 
.-. by (6) V+ iff-i-W^-to + BO^ 652, 



> 
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.•. 2r = 672. .-. W^ 286. 

From (1), (2), (8) W+2w^ 632, .-. 2w = 346. .-. to = 173 

From (2) 286 + 4r + r + ^ = 351 T = 35 

.-. ir + r + ^ = 65. y = 68 

And ^ + £r = 30 .•. 7 = 35 ; and .-. by (6) y = 68. ^ = 11 
From (5) 3^ - y - r = 33 .-. ^ = 11, and ^ -h « = 3P. .-. i? = 19 

X « r. .-. X = 19 

X + ar = 60. .-. ar = 41 

2. Tripos 1878. 2nd Monday afternoon. No. 1. 

3. tan« ^ = (' -/>(* - *), 

.: tan» I tan» ^ = <*-/)(*-"> . <* - ">(* 7 ^> = <1^*, 
2 2 s{s — b) s{s - c) «2 

.'. the given expression = — ^— ^ — -^ — !— ^^ :- . 

Now this fraction is < 1 

if (* - af + {s - b)^ + {»- c)'^< ^, 

if 3*2 _ 452 + «2 + ^2 + ^< ^2^ 

if 2(«2 4. p 4. c2) < (a + i + c)\ 

if fl2 + ^2 + ^<2(^(? + <?tf + tf^). 

Now a < b-^-Cy .\ a^< a{b + c) ; b^ < b{c + a); 

c2 < ^(tf + 3) ; .-. «2 + ^2 + ^ < 2(3(? + ea + ab). 

If C is nearly = 2 right angles, a + b = c, ,\ s = Cy 
,\ Expression =—[(<?- a)^ + (<? - ^)^} 

* ^ {2^ - 2c(a + b) + a'' + b^} = f!l±-?. 

Now 2(tf3 + ^2) = (tf + b)^ + (« - ^)2, . •. if flj + i is constant, 

e 1 

and o* + i^ jg a min, « = ^ = . . •, given expression then = - • 

4. Tripos 1878. Monday morning. No. 2. 

L 2 
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6. 18 the centre of the inscribed circle, .•. if we draw OD^ OE, OF, 
perpendicular to BC, CAy AB respectively, OD = OE = OF. 

.'. /^BOG : A COA : A ^OB iii OD . BCx\OE .CA :\OF.AB 

:: BCiCA: AB 
:: sin ^ : sin ^ : sin 0. 

6. Let FF, GCy be the intercepts on the circle intersecting in T. 
Join OP, CO', and draw CN, CM perpendicular to FF, GO'. Then 
CNTM is a rectangle, and /. MN^ = CT^ ^ a^ + l^. 

Now FF"^ + GG'^ = A{FN^ + G'M^) = 4{2«8 - {CN^ + CiP)} 

= 4(2tf« - MN^) 
. 4[2aa - («» + ^)} = 4(^8 - ^ = constant 

7. Produce PQ to meet the asymptotes in P', Q, Through P, 0, Q 
draw lines parallel to CQl and (7/^, meeting ^P* in N, JT, 2), and CQf in 
if, jy, i2. Let HO meet the lines through P', P, Q parallel to C^ in 
^, P, X, and let OJT meet FL in Y". 

Then Zif « §JE = P'jyr = JFP. .'. ZF = ^P = comp. PX. 

.-. LO =- EK " (MK+ LB) ^ HK - MN = const 

.% ZX . Z Z = const 

/. the locus of Z is a similar and similarly situated hyperbola^ having 
its centre at 0, 



1. 



Papee LXL 

1 1 X - dr2« + l ar(l - ar2») 



1 - ar 1 - ir'2» + i (1 - ar)(l - ir2» + i) (1 - d?)(l - :r2ft+i) 

1 1 ar3 _ <j.2n+8 -^3(1 _ a-gn) 



1 - dr3 1 _ -j;2n+8 (1 - a:3^(l - a:2n+S ) (1 _ a^)(l - ;p2n+8 ) 



• 



1 jr2n+l— ^n+1 a:2n+l(l_;p2») 



1«-f2»+1 l-ar4n+l (l-a;2»+l)(l»-a:4n+l) (l-ar2n+l)(l_;p4n+l) 
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.*. the given series 

" 1 -. -r2» U - ir ^ r^^^ ^ ••• ^ 1 - ar2»+i ^ • • • 

1__ . \ 

1 « g2n+l • • • J 

2. cos-^ cos jB + cos C = cos dcosB — cos (J + £)^ sin jf sin B. 

Vp+?+2yfC08jf+ ViH^^+^^^cosS"- - Va:2 + y2^2.rycosC; 
.*. y^ + z^ + 2yzcoBA+z^ + a^+2zscoaB-a^-y^ - 2aycosC 

= - 2 V(^ + ^2 + i?y^ cos ^)(;?« + £^ + 2z£ cos J?). 
Divide by 2, square both sides and transpose. 

•*. ^'^'^^(l — cos^^) + 2r5(2^(cos 5 + cos -4 cos C)j 

+ ar2y2(i _ cos^^) + 2:tyz%co9 C + cos A cos 2?), 

+ x^z^l - cos«(7) + 2a:V<«os ^ + cos ^ cos (7) = 0. 

.-. y V sin2^ + rV sins^ + j:y ginS^ 

+ 2a^yz sin 5 sin C + 2ayh sin (7sin -^^ + 2.ry22 sin ^ sin ^ = 0. 

/. (yz sin A + zxBinB + a:y sin ^)* = 0. 

3. Let ABCB be the qnadrilateraL Produce AB, BC to meet in F, 
and Z)J, CB to meet in jB'. Let AB ^ a^ BC =^ b^ CD = <?, Dd = <aE. 

^, sin (C + D) ^ y, . sin 2) ^ 

Then --7—^ — - =» cos i) H — ^ — - cos C 

sin 67 sin G 

^j^d^-a^^h^ ar + bd h^A-c^-cP-a^ 
■" 2^ac + Afl?) "^ o* + ^c • 2(fltf + bd) • 

Todh. 2Vi>. Art 254. 

ab + <?(]? 



•. 2'2) 



^sm 



sin {C+ D) «« - «2 * 
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Similarly 2)^'=?^^^^:^^^ 

.-. EF^ = LE^ + LF^ - 2BE . DFcos B 

_ (^ + ^^^) V V where ?V 

= (tf i+crf){c2(^ - (:P)2+^(c2 - ay) - cd{(^ -a^i^- *2)(^+^2 -c?-V^ 

= (A2 - (^2)2 (tfAc2 ^ a^cd) + (tf2 - «2)(^^^2 + ^2^^ 

which is the required result 

4. Tripos 1878. Monday morning. No. 5. 

5. Let A^ A be the vertices of the hyperbola, at, «' the corresponding 
vertices of the ellipse. Let P be a point of intersection on the curve 
with vertex A. Draw the tangent to the ellipse at P, and let the 
diameter parallel to this tangent meet 8F^ FS produced in F 
and r. 

Then VF -=- Ca ^ \{SB + S'P), 

AG = \{^SF - S'F\ 

.-. AC-^FF^ SF, .-. AC^SF - FF= SF. 
•*• Locus of ^ is a circle, centre Sy and radius GA, 
Sinalarly FF ^ Ga =^ i(SF + S^F) 
AG = i{SF - S'F). 

.-. FF' -AG-- S'Fy .-. AG = FF' - S'F = rS. 
.*. Locus of i^' is a circle, centre S', and radius GA, 

♦6. Bisect FB at ZT; and Fi/ at IT. Draw the ordinates P'PJlf, i/DJV. 
Let 27^7' meet the axis in Z. Then UU' is parallel to jPP' and BB^, and 
is .*. perpendicular to the axis. 
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Then Un AGO I UlUuICU':: ^ : ^ 

:: UL : U'L 

:: FM+ DN : rM+ jyN 

II b 10. See Errata. 

7. Take tbe centre of the given circle as origin, and the axis of y 
parallel to the given straight line. Then the equations of the circle, 
line, and point may be written 

a^ + y^ = ^; y = it ; (^ - e* + (y - ^)* = 0. 

.*. the equation of the radical axis of the point and circle is 

^i + 2yk=^(^ + e + ^^ 
.-. {2 _ 2ir{ + c2 + ^ - ^yk ^ 0. 

.'. Expressing the condition that f may have equal roots, we obtain 
as the equation of the envelope, a:^ „ ^ -(- X;2 _ gy^, which represents 
a parabola. 

♦This question may also be solved geometrically as follows. Let be 
the centre of the given circle, PD the fixed straight line. Draw the 
radius OAB at right angles to PD, and in PD take any point P. 

In OD take a point E such that OE , OD = OA^, and in OP take R 
such that OR.OP = OA^, Then BE is the polar of P with respect to 
the circle, and is perpendicular to OP, Bisect PB in Q, and draw 
FQF" at right angles to OP meeting EP in Y. Then since 0^ - P^ 
= OP.OR = (radiu8)2 

.*. FQF' is the radical axis of the point circle at P and the given 
circle. 

Since RE and QF are parallel, both being perpendicular to OP, and 
PQ = QR, .-. if EP meet QF in T, EF =- FP = FD, since EDP is a 
rigkt angle. Also, if She the middle point of OE, SF is parallel to OP 
and perpendicular to FQF'. 

Now since FD = FP = tangent from J" to the circle, .•. Y lies on a 
fixed straight line FX bisecting ED at right angles. 

.'. the envelope of FQF' is a parabola of which S is the focus, OX 
the axis, and YX the tangent at the vertex. 
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Papeb LXIL 



1. (1) The »'* tenn is 3 . 6 . . . 3« 



1.4.7 . . . 3»+ 1 



This can be written ^ ' ^ ' " ^^ \ 3« + 8 - (8n + 1) \ 

1.4.7 . . . 3»+l i 2 i 

» 1 f 3 . g . . . 3« 4- 3 3 . 6 . . . 3w 1 

"^ ll.4.7...3»+l"'l.4.7...3«-2J' 

which is of the form HUn — Un-.\)m 
The first term is ^(^ - ?), 

/. the sum of n terms « i f 3 . 6 . . . 3» + B ^1 

' 11.4.7... 3» + 1 J 

(2) The »tJ» term = ^ ^ 

^ ' (2» - 1) {2» + 1) (2« + 3) 

2« - 1 + 1 
"" 2(2« - 1)(2» +1)(2» + 3) 



+ I I 

^ (2« - 1)(2« + 1)(2« + 3)r 



«xf 1 ^ 

^ i(^2» + 1)(2« + 3) ^ (2« - 1)(2« + 1)(2« + 3) 

Here the factors in the denominator of each fraction form a series 
in A.P. of which the common difference is the same as the coefficient 
of n in each factor, and we employ the following rule : In each fraction 
take away one factor from the beginning, and divide by the number of 
remaining factors multiplied by the common difference of the A. P. 
Write the result negatively, and add a constant C, 

/, the sum of « terms of the given series 

' l2 (2» + 3) ■'' 4 (2n.+ 1) (2« + 3)) 
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To find the value of Q put • «■ 0, and express the fact that the sum 
of no terms is zero. 

.'.0 = 0- ^(i + — Y .-. C = 1. 
2 Ve ^ 12/ 8 

On reduction it will be found that the required sum 

„ ^ (* + ^) 

" 2(2» + l)(2» + 3)' 

(3) ^ = - 3 + 2 + 13 + 28 + 39 + 26 - 55 ^ 296 . . 



^4 = 



6 + 11 + 15 + 11 - 13 - 81 - 241 . . 

6 + 4 - 4 - 24 - 68 - 160 . . 

- 2- 8-20-44- 92.. 

- 6 - 12 - 24 - 48 . . 



Here the 4th difference series is a geometric progression, common 
ratio 2, .*. the n^ term is of the 3rd degree in «, and is of the form 

^ 4 j5« + C« (» -t- 1) + />»(« + 1) (« + 2) + E. 2«-i. 

Giving to n in succession the values 1, 2, 3, 4, 5 we obtain 5 equations 
to determine A, J5, C, D, E. From these we find 

J[ = 0, J? « - 1, C - 0, 2) - I, ^ « - 6, 

/. the n^ term is |n (« + 1) (« + 2) - « - 6 . 2»»-i, 

.•. the sum of n terms 

= § . } . « (» + 1) (« + 2) (« + 3) - i» (« + 1 ) - 6 (2» - 1). 

>2tf {(« + ^)2 + ^ - 3flrd - e(a + ^)}+ 6fliff 

> 2<?.{(a + hf + ^ - e{a + b)] 

> 2cf^c{a + b)-c{a^ h)] for sc^ +y > 2ry 



154 SOLUTIONS OF 

3. Let ABC be the first triangle, 2), E^ F the points of contact of the 
inscribed circle, ABC the second triangle. 

Then d =» AE ^ t - a, b' ^ a - b, ^««-fl: 

y. , _ a'b'c^ 



Now P = 3-J P ^TT^J 



•.^PP ""-27-- 3, _«_^^^ - ? - p --'•^• 

4, sin ar = n cos {ac + a), 

.'. €»* (1 - «t€«<) = <-«* (1 + »!€-«»), 

... e2*< = ^ + ^^'^"°* 
2j:» = log (1 + ««€-«<) - log (1 - m£«*) 

+ «Je+*< + I «^ I* . e+2ai + i . «3 . j3 . f +8«< + . . , 
= % ^l (e«< + €-«<) - i «8 (€8ai + e-3a<) + . . .} 

= 2i |« cos o — i «' . cos 3a + . . . \ 
- 2» {i i|2 8in2a - J «*sin4a + . ...}, 
.*. a? == « cos.a — i «' cos 3a + . , , 
^ -[j »2 gin 2a - i «* sin 4o + . . .}. 

Let ar = - , a = ^, H = 1, 

'*• i " 71 (^ ^ 3 " 5 '" 7 + • • 7 " (2 " 6 + 10 - n ■*■ • • •) 

-^(■+l-f-^+-)-l(-l+»--5-+-) 
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• • 



' =1 + 111+... 



• ' 2 ^/2 3 5 7 

5. Let the tangents at B and G meet in 2). Join BA^ and prodnce it 
to meet BG in itl Then since D is the pole of BG, and -<i the pole of 
FT^ .*. P is the pole of AD, ,\ BFCBia a harmonic range, and .'. also 
TFQA is a harmonic range. 

6. Let E and K be the middle points of AB and BGy and F the 
position of the peg on which AB rests. Let R denote the reaction 
at B. Let the direction of B meet the verticals through £ and K 
in G and ^. 

Then from the equilibriam of AB, 

B : Vi: bIuEGF: BinBGF:: sina : cos (o + /3). 

From the equilibrium of BG, 

R: Wi: sin KHG : sin BEG :: cos^ : sin 23 :: 1 : 2 sin ft 

.•. sin a : cos (a + jS) •• 1 • 2 sin ft 

•*. 2 sina sinjS = cos (a + )3) =" cos a cos/S — sina sin ft 

.'. 3 tan a tan 3 = 1. 

7. The given equation can be written 

J — sm - cos - — -^ ( cos* - — sm* - ) \ 
\a 2 2 ^ \ 2 2J) 

-1-2 » - I cos* ~ — sm* - ) -J — - sm - cos - > \ cos* — + sm* — i 
^ ( a V 2 2)^ b 2 2 J V 2 ^ 2/ 

- 2 (sin* I + cos* IJ = 0. 

6 B 

Divide by cos* -r, and for tan - write z, 

■■■'-s-^^)+fe-+')-+H?-^^)- 
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To find the envelope we must express the condition that the above 
expression may be a perfect square. 

Now {z^ + dz + <?)> =. «* + 2^z + {2e + i^) z'^ + 2edz "+ A 
.*. absolute term = sq. of coef. of « -^ sq. of coef. of z^, 

• ^ _L ^' » 1 
•• a2 + ^2 - ^• 



Paper LXIIL 

1. Let 30^3 + 37 = {^i+xf] .•.30n/3"- 37 = (VJ-*)'» 
.'. multiplying, 1331 = (y - x^)\ .\ 11 = y - x^, 

and 30 ^3 + 37 = ar^ + 3^y + {3x^ +y) ^f, 

.-. 37 == a^ + 3.ry ^ x^ + Sx {a^ + 11), 

.*. 4a^ + S3x — 37 = 0. a? = 1 evidently satisfies this equation. 

.-. (ar " 1) (4;r2 + 4:r + 37) = 0, 

... ar = 1, y = 12, .-. v'/30v'3 + 37 = 2 a/3 + 1. 

Let fl5 + Vr+ n/c + \/5 = (^ + Vy + Vr)3 

= x^ + 3x(^ + z)+ ^^i3x^ + y + Bz)+ ^z{3a^ + z+By) + Qx'Jfz. 

Put a = A-» + 3;r (y + gr) ; Vr= \7(3a:2 +y + 3^) ; 

a/7= VJ(3ar2 4- ir + 3y) ; V7= 6:r Vy^ 

On substituting, we see at once that yy/ - , yy/ j , /y/ - 
rational. 



rf' -v y 'V « ''"' 
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Now i^ a/I « i (3*« + y + 3r)(3;f» + ^ + 3^); 
,*. 6x7^ = 9jr* + 124-" (y + r) + 3 (y + r)« + Ayg 

/. 5iur^& = 45x« + 36fljr3 + 3 («« - 2tfar5 + j?«) + <f, 
or 48^ + 6 (5tf - 9i^) ^ + 3^2 + <; = 0, where t = ar^ . . . (J) 

Now let 16 -f- 14 ^2"+ 12 -/a + 6 n/6 = (a? + Vr^- \/53 

= :2r3 + 3ar(y + ;ir)+ \/y(3a:2+y + 3;2r) f Vj(3ar3 + 3y + ^) + 6ar V^, 

.•. 16 = 4^3 + 3r (y + ;?); 14 V2 = N^(3ar2 +y + 3r) 

12 V3 = VJ(3^ + 3y + ;?) ; 6 V6 = 6ar V^, 

the above equation {j£) becomes 

482f2 + 6 (80 - 252) ^ + 768 + 216 = 0, 

.-. 48^ - 1032/ + 984 = 0. Now / = 1 obviously satisfies this. 

.*. ar3 = 1 ; ..^ ;2? = 1 ; and 15 = 3 (y + ^) •'• y + * = 5 ; and yz = 6, 

.-. y = 3 ; ;? = 2, 

•*• \/lQ + 14 \^+ 12 Vs + 6 V6'= 1 + ^2"+ Vsl 

2. If a;', y, / are small quantities, the expression 

cos fa + a/) — cos (y + /) - cos {z -\- /) 
sin (y + y') sin {z + z") 

COBS — a/sinar — J /cos (y + ^ + y + /) + cos (y — z + ^ — sf)\ 
J {cos (y - ^ + y - /) - cos (y + ;gr + y + /)} 

cos a? - a/ sin a? - ^ |cos (y + z) — (y + i) sin (y + z) 
\ {cos (y - ;?) - (y - 2r^ sin (y - ;?) - cos (y + ^r) 

+ cos (y - ^^) - (y - ^0 sin (y - g)} 
+ (y + «')sin(y + 4 
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cosar ~ X* sin x — cosy cos a? + y siny cos g + g^ cosy sin z ,^ 
fliny sin 2; + y cosy emz -{• ^ ^iny cos 2; 

Now if this expression « CQS^ " cosy cos ir ^^^^ ^^ ^^^^ ^.jj ^^^^ 

Binysinr 

— arising + y s^^y ^^^^ + 2^ cosy sing .^v 

y cosy sin « + / siny cos 2; 

Now if = -7^ = > the expression (5) 

, X , , \ siny sinx; 

tan - (cosy + cosr) ^ 

— sin X tan i (cosy + cos £) + sin'y cos r + cosy sin^ z 

siny cosy sin z -{- siny sin z cos 2: 

— (1 - cosar) (cosy + cos 3:) + (^ ~ cos^y) cos g + (1 — cos' 3:) cosy 

siny sinr (cosy + cosr) 

(cost — cosy cosg) (cosy + cosg) ^ cosr — cosy cosg 
"" siny sin r (cosy + cos ir) siny sin ^r * 

... - . j.1. • _!.• cos X — cos y cos z „ , , 

/. if xv'sf are m the given proportion, : r^ = B, and hy 

^ ox* sin y sin 5: "^ 

adding numerator and denominator^ each is evidently = A. 

3. t-i + J-} + ---"* ^^Se (1 + 1) = log«2 = -6931471 . . . 

4. The points J, B are supposed to he fixed. Draw the tangent BE. 
Then the angle BFQ = ECD = EAB, and .-. the triangles FBG, EBA 
are similar. .'. BG : BF :: BE : J?^. /. BG.BA^ BHK .-. (? is a 
fixed point. 

6. Let P he the point on the ellipse such that FP is a minimum. 
Take a point F on the curve indefinitely near to P. Then PP = FP'. 
,\ the angle FPP* — FP'P, and each ultimately = 1 right angle. 
But FF IB the direction of the tangent at P. .'. FP is the normal 

.-. SF: SP :; SA : AX, .-. /^P = 1 . SR 

c 

6. Suppose the weight of the triangle to be represented by « + 3 + e. 
Then jf of this is supported at each angular point, and at these points 
we have remaining the pressures represented by a^ b^ e. Divide AB 
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at D so that AD : DB ::*:«:: AC : CB, Then the point where the 
weight is placed must be in CD^ which bisects the angle C. •*. the 
required point is the centre of the inscribed circle. 

7. Let FSP be the focal chord, QQ the parallel diameter. Then 
QQ^ =s pp . AA', Let p^ p^, y, y be points on the auxiliary circle 
Qorresponding to P, /**, Q, Q^, Then gq' is evidently a diameter of 
the circle. .-. pj/ : gq' :: FP : qq :: qq : AA\ But y/ - AA'. 



Papeb LXIV. 



1. Let ff« - 1 = ^2 - 1 = c** - 1 = it, .-. «2 « it + i, &c. 
X y z s 

and (1) «V + ^y2 + ^^2 « q, 
(2) tf«a^ + *«/ + cS^ = 0, 
.-. (3) «*^ + *y + e?*r» = «24r3. ff2 + *y . i« + cV. c» 

= tf2^fit+ l) + iy^^ + l^+c«;^3^>t + l^ 

« it(«V + ^y» + c8;jS) + tf2d^ + iy + (r«^2 

= 0. 

tf'ic^ ^y ^^ 



.\ from (2) and (3) 



^2 _ ^ C2 _ ^2 ^2 _ ^» 



• • 






.'. substituting in (1) we have 

2. The required sum = - + ^^ + - + . . . 

J- 1 + L 4. 1 + 

-r 32 -r 38 T 34 T^ • • • 
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1 1 



'' +^^ + .. 



1-1 i-l 

2 8 

= 1. 

3. If a = 60, 3 « 41, tf - 21, 

then « = 66, « — « = 6, * — d = 16, * — <? = 35. 

Let X be the length to be added to b, y the length to be added to e. 
Then x + y = — 1. 

Now /S» = * (* - tf) (* - i) (* - c) = * (* - tfO (# - i') (, - c'). 

.-. 66 . 6 . 16 . 36 = 66 . 5 (16 - ar) (36 - y), 

,\ xy — 36a? — 15^ = 105; and y = — (a? + 1), 

.-. ar2 + 2U + 90 = 0, .-. jr = - 15 or - 6, y = 14 or 6. 

.*. the sides are either 61, 26, 36 ; or 51, 36, 26. 

be a c 

^n ** ^** "■" ''^^ (** + "^ - «') 



2a'b^c 



1 (tf^i^ + ^^^^(.2 _ J^^^ + ^V(?* + aV - tfV). 



2^?^^^tf^ 



By symmetric changes of the letters we can write down the other 
two terms of the given expression. .*. by addition we find it 



-J— r (^fl^^y + 2a^bh^ + 2aVc^ 



» a + b + c . 
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5. By the Theory of Maximum and Minimum if we suppose MN to 
remain fixed we know thatiVX and Xif make equal angles with ^(7, and 
similarly for each of the other pairs of sides of the triangle LMN. 
.'. when LMN has a min. perimeter, any two sides make equal angles 
with the corresponding side of ABC. Now we know that this is the 
case with the triangle whose vertices are the feet of the perpendiculars. 
•'. this triangle gives the required position for LMN. 

6. Let AB represent the boy, CB the chair, and let ABC = B^ AB = I. 
Let Rf B! denote the reactions at A and B, 

Then resolving vertically B = W. 

Taking moments about A, Bf,i cos 6 = ^. 5 • sin ^, .*. J? « — tan^. 
The boy will begin to slide when the friction at ^ is a max. and 

W 

Kesolving horizontally, we have the friction «= R. = — tan 6, 

J* 

W 
.*. }iW « - tan 6f .'. tan 6 = 2/*, 

.•. the boy will begin to slide when = tan— 1 2/i. 

The chair will begin to slide when S = fiW*^ or tan 6 =z 2fi — . 

The greatest possible value of $ which is consistent with equilibrium 
is the smaller of these two. 

7. Let the asymptotes meet the directrix in 2) and 2/, and draw SF 
parallel to Ciy meeting the directrix in F, Let SR be the semi-latus 
rectum. Then from the similar triangles SFXy CDX, 

SF: SX:: CD : CX :: CA ; CX :: SA : AX:: SR : SX. 

.'. SF = SR. Let SF meet the curve in P, and draw the ordinate 
PJV, and FK perpendicular to the directrix. 

Then SP : PK:: SA : AX:: SR : SX :: SF:SX:: SP : SN, 

.*. SN^PK'' NX .-. P is the middle point of SF. 



M 
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Paper LXV. 

1. (1) ^ = - 1 - 3 + 3 + 23 + 63 + 129 + . . . 

^1 =. - 2 + 6 + 20 + 40 + 66 + . . . 

S.i^ 8 + 14 + 20 + 26 + . . . 

^3= 6+6+6 + ... 

Here the 3rd difference series gives us a series of equal terms. 
.*. the tt^ term is of the 3rd degree in n, and is of the form 

J + £n+Cn{n + l) + l)n{n+ 1) (n + 2). 

.\ putting n in succession » 1, 2, 3, 4 we have four equations to 
determine A, B, C, D, from which we find 

-4 = + 3, J? = 0, C7 = - 5, 2) = 1, 

.*. tho n^ term is 

« (» + 1) (» + 2) - 5tt (« + 1) + 3. 

/• the sum of n terms 

« i « (» + 1) (« + 2) (« + 3) - 5 « (» + 1) (» + 2) + 3». 

(2) The «th term of the series = -^ , 7« - 3 — 

^ ' ^ (5» - 2) (6;« + 3) (5» + 8) 

l(5^-2)-» ^ i i ^" 

(o»-2)(5;^+3;(6;2+8) (5»+3)(5»+8) (6/1-2) (5«+3j(5»+8)' 

.', the sum of n terms, [see LXIL, 1, (2)] 

- ^ "~ r • 7 • rr-TT. + r • 



* 6 • £;« + 8 ^ 6 * 6.2 ' (5;« + 3) (5;* + 8)' 
Now when « = 0, the sum = 0, 

. c^JL I iL 

25.8 60.3.8 1200' 
/. tho sum of n terms 

■" 60 t 24 "" 5« + 8 "^ (5» + 3) (6» + 8) J 
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(3) The given series *=• Si + S^ 

, - 1.2» , 2.2* . 3.2* , , «.2»+« 



IL'Ll li ■ "" '[±±1 
Now S - (Lz.2)2» (lr..2)J* . , (» + 2 - 2) . 2«4ii 

2>i+2 



15 



l2+|i + L^ + "- + 



2* 2* 
23 2»+3 



l«-f-l 




2«+2 


2«+8 


l«+l 


l«-i-2 



12_ 



13 



ll 



+ 



« + l - 1 
l^ + l 



1+1+1+ +1 



1 - 



]1_ _ 1 _ 

1 



i» (» + 1 



,\ the sum of n terms of the given series 

2»i+3 1 



6 - 



\n-\-2 ]« H- 1 



(l-,x)n =f,,+ g + ^ +...}-(_ l)n . . . (^) 






w 



Equate the right-hand members of {J) and (5), and multiply both 
sides by c*. 

M 2 
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•*. equating coefficients of a^ we have 



# ^ — 

3. Let C "= 8in« ^ cos «^ + » sin»-i <^ cos (n - 1) ^ sin (d - ^) + . . . 

/S' = sin* <^ sinn^ + II sin«-i ^ gin (« — 1) ^ sin (d — <^) -|- - - • 
.•. C + >S» = sin" <^ e"** + « sinn-i <^ e(n-i)«. sin (^ - ^) + . . . 
= {sin<^.c« + sin(d - <^))« 

= (sin <^ (cos ^ + » sin 6) + sin ^ cos <[> — cos ^ sin </»]» 
e= jsin ^ (cos + » sin ^)}-«» 
■= sin'* B €**< = sin» ^ (cos «0 + » sin n<f)), 
,\ C a sinn 6 cos i»^. 

4, Let DE cut the circle in F. 

Then DB.DC* ^ AD.AB^^ AD.J)!!^ 

and LB. DC ^ DE , DF^ 

.•. LGiDAwDEi DF. .\ JF and CJ^ are parallel 
.-. the angle FAB = JE'C5 = J EAB « ^^i?: 
And ^£'jP = AFE = i^.^2) + FDA 

= -FL^/) + iK^A since DE = JE^. 
Now AEF - IT - (^./^Z) + ^Z>^ = IT - 2Z^Z) 

.-. TT - 2EJD = J iL^D + EJD = f Jg'^Z), 
.•. EAB ■■ }^ . 27r. /. arc EB '^ }oi circumference. 
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5. This question will be found treated fully (with the exception of 
the last point), in Smith's Conies, pp. 234, 5, 6. It only remains to 
prove that the rectangular hyperbola will pass through the centre 
of the circle. With the notation given in Smith, the line through 

\ ^ { I'vj'^r**' "S^* angles to the axis of x is 

and the line through ) ^> ir (r + r,) }" at right angles to the axis 
of y is 

jr + *coB<9=l(l +J) ^2) 

and these two lines evidently pass through the centre of the circle. 
Multiply (1) by ;f, and (2) by y, and subtract, and we have 

which is the equation to the rectangular hyperbola passing through the 
9 points, and which .*. also passes through the centre of the circle. 

6. Let one bullet be fired from J. in direction of another which is 
being let fall from B, and let the first strike the vertical through JB 
after a time t. It will then be at a distance ^ ^fi below B. But this is 
the distance through which the second bullet has fallen in the same 
time. .'. the two will meet. 

If they coalesce, the horizontal momentum is unaltered, and since 
the mass is doubled, the horizontal velocity is reduced to one-half its 
former value. 

Now (liorizontal velocity)* = 2^ . — '— • 

•*. the latus rectum of the joint path is } that of the former. 

7. fl' = tf cos*^ + b sin2^ ^ 2A sin 6 cos 0, 
V ^ a sin* ^ + d cos* Q - IK sin B cosd, 

.-. d ^ V ^(a-h) cos 2^ + U sin 2^ 

= U sin 16 (l + *^-^ cot 2^} 
^ 2A ' 

- 2A sin IB {l + cot* 2^} » 2A cosec 2d, 
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and since 2S is < ir, cosec 2$ is essentially positive, .*. the sign of 
(^ — U \a the same as the sign of h. 

13^2 + 2xy + i3y2 - 22ir + 60y - 23 = 0. 
The coordinates of the centre are given by 

26;f + 2y = 22 ; 2^? + 26y = - 60. .'. a? = 1, y = - 2. 
/. transferring to (1, — 2) the equation becomes 

134:8 + 2jy + 13/ = 84. 
To determine the lengths of the axes we have 

a + /3 = 26, aa = 169 - 1 = 163. .-. o = 14, 3 = \% 

.-. 14^ + nf = 84, /. f" + 1' = 1, 

which is the equation to an ellipse of which the semi-axes are /^6, >/7. 



Paper LXVL 
1. The equations may be written 

/ (ar — £r) + «y + ^^ ^^ = ^ • 0) 

m {x " z) •{• by •\- bm xy =^ (2) 

n {x — z) •\' cff -{- en xy — (3) 

From (2) and (3) we obtain 

^"^ ^ y ^ _5L_ .... (4) 

be (»» — «) mn{c — b) bn — en * * * ' 

If (1) is also true, we have by substitution in (1) from (4) 

= bcl (» — «) + amn {c — b) -{• al {bn — cm) 

^6o(i-l) + Ue-i) + a(i.£) 
\n mJ I \m n/ 

- (« - e) 7 + («-«)-+(«- 4) -• 

From (4) -I « — ^ , 

mn {e — b) bn — em 
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•*• either y = 0, in which case also d? — ar =« [from (4)] 

£. - i 

em — In n m 

or iP 8=3 a . 

mn{b — c) b — c 

nnd from the equation (1 + Ix) (1 + tfy) = 1 + Iz 

we see that y=3— -,irs= — -are solutions, and two other sets can 

a I 

be obtained from the two other equations, viz. 

11 11 

y=-^^= ; ^= , «= 

b m en 

2 « ^ aH'^ C08» {B - <^ ) ^ g^^g (cos ^ cos (^ + sin ^ sin </>)^ 

^232 (cos^ - i^ sin^ cot A')^ 
^ flg^3(cos^ + 8in^tan<^)8 ^ a^ 

(fl^ cos ^ sin <l> - S^ sin ^ cos <l>')^ 

Also f2 - ^ ^^' cos' (^ - <^0 

a2 8in2<J)' + i2cos2<^" 

.03^ gV>^ (cos ^ COP <j> + sin ^ sin c^Q' ^ ^^Scpg ^ sip ^' _ ^2 p|„ ^ cos<f>0^ 
•' '^ tf2 8in2 </)' + ^2 cos^ <^' ' 

(tfg cos» ^ + ^« sing 0) (g« sin2 0/ ^ 32 cog2 ^^ 

tf 2 8iii2 (p' _|. ^2 (jQs2 0' 

3, Write the first equation 

i^Bin<l>(y + b sin <^) « — ^3 cos (.? + « cos ^) ^ • (^ 
and ax sec (j) — by cosec <f> s^ a^ — l^^ 

\c0s9 / \sin<^ / 

.*. tf sin <^ (ar - tf cos <fj>) = b coa (p (y - b sin ^) « « (2?) 
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From (J) and (S) we have 

i^b sin <l> cos <^ Cy* — i* s^n' <t>) ™ " ^^ sin <^ cos <f> {a^ ~ a^ cos' <J, 
/. tfV* - «*^ sin* (^ = - *2^ + aH^ cos* <^, 
/. ^y + ^^ = tf'^ (8in«<^ + cos«<^) = aHl 

4. Let BO meet -^(7 in Z, and let CA' meet JB in JT, and lek the 
perpendicular from A meet BC in ZT. Then from the similar triangles 
JKC, BKIS, we have JC : JK :: BE : BK, and BE = ^^, 

.\ AB : JC :: BK : JK. 

From -i^i, C^Z, ^.5 : -^C :: u^X : LO. 

From ^C£r, ^^C, JO : -BC :: Cff ; ^a 

From JBH.JBC, BC : AB :: JB : BE. 

,•. compounding these four ratios we have 

AB^.AC^.BC.AK.Ba.CL = AB^ .AC^ . BC. AL.CH.BK^ 

.-. AK.BH,CL^ AL.CH.BK, 

.*. the three lines AH^ BL, CK are concurrent. 

5. Let the tangent parallel to PQ meet TP in p and T§ in i^. 

Then p, q are the middle points of TP and TQ. /. 0;p, Oj' are at 
right angles to TP and TQ. .'. TO is the diameter of the circle which 
passes through T, p, q. But this circle also passes through S, .'. TSO 
is a right angle. 

6. Let Opi Oq^ Or represent the forces. Let the transversal cut rp 
produced in K. 

OL _ aif . Op _ pK+ OM Kr^pr+OM 
^^'^° I^'jK' "OL" OM'' OM ' 

OL"^ OM "^ OM^ '^ ON ON' 

•• OL^ OM ON 

7. Let the ball A moving with velocity V strike the ball By and let 
its directions before and after collision make angles ^, a respectively 
with the line of centres. After collision let u, v be the components of 
the velocity of A parallel and perpendicular to the line of centres, and 
let 1^ be the velocity of B after being struck. 
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Then Fcos<t> = « + 1/ ; eFcos(l> 4- » = j/. /. 2i« = (1 - e) FcoB<t>, 

and V = F" sin (^, for the momentum of jl perpendicular to the line of 
centres is unaltered by the collision. 

tan 9 = - a= tana, 



1 — e u 

,\ tan <^ = J (1 — e) tan o. 
Now when the deviation is a mas. the angle between the old and 
new directions = -, 



•*. <J> — - = IT — a. .*. a = 27r — (- + <^ j. 

.'. tan a = — tan ( - + <^ ) = cot ^, 
.-. tan2</> = J(l - <?), 
... sm>* = JTT-, = -^, 

.-. sm ^ = -^ a/ 



Paper LXVII. 



1. Let s -{- che the common measure. 

Then ar^ + tf^ + i = (ar + c) ((a? +-)=«= +ar^c + *)+ d 

ai^ + a'x+b' ^(a; + c) (a? + -) = dr2 + :r (c + -)+ b\ 

c c c c b -^ U 

and .+ ^. = ^+^ = a + -^-y ^,— ^, 

and <?« = a(j - d = / — d = -. 

a ^ a a — a 
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* <?* a'b — ab' db - aO' 

.'. L.C.M. - (^ + c) (* + -jfar + -) 

2. Let ^ start at the rate of a miles, and B at the rate o£ h miles an 
hour, and suppose that each increases his speed hy c miles an hour. 

Then at the end of Ist hour A has gone <i + n* ^^l^s> &^d ^ ^&s gone 

it 

i + - miles. •"• the distance between them is3 — a — «=— ••(!) 
At the end of 2nd hour A has gone « + -s- + « + -^ , or 2^r + le. 

2^ ^2 

.'. the distance between them is 23 — 2^^ — 4c = J , , , , (2) 
From (1) and (2) <? = fjy, * - tf = J. 

.*. B starts at the rate of i mile an hour quicker than A» .*. if a be 
supposed given^ since A goes at an average rate of + SI miles an 
hour, the distance from P to § is 4^ + ^ miles. 

3. By Todh. Trig, cap. xxiv. Ex. 17 

S^=: (s " a){s — b)(a — c){8 — (Q — abed cos* - 
where 6 is the sum of two opposite angles. /. ^S' is a max. when 

6 $ IT 

cos - is a min., i,e. when cos ^j = 0, .*• ~ a --, .«, ^ = «-, .*. the 

iS ^ It u 

max. quadrilateral with given sides is that which can be inscribed in a 
circle, and its area is 

V(« -«)(*- 3)(* - c)(* - d). 

Again, since a circle can be inscribed in the quadrilateral, 

.-. « + (?— d+(f, .'. 2* = tf+d + c + i=i 2(« + tf)or =2(d + i), 



« i? » * + 5 + * + ^»or25 + 3^. 
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. S = >'(« - a){8 - b){8 - c){8 - d) = '^abcd. 
Now if r be radius of inscribed circle, r{a + 6 + e + d) = 2 » area 

2 i^abcd *Jabcd *Jabcd 



• •' 



or 



* r 



2 



a + A + <? + rf tf + c b + d 

abed 



(a + cXb + d) 

Tbe following is a geometrical proof of the theorem that the maximum 
quadrilateral which can be formed from four given straight lines is that 
about which a circle can be described. 

Let ABCD be the position of max. area. Take ABC If a consecutive 
position keeping AB fixed. Let AB^ BG meet in 0. 

Then since AD = Alf^ and the angle DAU is small, 

•*. the angle AD If is ultimately a right angle. 

.*. the angle ODDt is a right angle. And since the angle DODf is small, 

.*• the angle ODD is a right angle. 

.-. OD =^ 0D\ similarly 00 = 0G\ And the base CD « base 0*D^ 

.-. the angle DOC = DOC\ and .-. the triangle OCD = OGDf, 

.-. the angle DOD = COC\ and the triangles DOD^ COC are similar. 

.-. CC xDjy \\ 00: OD. 

Now since the triangle OCD = OCD^, and the t^Te&ABCD = ABC'Dt, 

.-. the triangle OAB = area ODABC*. 
Take away the common part OABC\ 

.-. the remainder OAD — OBG\ 

.-. OA.DD ^ OB. CC\ 

, OA CC _0C 
*' OB"^ DD "^ OD 

.-. OA.OD ^ OB. OC, 

/. a circle can be described round ABCD. 

4. The tops will describe circles the centres of which are at the 
roots. It is evident that after collision the line joining the tops will 
pass through the centre of one of these circles, which it could not 
do before. 



172 SOLUTIONS OP 

5. For the first part of this question see Besant^s Conies, cap. xL 
Prop. 1. Let ^, S bo the vertex and focus of the given parabola. 
Describe a triangle BCU having its sides parallel to the three given 
straight lines. Then describe a parabola passing through the points 
By Cy /y, and having its axis parallel to Aii, Let ^', 8' be the vertex 
and focus of this parabola. Join S'B\ From 8 draw 8B making the 
angle B8A = B8J!, meeting the given parabola in B. Draw BO^ BD 
parallel to BfC\ B'B, and join CD, Then by symmetry CD is parallel 
to Ciy, and the triangle BCD is described as required* 

6. The only forces acting on the rod AD are the reactions at^ andi), 
and when there is equilibrium these must act along AD, Let the force 
at A along AD be denoted by B, Then the rod AB is acted on by P 
and R at A, and the forces at B. .'• taking moments about B^ we have 
F . sin BAC = iZ . sin BAD, 

Similar from CD we get Q , sin BDC = J2 . sin CD A 






P sin BDC ^ sin ABD ^ sin BAD ^ si n ACD 
q ^ sin ACD ' sin BAG * sin ABD ' sin CDA 

OC ^OA ^BD AD^ 

^ CD ' ob' ad' Ad 

B .AC AO ,0G 






q.BD BO . UD 
7. Tripos 1878. Wednesday morning. No. 13. 



Paper LXVIIL 



1. We see that the given expression is symmetrical, and will not be 
altered if we put x for «, and a for a?, and similarly for the other letters. 
Consider each term of the first part {a^ + 3' + (^yz. Since the given 
expression is symmetrical, the factors of c^x^z must he ax » ay . az. 
Similarly the factors of l^xyz are bx . by ,bz, and for <?xyz are ex ,cy,cz. 
Now from the symmetry of the expression we cannot have ax and bx 
in the same factor. .•. the required expression is 

{ax + *y + cz)(ay -\-bz-^ ex){az + dor + ey), 

2. By Fermat 

^nj))m - 1 - 1 = M{m) ; {pmy - 1 - 1 - M{n) ; (w«)p - i - 1 = M{p) 
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+ («?)"•"* + (/;«)»- ^ + (iww^-i - 1 — M{mnp). 
Now the first part of the expression « M{mnp) by inspection 
•*• (»i>)""-' + (pw)«-l + (mn)P'-^ - 1 — M(mnp). 

3. liCt ^5(7 be the given triangle, i), J^, ^ the middle points of SC, 
CA, AB. Then if P be the centre of the circle touching the given 
circles, the points of contact are evidently on FD^ FE^ FF^ 
produced. 

.*. 2) = 2FD + « = 2FE+ b = 2FC + e. 
.-. 2D = 2{FE + FF) + * + <?. 

.\ P^ + P^ = 2> - i (2* - a) = i) - * + I . 

.'. P^ + PP + JS'P = i) - * + «, 
.'. if 2o-i be perimeter of P^P, en = — "" * "^ ^ » 
^ow ^DEF = FEF -{- FFB + FDE (1) 



and 2)PP= /s s-as-b s ^ 
V 2 2 2 2 

PJSP ■■ /^ — * + </ I) — S 8 — C 8 — b 

V "1 -~2~" * ""2" ' ^"^ 

PPi)= /D'-8 + b _ B ^ 8 8- e 8-- a 

V 2 2 2 2 



PDi? 



y^-^..z> 



— 8 8 — 8 — b 



2 2 2 

*• substituting in (1) and dividing both sides by 

/d — * » — a 8 — b «— d 

V 2 2 2 2 



-» 
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we have 



^*-tf ^ 8 - b ^ 9 - C ^ IJ — 8 

4. (1) The three lioes are evidently diameters of the nine-point 
circle of the trinngle ABC. 

(2) Let rf, tf,/be the middle points of AB, BB, CF. 

Then 2dl^ « BC, leT « AB, 2fE' « AF, 

,\ for the triangle B^E'F we have 

.*, 2/^, -^'6, i^y meet in a point K. 

For further information respecting Ky see an article by Mr. Tuckei 
in the Quarttiii/ Journal of Fure and Applied Mathematics, Vol. xx.. 
No. 78. 

It can also be proved that K is the point determined in XXXIX. 
No. 6. 

6. Let FT meet the axis in Tj and draw the ordinates PiV, QM, 
Then by Bes. Con, Cap. II. Prop xxi., AN . AM = A£,\ 

From similar triangles AQM, FTNy 

QM'^ : AM^ :: NT^ : FN\ 

.% AAS.AM : AM' ;: 4AN^ : 4jS. AN, 

.-. 4AS : AM :; ^iV : AS, 

6. Let By E^Fhe the middle points of BC, CA, AB, and let be the 
centre of gravity of ABC. Then the forces represented by FB and FC 
have a resultant represented by 2FB ; and forces represented by 2FB 
and FA have a resultant represented by SFO, since AO ^ 20B. .', if 
the resultant is constant, the locus of P is a circle whose centre is 
0. If there is equilibrium the resultant vanishes^ and F coincides 
with 

7. Draw Pif perpendicular to AB. 

The time of flight from uf to P is £!i^!!L?. /. f = ?1!!!L? - t, 

9 9 

.'. \gt^ = « sin a . * - \gt^ = FM, 
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Paper LXIX. 
1. Let a denote the number. 



Then 




- 


a 


120 


z a 


140 
- 140 


' z " a 


126 
-126' 








• 
• • 


140(a 
126(a 


- 126) 

- 140) ■ 


X 


120 
o - 120* 





.-. (a - ie6)(a - 120) = 108(a -- 140), 

.-. a3 - 354a - 30240 = 0, 
.-. (a - 210)(a - 144) = 0. 

.•. a = 210 or 144, both of which numbers will be found to satisfy 
the given conditions. 

2. (1) Expand and simph'fy, and we get 

32r2 - 2969^ - 31000 = 0, 
.•. ar = i {2969 ± \'8814961 + 372000} 
« J (2969 ± 3031) = 1000, or - ^i. 

(2) From (1) 0(2* +y + «) = (jf +y + «)« - r" 

= (ar + y + «)(y + j), 

.'. either 2a: + y + r = ; (4) Qxy-\'Z — a==^\ (5) 
SimUarly a; + 2y + 2: = ; (C) or 2: +ir - ^ = 0; (7) 

and jr+.y +2<2r = 0; (8) or ^ +y - <? = ; (9) 

From these we can obtain 8 suppositions by taking together the 
following sets. 4, 6, 8 ; 6, 7, 9 ; 4, 7, 8 ; 6, 9, 4 ; 8, 6, 6 ; 5, 6, 9 ; 
7, 8, 6 ; 9, 4, 7. 

These are all simple equations of the first degree, and give us the 
following solutions 

ar = 0; y = 0; xr=0; 
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6 U h 

e e Zc 

2' ^2* 2' 

^a a a 

2» ^2' 2» 

It will be seen on tiial that the sets 5^ 6, 9 ; 7, 8, 5 ; 9, 4, 7 are 
inconsistent. 

(3) Multiply (1), (2), (3) respectively first by y, z, ar, and then by 
Zf s, y, and add We get 

ay + bz + ex '^ 

az -{• bx + cy = 0, 

X y ^ z _ ^ 

** be — a^ '~ ca — l^ ^ ah — <^ 

.\ tf = X2 \{ca - b^)(ab - c^) - {be - a^^] 

r= \^a{^abe - a^ - P - (?). 

This gives X, and .•. ar, y, z are known. 

3. Let S be the centre of the circle, T the middle point of P^, and 
from Y draw YA perpendicular to OS. 

Then \{0F^ + (9§2) = (9r» 4- P-P = const 

and 8Y^ + Pi^ = SF^ = const 

.•. or* - SY^ « const 
A the locus of Y is the straight line YA, 

Now since i^ is a fixed point, and Y always lies on the straight 
line YA^ and SYP is a ri^ht angle, /. YP always touches a 
parabola whose focus is S, and AY is the tangent at the 
vertex A. 

4. if +^' « sin {6 + <^0 == 1 (^•-* - (?-*+*) 

/. 2t . e-(cos 3 + 1 sin 3) = <?-* (cos ^ + t sin Q - <?♦ (cos ^ - » sin ^ 
«*. equating real and unreal parts 

cos^(^ - r^) = 2^.8in/3; 8in^(«* + e-^) « 2fi*. cos/^ 
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.-. 4(?-* = cos2^(tf-* + (j-2^ - 2) + Bm^6{e'* + e-^ + 2) 

= ^* + <?-2* - 2 cos 2^ {J) 

Also ^Q^^^Q^^ _ ?*_+il! . cos(^_-^0) _ ^ ^2^ 
8in(9flin/3 ~ ^ ^ e-*' " cos(^ + 0) ~ 2e-^ 

.-. cos (^ - iS) = tf-* cos (^ + iS). 

5. Let FD meet the tangent at A to the circle ADC in (r. 

Then the angle DJG = ^CT = DJC 

and the angle ^i)(? = JCF = ^CZ> + BCF = 7)^C + i)^^' 

= BJC + i i)^a 

.-. GAD + ^2)6^ = 2DAC + ^2)^(7 = ^^C + iBAC = a right angle. 
.*. DGA is a right angle. 

Sinularly it may be shewn for FK 

6. Considering the motion normal to the plane, the times of flight 
between the bounds are 

2v 2ev • 2e^v 

■9 ' 9 ) • • . 



^ cos a g cos a g cos a 

2t? 

/. the whole time = (1 -[- <? -f- ^- + • • 

g cos a 

2r) 1 



g cos a 1 — tf 

Considering the motion parallel to the plane, since the particle is 
acted on by a constant accelerating force g sin a, and starts with no 
initial velocity parallel to the plane, 

.'. /S' = i^ sin a . A 

4i;' 1 



= J . y sin a . 



y^cos^a (1 — tf)'^ 
2p2 sin a 1 

^ cos ^a (1 — tf)'-^ 

7. The equation to the normal at any point can be written, 

- N 
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if (£, i;) be thd coordinates of the point, tlie equation to its polar is 

jf + 1-i (^)- 

If this is a normal chord, by comparing (B) with {A) we have 



» ^i- 






Paper LXX. 



1. (1) By inspection ar = 1 satisfies the equation. .'. a? = 1 is a 

root. The product of the roots is -—- \ .*. the (ither root is 

a{h — c) 

c(a - h) 

(2) Arrange the equation thus : 

Extract square root. .'. iJx^ -, \ _ -rr = ± __f_Jl_}, 

/-: r X ± \^r2 — 1 ;^ 

••. 4.r* - 1 = 4^^ - 2 ± 4ar N^ia^HiT 

/. \X\X^ - 1) ± 4p Vif2 - 1 + 1=0. 
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Extract square root .-. 2x»Jx^ - 1 ±1=0, /. 4^?* - 4^2 = 1, 

« 



« • 



X^ =* 



(3) By inspection ar = tf is a root. The equation is a quadratic of 
the form a:^ + -^* + «^ = 0. . *. the second root is c^, 

2. Tripos 1875, Wednesday morning. No. 3, 

3. Let ABCD be a parallelogram, E the intersection oi AC and BD, 
Describe circles round AEB, CED. These are evidently equal. Let 
0, (y be their centres, F^ G the middle points of ABy CD. Then 
FG- passes through E^ and the triangles OEF, OEQ are equal in all 
lespects, 

.-. the angle FED = GEO. Add to each GEO. 

.'. OEG + GEO' = OEF -f OEG = 2 right angles. 

.'. 00^ passes through E, i.e. the line joining the centres passes 
through a common point .'. the circles touch at E. 

Consider the circles round AED, AEB. Let the tangent at E to the 
former cut AB in iT, and the tangent to the latter at E cut BC 
in K. 

Then the angle HEB = DAE, and BEK = HAE, .-. HEK - DAB. 

4. BD=-8-b, .-. ^i)2 = c2 + (* - *)2 - 2<:(* - i) cos^. 

CD = 8-e, .-. ^i)2 =, ^2 + (, _ ^)2 _ 2b{8 - c) cos-S. 

.-. 2AD^ = ^2+c2^.(, _ ^)2+(« - cY - 2s{cco8B i-6coaC)+2bc{co8B+co8C) 
=±2[0^ + e^ + f^ - 2s^ + Ifc (cos A -r- COB B Gos C) -. i^cos^}, 

.-. ^i)'^ = A2^<:2.^ + ^^(cos^ + cos^ + cos(7) - ^^-«^ 

= ?i±ii±-^ - «a + <^tf(cos^ + cosj5 + co8 0. 
Sojg^« /?^ + ^^+g, _ «2 + car (cos uf + cos -5 + COS C;> 

^^2 =?l+i!±i^ _ «2 ^ ^3 (cos ^ + COS 5 + COS C0> 

.'. i£ -i2)2 ^ c^2 = 2^^^ we have at once 

ab-^6c = 2ca, .\ b = - ■ — , .*. a, b, c are in 11. P. 

a -Y c 



'Z 



n2 
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6. Let the four tangents form four triangles whose vertices are 
J, B, Cy By E, Fy so that Ay B, C; By Fy E; C, F, D; are collinear 
points in the above order. Describe circles round any two of the 
triangles thus formed^ and let them intersect in S. 1 hen 8 is the 
focus. From S draw SG^ SH perpendicular to AB and ADy and join 
GHy and draw SK at right angles to GH, Then GH is the tangent at 
the vertex, and K is the vertex. Through S draw L8M at right angles 
to SA, making SL = SM ^ 2AS. 

To find the point of contact of AB, join GSy and make the angle 
GSN = GSA, and let SN meet AB in N, Then iV is the point required. 
In a similar manner we can find the points of contact of ihe other 
three tangents. 

6. Let P, Q be the two particles, a, a' the inclinations of the planes 
on which they are. Suppose F on the point of slipping up, nnd Q on 
the point of slipping down. Let R and R' denote the whole resistances 
on P and Q when motion is about to ensue. Then if X be the angle 
of friction, R and R^ make each the angle X with the normals at 
P and Q. 

Now since the tensions of the string at P and Q are equal, and 
their directions equally inclined to the vertical, and the weights of P 
and Q equal, we must have R and R! equal and equally inclined to the 
horizon (or vertical). 

/. a + X = a - X, .-. a - a = 2X. 

7. Since the force of gravity is counteracted by the impressed force, 
the body will move as though under the action of no forces, and .*. 
will move in a straight line directly from the point of projection with 
the velocity of projection, which velocity has carried it over the 
distance which it has travelled. 



Paper LXXL 



... a^ + l^ + 2.^^ ^^^P^ + ^$J^ - 2(«+*K 



WEEKLY PROBLEM PAPERS. 181 

1 1 ?i±i! 1 , j^+ aV 1 . 



1 _ x^+a^ 1 _ jg + ^ 1 1_^^ 

'• (ar + tf)2 ar24.^2* {x -t c)^ " ^ + a^ ' (^+*)* 0^ • + <^/ 

•'• "(7^1- a)\x^ ± 0^) " {x-\- b)\x^ + a') 

.\ (x^ + a^{x + hf = (ar2 + &2)(<p + ^)2, 

.\ ir = or ± V^ The value a: = is inadmissible, but will satisfy 
the equation obtained by changing the signs of the radicals. 

(2) Assume x = b tan Q^y — a tan ^. Then the equations may be 
written 

- sec* e = V2 (tan ^ + tan </>) ; ^ sec* <^ = n/2 (tan ^ tan <^ - 1). 

.-. sec2^ sec2c> = - 2 «i" (^ + f)cos (^+ <^), 

cos^ 6 cos* 9 

.-. sin 1(0 + <^) = - 1, .-. ^ + <^ = WTT - ^• 

- seo*^ = N^2 {tan^ - tan \^ + ^)1 
/o ji. /I 1 + tand ) /T 1 + 

•■• - (tantf - 1) = VJ; .: X = b tantf = 4 + « n^. 

.-. y = tf tan = - ^ij tan f ^ + ^ ) 5= ^ - — -x-^—^ = a + ^ V2 

\4 / tan^ - 1 

An algebraical solution will be found at the end of Todh. Alg, 

(3) For solution see end of volume. 

2. The number of ways is evidently the number of combinations of 
Sm things taken 2m at a time, when there are m alike of one set, m 
alike of another set, and m alike of a third set 



tan*^ 
9 



taud 
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.*. Todh. Alg. Art 811, the required number 
aa coefficient of or 2m in the expansion of 

1 _ -piH+i (1 -. ^)«+i (1 - a-)«+i 

I - X \ — X 1 — X 

= coefficient of jr* in ^ ~ J-* 

(1 - xf 

Now this expression 
= (1 - *«+!)» {l + 3;r -}- . . . . + ("» + 1K«> + 2) ^ .;. } 

and coefficient of jr« is evidenily i(j« + 1)(« + 2). 

3. cos B sm — ! — sm ; — 

*i2 2 



,. C - D ( , A + ^B . . A - B) 
= i8in -^_ |sm — +8m_^-J 



-'{ 



cos -^ + ^^-^+^ - cos ^ + SB+C+I) 
2 2 



, u^-^-^4-i> A-B+C-J)\ 
+ cos ^ — ^ cos ^ 1 . 

By symmetric changes of the letters Bt C, D we can write down the 
other two terms of the given expression, which on addition we find 
to be 

^i{(cos^±M^L^±^- cos^^lA+i^±^ 

+ (cos^ + ^+/^--^- cos-^ + ^-^+^^) 

+ (^cos r- cos -Jr ^I ) I 

« -isin^ + ^+^ + ^/sin(J?~g) + siii(C^-2)) + 8in(i)~i?)j 

A + B+C+L . B - C . C-D,r'D^B 

= 2 sm — — — 5 — -2— sm — — - sm . sm — -— • 

9 9 *> o 

Todh. Trig, Cap. viii. Ex. 3. 
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4. Add 4 + 6 tan^ B to each side of the given equation, 
.-. 12 tan2 6 + 8\/3 tan ^ + 4 = 5(1 + tan^ ^) = 6 sec^ 0, 
,\ 3 tan ^e + 2\^5"tan ^ + 1 = J 6cc2<9, 

— J^ 

••• -v^a tan^ + 1 = ± —^ sec 6. 

2 

• • — sin ^ + i cos el = ± — - ; .'. sin ( ^ + - I = ± — - . 
2 4 \ D / 4 

From the given condition we must take the positive sign. 

.\ Zsin [b + %) =. 10 + log ^ = 10 + i log 5 - log4 

= 10 + J log 1^ - 2 log 2 
= 10 + i - I log 2 
=^ 9 . 7474250. 
Dif. ol 60" in angle gives dif. in log of -0001874, 

/* 1874 : 607 :: 60" : 16" . 23 

.-. ^ + - = 33" . 59' . 16" . 23 
6 

.-. ^ = 3« . 59M6" . 2 nearly. 

6. Let 'ABCD be the first tetrahedron. Let Ey F be the middle 
points of BDf CD, and P, Q the centres of gravity of the faces 
JBD, ACD. 

Then Pq : EF :: AP : AE :: 2 : 3, /. PQ = ^EF = i BC. 

.'. volume of Ist tetrahedron : volume of 2nd :: BC^ ; P^ :: 27 : 1. 

Let « be a side of the first cube, A\ B' the middle points of two 
adjacent sides. 



mo.^^ = (|)'+(|)' = l' 



Now let be a vertex of the octohedron, corresponding to A'lBy and 
let P*f Q[ be 2 corners of the 2nd cube. 

Then F^ : E'r :: OP : OE :: 2 : 3, .-. P'q = ^E'F' = iB'C. 
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And FC'^ = 2FIP = ?^ = ««; .-. F^' = ? • 

.'. volume of Ist cube : volume of 2nd :: a^ : F^ :: 27 : 1. 
Now volume of let cube = volume of 1st tetrahedron, 
.•. volume of 2nd „ « „ 2nd ,, 

6. Project the conic into a circle, and denote corresponding points 
in the circle by small letters. Then oe, od are at right angles, as are 
also oc and de, ,\ eb , bi >^ bd^ =^ const. .*. also EB . BD = const. 
/. if the circle round EOD meet OC in F, OB , BF =^ FB . BD 
s= const. .'. F is a fixed point. 

♦ 7. Let ^ be the point of projection. Since the particles have equal 
velocities, the parabolas described for different directions of projection 
have all a common directrix KK', such that if EM be the perpen- 
dicular upon it from E, the velocity of projection is equal to that due 
to a height EM. 

Let ET be any direction of projection ; S^ A the focus and vertex of 
the parabola described. Then if 8Y be perpendicular on the tangent 
ET, SY passes through J/, and SY = YM, 

Now since E and M are fixed points, the locus of Y is the circle 
upon EM. as diameter; and since ^Z = 2Z7, the locus of A is an 
ellipse having EM for its minor axis, and its axes in the ratio 
of 2 : 1. 

In the second case, let a horizontal through E the point of projection 
be drawn at right angles to the wall, meeting it in the point H. Let 
jP be the point where one of the particles strikes the wall. A! the vertex 
of its path after impact, and A the vertex of the path it would have 
described if there had been no wall. Draw AF^ AF' perpendicular to 
EE. Through F draw a line parallel to EEy meeting AF, AF' in N, 
N'. Join AA meeting GR in M. Then since the vertical motion is 
unaltered, AF = A'F', .'. AA is perpendicular to GH, and the time 
from P to -4 = the time from P Xxi A \ and since the horizontal 
velocity is diminished in the ratio * : 1. /. FN' = ePN^ or A'M 
= e . AM, 

Now since A A is perpendicular to Gil, and AM = eAM, and the 
locus of A is an ellipse by the first case, .*. the locus of A is also an 
ellipse. 



Paper LXXIL 

1. (1) If 1, w, io^ denote the cube roots of unity, we know that 
^3 + ^3 + ^ _ ^abc -^{a + b + c){a + wb + w^c){a + uTb + wc\ 
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.'. the given expression is the product of three factors X, JT, Zy whore 
X = ir2 + ya + ;j2 + 2y^ + ^zx + 2:ry = (ar + y + z)\ 
Y — x^ '\- 2/2 + w{y^ + ^zx) + v^(z^ + 2ay) = (* + w'^y + wzf^ 
Z =^ x^ + yz + w^{y^ + 2zx) + «7(;r2 + 2^^) = (-^ + «y + «,2^)2^ 

.*. the given expression = X. T , Z 

= {(^ + y + ^)(-^ + w'V + ^^X^ + ^y + V!h)Y 
= (ar3 + ^3 + ^ _ 3xyz)\ 

(2) he — c^ =- — - a\ .*. if flf, ^, c be the roots of the equation 

a 

3^ - px^ + g.p - r = 0, .'. q = be '\- ca + ab^ r ^ aOc, 
and if we put y = — — ^9 

X 

then ay = obe — x^^r — x^ = qx'- px\ 

»\ px + y = q, .', X = ^-~ -^j 

P 

— •AS 



••• K'-i-l = ' - (^') 



The roots of this equation are evidently be — a^^ ca — b% ah — c^, 
and sum of the roots = Sg^ — p^, 
and sum of product of roots 2 at a time = q{Zq — p^) 

= q (sum of roots), 
/. (^tf - ^2)(^5 - (^) + {ah - (^{be - «2) 4- (3tf - «'2)(<?tf - ^2) 
= (Jbc + ca -{- ab){be -}• ea + ab — a^ - b^ — c^. 

2. cos :p + cos 5.^ + . . . + cos (4» - S)x (« terms) 
= cos Ix + — — - . 4x] sin - . 4a? cosec 2* 

= cos (2n - l)x sin2«.r cosec 2.r, 
sin Bx + sin 7ar + .... + sin (in - l)x (n terms) 
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«= sin (Sx + — — . 4x\ sin - . 4x cosec 2a? 

■- sin (2» +1)^ sin 2ns cosec 2xy 

.•. the given equation may be written 

f /o 1 \ I «• /o I 1 \ 1 siJ^ 2«4r sin ar -4- cos ;f 
icos (2« - l)ar + sm (2» + 1>} — ; — -- =3 — . 

^ ^ ^ ^ ^ ^ ' Bin ar 2 sin 2:r 

Now sin 2x i= 0, 

/. sin ar + cos a? = 2 sin 2nx /cos (2« - l)a: + sin (2» + 1).t\ 

= sin (4;» - l)ar + sin a? + cos :f — cos (4« + 1)^ 

/. cos (4» -h l)a? = sin (4» — l)ar = cos I ^ - (4» - l)a: > 
/. (4« + 1> = 2«7r ± (^ - (4« - 1)^ I 

/. either Stix = (4» + 1) ^ ; or 2ar = {in — 1)^ • 

3. Write the given equations in the fonn 

(a? cos a + y sin a) cos </> — (ar sin a — y cos o) sin </> =: ^ sin 2<^. (1) 
— (ar sin a — y cos a) cos (^ — (ar cos a -[- y sin a) sin (j> = 2a cos 2^. (2) 
Multiply (1) by cos </>, and (2) by sin (j), and subtract. 

.*. ar cos a + y sin a = fl(sin 2(^ cos (^ - 2 cos 2^ sin ^) 

— asincj) {1 - cos 2^) 
= 2a sin^ <^. 

So a? sin a — y cos a = 2a cos^ <^, 

/. (a? cos a + y sin flf) + (a? sin a — y cos a) = (2«) . 

4. Let {kf k) be coordinates of A. 

Then since the equation to CM is y = - a?, the equation to AM is 

Hy -h) + a{x - h) = 0, 
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.•. coordinates of M are -^— — - (ah + bk\ -^j— .— tx (oh + bk). 
Writing — a for « , the coordinates of N are 



«2 + ^2 V '' a2 + ^ 

.•. coordinates of 0, th« middle point of MN are -3-- — 75, -3— — ., 

tf * + ^^ a^ -r (/^ 

.'. equation to AO is 

(» - *> (4^^ - = " - *> (sf-^ - ') , 

or b'^h(y — &) := c^k(x — A), 

which is evidently perpendicular to the polar of A whose equation is 

* This may be also proved geometrically as follows. 

Join CA cutting the ellipse in P, and draw FM\ FN' perpendicuLir 
to the equicon jugate diameters. Let the normal at P meet M'N' in Z', 
and draw AL parallel to PZ', and .*. perpendicular to the polar of A 
which is parallel to the tangent at F, Let AL meet MN in i. Then 
since circles will go round FN' CM! and ANCMy 

,\ PN'M' = PCM' = ACM = ANM. .'. MN\h parallel to M'N'. 

.-. the triangles AMN^ FM'N' are similar, and AL is parallel to PL', 

.-. ML : If'Z' :: AL : PL' :: XiV^ ; L'N'. 

But by XXVL No. 7, Jf'X' = X'iV^', .-. ML = XiV. .*. AL is the 
diagonal of the parallelogram which has AM and AN for adjacent 
sides. 

6. jy is the point of contact of the escribed circle opposite A. 

Since A is the centre of similitude of the inscribed and this escribed 
circle, being the intersection of common tangents, .*. by similar triangles 

AP : Ajy :: radius of inscribed circle : radius of escribed circle 

:: AE : AE', where E' is point of contact of latter circle, 

.-. AP : Pjy :: AE : EE', 

.-. AE.Pjy = AP.EE' = AP.BC. '\, 
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6. Let F and Q denote the positions of the particles. Let U denote 
the resistance of the plane at P, and T the tension of the string. 
Then the particle P is acted on by three forces, viz. its weight, the 
tension of the string, and the resistance of the plane, and when P is on 
the point of moving, these three forces are in one plane. Let PB be 
the trace of R on the plane, FE the normal to the plane, and PP the 
line of greatest slope. Then PR makes the angle of friction (X^) with 
FE, Let BPF = ^, and let 2^ be the angle between the directions of 
the string. 

Then resolving in the plane (1) downwards, (2) horizontally, and 
(3) resolving vertically, we have 

(1) W^ sin a = T cos ^ -f -K sin Xi cos <^. 

(2) I' sin ^ = i2 ein Xi sin <^. 

(3) W\ cos a = R cos Ai. 

Now when the angle at the pulley is a maximum, this angle is 
evi(tently = 2 right angles. ^ = - . 

.*. from (1), (2), (3) we have 

T^ + W^ sin^a = P2 gin2Xj = W^ tanUi cos* a = W^ii^ cos^a, 
.*. i^* = W^ (cos^a . fii* — sin^a) = W^ (cos^a . \k} — sin^a) by symmetry, 
.'. 7Fi^ : TFg* :: sin^a — /*2^ cos^a : sin^a — fii^ cos^a 
:: 1 — fi^ cot*a : 1 — fij* cot^o. 

7. Consider the motion normal to the plane. The times of the 
several paths are 

2o sin a 2ev sin a 1e^ -^v sin a 
, , . . . > 

9 9 9 

.*. the whole time = (1 + '^ + ''-^ + • • • + <?"~^)> 

9 

__ 2v sin a 1 — 5" 

9 ' I - e 

Since the horizontal component remains unalt red, and = t7C0sa, 
the space described 

2v sin a 1 - e^ 
= t?cosa. . ; • 

9 1 - <? 

v^ sin 2a 1 - e^ 
= . • 

9 1 - ^ 
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Paper LXXIIL 



1 T> . 1*1 1 

1. Put tf = -, d = -, c = - , . . . 
a c 

...P = _J_, 5 = _^ 



1 + ^ 1+''' 



i+£ i + -.. 

i + ... 



• p = 



1-!-^ 



1 4- ^ 

2. Let « be the greatest, c the least side. 

Let b ^ e -^ y, a = b -\- py where ^ < c, .'. a = c + ^ + y. 

.-. ?(^. + b + c)ia^ + b^ + c^) - {a^ '\'b^ + c^ + 3abc) 

= i(^ - /3) (^y + /32) + i^ + §y3 + py2. 

Now c > 3, and j3, y are both positive quantities, .*. the last expression 
is positive. 

3. Let be the centre of the inscribed circle. 

Then EDF=^\EOF-^\ r " f - ^) == * S + g ) = i('^ + A 
Similarly BEF = J (tt + i?) ; EFB = !(«" + O- 

4. Let the common tangents intersect in A^ and let S, S^, S^ be the 
points of contact in the order A^ S, /Si, /S'j. Let the circles on which 
are Si, aS, intersect in E. Join AE cutting the circle S in B and C and 
iSi in i). Then since ^ is a centre of similitude, .*. JSS and BSi are 
parallel, as also CS, ESi, and BSi, ES^. 

.-. EB = .y^a . ^, ^^7 = SS. . ^, AB.AC= AS'-, 
^ AS ^ AS' 

.-. (tangent)2 from E to circle S = EB. EC = SSi. SS^ 
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, PR PK SP PM . p„ _ pj. 

Similarly if NQ meet KM in R', \ 

QSf _QK _SQ _ QN- . qr - ON 
PM~ PK~ SP~ PJ£ ••'i^ -'^^- 

6. Let y =a « be the equation to the straight line, and the equation to 
any equilateral hyperbola be of the form 

The normal at any point (r'y') is 

If this normal coincides with the line y = aj, wo must have 

2a 
Aaf - 2y' «= 0; and ff «=■• a. ,\ A = — 

Since {x\ a) is a point on the hyperbola, 

,\ the equation to any of the equilateral hyperbolas may be written 

uP3;y + A\x^ - / - ^2) - 4tf2 = 0. 

To find the envelope we must express the condition that two of the 
roots of this equation are equal. Let the roots be oi, ai, CI3. 

Then 2ai + a^ = - "^ - f ' ^^ (1) 

ai2 + 2aiQ3 = (2) 

4^2 
Xff 

From (2) ai(ai + 203) = 0, and a^ # 0. /. ai = - 20., 
.-. from (1) Sag = ^^ ~ "^^ "" ''^ , 

•'. ;p2 - y2 _ ^2 « 3(fluy) . 



.-. ^ = ;r'2 + tf2 = *^ + a2, 
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Paper LXXIV. 

1. By multiplication we have 

a-b^iP' == abcxyz+abx'-if'^+acx^z^+bcfz^'rax^ifz + hxfz'\-^cx^i^+x^jfh^ 
Since xyz =» abc^ this reduces to 

Square the first equation, 
.-. aV + ^2^2 + 2ax7/z = ^2^.2 . ,.^ ^2^5 + ^2^2 « ^2^2 _ 2^2^^, 
.*. writing (^ in the form 

«2^2^2 + ^^(^2^2 . 2aHc) + (7flj((?2^2 _ ^abh) + ab{aH^ - ^abc^) = 0, 

2. The numher in the scale of 7 has no digit higher than 6, and all 
its digits are even hy the question, /. they are 2, 4, 6, and those in the 
scale of 10 are 1, 2, 3. Let .r, y, ;? be the digits in the scale of 10, then 
2x^ 2y, 2z are the corresponding digits in the scale of 7. 

/. a: + 10^ + 102^ = 2^ + 7 . 2y + 72 . 2^, 
.% X ^2{z - 2y). 

.•. X is even, and z > 2y, Now Xy y, xr can only be selected from the 
digits 1, 2, 3. .•. ar = 2, y = 1, xr == 3. 

.% the number is 312 in scale of 10, and 624 in the scale of 7, 

3. j9(cos*^ - sin*^) - y(cos*<^ - sin*<^) = g - jt?, 

/. p cos 2^ — g cos 2</) = gr - p^ 
/. p^o^B « g'cos2^. 



m I 
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f2 

Now ^ ~ P COS* — q cos* <p = p cos* $ — '- cos* B. 



2 



/. cos^= \l -A 



v(a.- p) 

And 5 == i cos* <!> - g cos* (f . /. cos <^ = \/ — ^ — . 
P Q - P 

4. Let the tangents at P and Q meet in i2. 

Then RPA = angle in P^^ = angle in QBA = RQA. 
.'. iZP = -R^. .'. 72 is on the radical axis, i.e, on AB, 

5. Join HT and produce it to L so that ffl; = AA', Then Bes. J/ 
xi. ML = JfA^, and the angle TML = rif^^ = HMT\ 

.*. the angle iTJ/Z = 03/0', and the triangles HML, OMO' are equal 
in all respects. .*. 0(9' = HL = AA', 

6. Let t^ be the time between projection and 1st impact, t^ the time 
between the Ist and 2nd impacts. 

Then « = v cos 6 , ti. ,\ f-^ = . . 

Hor. vel. just before 1st impact =» v cos B, 
Vert. „ ,: „ „ = rsin^ - gt^. 

After impact the hor. vel. = ev cos ^, 

.'. a = 69 cos B . ^2> •*• ^2 — • 

ev cos B 

Now the vert. vel. is not affected by the impact, and just before the 
2nd impact it — p sin ^ — y (^i + Q, and this must =0 since the 
motion is horizontal, 



... r,mn6 = -^ fl + -). .'. sin 2d = ?^ . 

V COS 6 \ e' v^ ' 



1 4- (J 



7. Let ^PO, A'B'C be the triangular faces, G and G^' their C. of G 
Then by supposing^ the wedge to consist of triangular laminae parallel 
to ABC we see that its C. of G. will be at H the middle point of GG\ 

Now the 0. of G. of 3 equal weights at A, B, is at (r ; and the 
C. of G. of 3 weights equal to these placed at A'B'C is at G', ,\ the 
C. of G. of the 6 equal weights is at //. 
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Paper LXXV. 



1. ar3 - ^3 = g,y^^ .^ ^(^ _ ^^j ^ ^^ . «' ^ ^2 . ^. 



^' .^ ._ ._. ^ 






Similarly - = y^ - zx, and - = ^a _ <j.y 

y z *^^ 

\. = «3 + ^ ^ ^ 
2. The number 6» can be made up of 

0,1,6«- 1; O,2,0«- 2; . . . . 0,S»-. 1, 3«+l; 

^'2'^«--3'- 1,3«-1,3«; 

2'^'^*- ^' 2,3«- 2,3;»; 

.•, the number of ways is 

(3» - l) + (3« - 2) + (3» - 4) + (3« - 6) + (3« - 7) + (3«- 8) + 
= 6«'' - (1 + 4 + 7 + . . .) - (2 + 5 + 8 + . . .) 

= 6«2 _ 3^2 = 3^2 

Now the whole number of ways in which 3 tickets can be drawn is 

6« (6» -. 1) (6»- 2) 

.-. the chance = ^'^^ 1^ ^ 3» 

6;?(6» - 1) (6» - 2) (0» - 1) (6« - 2) * 

3 ^ ^ sin ABF _ QosJ ^ 

AB %mAFB " SF^' •"• "'^ = ^^ • cos^. 

Similarly BP = -A- . cos J?; CB = -A, nna r 

sm^ sin^^ ^* 

.'. the reqmVed condition is that any two of the nnnn+iKoo ^^- v 
cos (7 must be together greater than tiie^h^d. ^"^°*^*>«« ^os^, cos/?, 
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BP^ + CI^ - AF^ C082 B + co8« C - cosM 
cos a = ■ = ■ . 

^IBP.CP 2cobBcobC ' 

cos a cos* B + cos* C — cos* A 
cos A 2 cos A cos ^ cos C? 

By symmetric changes we can write down the values of ?, ^, 

cos^ cosC 

- , cos a . cos/3 , cosy _ i • ^^^^ -^ + cos* 5 + cos* C 
cos ^ COS B cos C? 2 cos A cos i^ cos C 

= Jsec-i sec^ seed Todh.:ZVe^.Art 1 15. 

4. In the question the lengths of the sides are supposed to he capahle 
of varying. Suppose we take any polygon of 5 sides, ABCBEF, and 
let the middle points of all except AF be fixed. First suppose A to 
move for a given distance along a straight line. Then since the middle 
point of AB is fixed, the point B will move the same distance along a 
straight line through B parallel to the former, but the direction in 
which B moves will be opposite to that in which A moves. Similarly 
the point C will move through the same distance in a direction opposite 
to that of B, i.e. in the same direction as that in which A moves. By 
proceeding in this manner we see that if we consider A as the 1st 
angular point, then all the angular points move through the same 
distance as A, the odd moving in the same, and the even in the 
opposite direction to that in which A moves. .*. the last point F 
moves in the same direction as A. .". the whole line AF^ and .•. also 
its middle point H moves in the same direction and through the 
same space. 

The above demonstration is evidently true when the polygon has any 
odd number of sides, and when the point ^describes any carve instead 
of a straight line. 

6. Project the ellipse into a circle, and denote corresponding points 
by small letters. Then evidently the polar of e passes through /, and 
^bisects the angle jg/?'. 

. ep^ ^ ff_ ^ fp.M . fEF^ FP.Fq 

6. Tripos 1878, Tuesday morning. No. 1. 

7. Tripos 1875. Tuesday morning. No. 10. 
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Paper LXXVL 

1. Let S denote the stock which he transfers. Then he takes S from 
£1,583 178. lid. and he adds ^ S to £982 12«. Sd. ; and since these 
sums each hring in the same income, 

.-. 3(£1,583 17«. lid. - S) == i(£982 12«. Qd. + U S), 

.-. S = £210. 

.*. the stock remaining in the 3 per cents. = £1,373 lis. lid. 

-1 



1 + Kirr* 



'' "*■ 4iV' "^ 2(2iV^ + ar) 2iV^ 8JVr3 "T" igj^fi '&1N^ "*" ' * 

^/^^T^ = ^(1 + ^)*= ^+ 2^ - 84-3 + 1&-. -iS^+- 

.'. the error is of the order — -. 

Viol = Vioo + 1 « V102 + 1. 

Put 4r = 1, JV = 10 in the above formula. 

.-. ViTl = 10 + ^ + ^ nearly 

, 10 + 201 + 200 , 10 401_ 
^ 8040 8040 

Here we neglect - jgfiof ^''*"^ " "^ i^' 

.'. the result is correct to 8 places of decimals. 

O 2 
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3. (1) cw(2J +B + C) + cos(B + O = 2cos(J + B+ C)co8j, 

cob{A + 2B + C) + C08(C+ jf) = 2coa (J -fB+Cf) COS By 

cos(J + B + 2C) + cos(J + B) ^ 2coa{J + B + 0) COS C, 
,\ the given expression on the left hand 

= 2C08(^ + 5+C^{c08(^ + J5+^)+C0S^ + C08^ + C0S(7}- 1 

= 4co8(^+^+o{cos^cos?^+^t^+cos^^^ - 1 

= 8co8(^ + 5+(7)co8 — +-?co8^-±--^co8:^^ 1. 

(2) isin B + sin C - sin (B + C), 

o . B + C S B - C B A- C\ 

= 2 sin — -i — i cos — cos — ^ — I 

2(2 2 J 

, . B+ C . B , C 
s= 4 Bin — \ — sm - sm - • 

2 2 2 

.*. the given expression on the left hand 

« 648in«^ 8in2^ sin^^ X P, 
2 2 2 

. „ . A + B , B -^ C . C+ A 
where P = sin — — — sm — ^?— -- sm — -~— 

2 2 2 

. . J + B f A " B A + B'\'2C\ 

= j8m-^{cos_^ -cos ^ ^^f } 

= i {sin-^ + sin^ + sin C - sin (Jf + 5 + O}- 

4. Let 0, O' be the centres of the equal circles. Suppose the radius 
of the circle, centre Ay to be less than AB^ and let this circle cut the 
circle, centre in (7, and O in B. Join BD and produce it to meet the 
circle, centre (/, in E, Join AE, 

Then the angle ABE = sup. of JDB « sup. ^CP = AEB. 

.*. ^P = -4P. .'. P is a point on the circle, centre A. 

6. Let TB be the length of the chord, and let it cut Q^ in F, the 
curve in P, and the directrix in P. Draw QiT, Q^K* at right angles to 
the directrix. 
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Then TV. FR =^ QF^ ^ 4SF . PF = 2SP . TF, 

.-. FB = 2SP = 2PF, 

6. Let (A, ^) be a point on the hyperbola 4xy » ab. Then the 
equation to- the tangent at (A, &) is 

2(r/fe+yA) = ffi . , (1) 

Let this line cut the ellipse in the points P, Q, whose eccentric angles 
are 6 and ^ The equations to the normals at P and Q are 

"* _ -*.?L = a« - «», and -^ _ JiL = «» _ l*. 



coB$ Bin 6 cos(^ sin^ 

If these intersect in B, the coordinates of R are 

cos — !— r sm — ^^ 
a* — ^ 2 c^ - }^ 2 
. 75 :r cos^co80, — . 3 ::sindsin0, 

cos — — -^ cos — ^ 

.'. the equation to the diameter through B is 

by — ax . tan — ^^-^ tan ^ tan 0. 

Now since P and Q are on 2(a'it + yh) = ad, 

.'. it . tf cos 6 + A . bsmO = ^ab = X:a cos <^ + ^3 sin <^, 
.*. a^coarp — cos 5) = M(sin^ — 8in<j!)), 

2 sm — —-u sm — '—-^ 
. iA 2 2 _ ^ + (fi . 

2 sm — — -i^ cos — *—-^ 
2 2 

Again, by substituting the value of y in terms of x from (1) in the 
equation to the ellipse, we have 



x^ 



W ^ buy bA^ ^ 4A2 * 



. . if Xi, X2 be the roots of this equation, 

«2 - 4^2 fl«A> 



« cos B . a cos <^ » ari^Tj = 



a^i^ + bH^ 
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So bainB , bsin^ ^ yiy^ » 



4 ' tf 2^ + ^A** 



... tan^±* tantf tan^ = 1 . ^'f " ^^•^ , and m = ^d, 
2 a €^k — 4/<^ . h 

^ ^ ^(^^ -> ah) _ _ ^ 
" a ' a{ak - ^A) ^ a^* 

.-. the equation to 6!fi is 6s + ay '^^ 0^ which is a fixed diameter of 
the ellipse. 

7. Tripos 1878. Tuesday morning. No. 10. 



Papeb LXXVII. 
= 2(^3 - tfi)(tf3 - tfa) + 2(^8 - *i) (^3 - h)> 

...4/2/- (/2+/-A2)2 
« 4{(«, - «3) (^3 - b,) - («3 - fli) (d, - ^3)}2, 

from which we obtain the required result* 
2. Let be the centre of the inscribed circle. 



Then 



t--^:-. 



A 
cos- 

tf 2 


cos- 
A 2 

sm - 


sm rr 

OC 2 

0^ BiB?' 
2 


. B , 

sm-sm- 

cos- 
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So 



•' OA 


1 

0(7 


sin - 
2 

• '. 6' 

Bin ;* 

2 


« 


1 
a 


.^ . A 
cos - sm - 

. B . (J* 
sm - sm - 

2 2 


1 


1 

"~ • 
a 


A 

cos^ 

Bin- 


1 


• 


cos -. sm - 
2 2 


OB 


Bin ~ sm <r 
2 2 


1 


_ 1 
a 


A 

cos- 

. i? "" 

sm- 


1 
a 


A . ^ 

cos - sin ;7 

2 2 

. B . O' 

sm - sm - 

2 2 



... p8 _ p(/2 + «,2 + ^2) . 2//;/« 



cos^ - 

it 



j{l-(8m'^ + sin»f + ein.^?) 



sm^ - sm^ - 

— 2 sm -- sm - sm - } 
2 2 2i 

i 9^ ' %B ' C f . C , a . A . B\\ 
- n*2 " ''"^ 2 " "°2 r°2 +^"''^2 """gjl 

f A+B A-B A+Bf A+B, A-^B A+B\\ 

=....JcOS-^COS.-^-C08-^(^COS^+C08^--COS~2-j) 

= 0. 

3. Let E, F, G, H, K, L be the middle points of BO, CD, BB, BA, 
AC, AD. 

Then EA^ + EL^ ^ 2EZ^ + 2I)L\ 

.'. AEL^ = 2EA^ + 2ED^ - 42)X« 

= AB^ + AC* -- 2EC^ + DB^^ DC^^ 2EC^ ^ JLO^ 

:= AB^ + AC* + BB^ + DC^ - AD^ ^ BG^. 

So A.HI^ ^BD^ + AC^ + BC^ + ABI^ -- A& -- CB^ 

and WK^ =^ AB^ + CD^ + BC^ + AB^ - Blfi -- AC^. 

.*. by addition we obtain the result required. 
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4. From Sdr^w iS'T" perpendicular to the tangent at P, and produce 
SF to meet the directrix in J), Let i>§, DQ^ be the tangents from D, 
Then since D is on the directrix, QQ^ passes through the focus, and is 
perpendicular to HD. .'. the tangent at F is parallel to QQ^. .*. J>P 
passes through the c autre. 

5. Tripos 1875. Wednesday rooming. No. 12. 

6. Let P be the point, and FT the direction of projection, FSF a 
focal chord and PJV, FK horizontal and vertical lines through P. Let 
TFN= a, F'FN = ft and let v be the velocity of projection, and t the 
time of flight from P to P, P being further from the directrix than P. 

Then pp = ?!.\ sin (a - /3) cos a 

g * cos^/S 

and a - /3 = PPT = TFK = | - a, 

_ 2i7 sin (a — /3) 

^ COS0 

/ 2PP sin (g - b) ^ f^VF 
^ £fGOsa ^ g 

= time taken to fall from rest through FF', 

7. 1st Geometrical Method. 

Let A be the vertex of the triangle, S the fixed point in the base BC. 
Draw SB and SE at right angles to AB and AC. Then BB is a fixed 
straight line. Let any circle through A and S. cut AB in L and iV^ 
Let ZiV cut EB in ^, and join SM^ SA. 

Then since circles will go round ALSN, and ABSE, 

.-. the angle SNM = ^^X = ^^if. 

.*. a circle will go round SMEN. .'. the angle SMN = JSEN = a 
right angle. Now S is b. fixed point, and the point M always lies on 
the fixed line BEj and SMN is a right angle, .*. XiV envelopes a parabola 
of which S is the focus and BE the tangent at the vertex. 

2nd Analytical Method. 

Let the equation of BC be as '^- by = 1 

and the equation of ZN be or + fiy = ^ 

„ „ of AS he ^ = 't ^ r. 
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Then the eqaation to the circle round ALSN is 

*^ + y^ + 2:ry cos w "i- = 0, 

/. the equation to LN is 

(of + ^y) (/iS + ma) - rafi = 0, 

or ahn^ + P'^ly + afi^lx + wy - r) = 0. 

/. the equation to the envelope is 

(Ix + my — ry = Unwy^ 

or six + V wy = v r, 

which is the equation to a parabola touching the axes^ the distances of 

T T 

the points of contact from the origin being -r i *" • 

/ m 



Paper LXXVIII. 



1. 220 = 2 . 2 . 5 . 11. 
.•. the aliquot parts of 220 are 

1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 110, and their sum = 284. 

284 - 2 . 2 . 71. 
.-. tlie aliquot parts of 284 are 

1, 2, 4, 71, 142, and their sum = 220. 

2. Pat each of the given expressions = X. 

Then ax + ^/ = X (1) j ex + dy = X^ (2) ; ex +fy = X^ (3). 
From (1) and (2) x{ad - be) =» \{d - ^X2), y{ad - be) = \[a\^ - c) 

.*. if for X we write VXr, x = — Vifc. 

ad — be 
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To find k^ we must sabstitute the valaes of w and y in (3), 
.*. {ad — bc)\^ «= ex{ad — be) '\-fjf{ad — b^ 

= e\{d - b\^ +/X(aX« - c). .% either X = 0, /. a: « 0, y = 0, 
or (tfi - 3tf)X* - (/« - d^)X2 +/? -de^% 

or (fli - ^tf)it8 - (/« - ^tf)^ +/<? ^ flfe = 0. . . . (^) 

Let tf = 7, ^ = - 11, <? — 1, rf «= 1, tf = 1, /= 9. 
Substituting these values in {A) we have 

18^ - 74>t + 8 - 0, .-. ifc = 4 or J, 
.-.r = 6 or J5P5 ; y = 3 or - ^. 
Again, * - y = X (1) ; 4a? - 6y = X«+i (2) ; 3ar - 2y = X2ft+i (3). 
From (1) and (2) r = X(6 - X»), y = X(4 - X«) . . . . (i?) 
From (3) X2«+i = 3X(5 - X») - 2X(4 - X«), 

.'. either X = 0, .•. or = 0, y ■■ 0, 

or X2« + X» - 7 = 0, .-. X« = — ^ =^ ^-^ 

from (jj?) we obtain the values of x and y. 



2 



3. Let Ai By C be the centres of the three circles which touch 
externally, fi, r^ r^ their radii, F the centre of the circle whose radius 
is jB. 

Then A ^^C = JP(7+ CPA + APB . .... (A) 

.', using the formula S «■ V*(« — «)(# — A) (# - c), 
^ABC-=- ^rir^r^ {r^ + r^ + r,), /^BFC= ^r^r^R (r^ + fj + i2), 

A ^i"^ = ^^^3^ii2 (f3 + fi + 72), A ^i"^ = VfifaiJ (ri + rj, + JK), 

.*. substituting in (^) and dividing both sides by r^r^r^JRi we obtain 
the result (1). See also LXVIIL, 3. 

Now let the angle BBC - a, CPA - ft APB = y, /. o +^ + y = 27r. 

.'. cos* a + cos^/S + cos'y — Scoso cos/3 cosy « 1, . (i?) 

Now cos a = (^'+^)'+('- » +^)'-fr »+'-'-)' = g+ig(r.+r,)-r,r, 

2(r,+iJ)(r,+5) (r,+JJ)(r3+A) 
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^ 1 - 2X.^+A where X = , ^j,sr''T,Af ^ /.^ ' 



and similarly we can obtain 



^=.1 -2X-^±i^^co8y = l -2X^±^' 



'"a ^3 



Substitute these values in (B), and denote by S (r) the sum of the 
expressions obtained by giving to r in succession the values 

^i> ''2> *'z* 

.,1-3-4X2 (^') + ^^l±S)* 

- 2 1 1 - 2X2f^±r) + 4x«s(^^ + n)(g+'-») 

( \ r / Tiro 



)(ig + ^ 



„ Qyj liIi + r,){R + r^)(It + r,) } ^ 



^ r ^^ /"ira 

/. 3 +2222 (^) + i2*S (i ) - 2 1 3 + 2i22(l) + B?2 (— ) | + 4=0, 

Again, the area of the triangle BFC can be written in either of 
the forms 

i^(r^ + r^), or ^r^r^tiir^ + r, + JR)\ 
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Similarly id'{r^ + r^) = ^^wS^T^Vf^ 

■•• a 'f)-M^ ^^^±^^"- x/s3±j} . 

Now the expression on the right is equal to 1 if 

^ It '^r^^ ^ ri 

'*' ''2''3 ^ fgrg fgri rirg fi 

■*•' '1 ^2 '^s ^ r2r3 r^Ti riVi 

which we know to be true, 

. d d' _ 
• . — — ^. 

4. Let E, be the radius and centre of the circum-circle, 
fa, Oa „ „ escribed circle. 

Then OOa^ = iZ^ _j. ^Rra. Now OaP.OaQ = square of tangent from 
Oa to the circum-circle. 

.-. OaF.OaQ = OOa^ - 1^ = 2Rra \ and OaP = ra .-. OaQ = 2i2. 

t5. Let be the orthocentre, i), Ey F the feet of the perpendiculars on 
the sides from A, B, C. On BC take BP =* CZ). On CA take JQ = CE. 
On ^5 take ^i2 = BF. Then /*Qi2 is the triangle required. For it is 
easily proved that the perpendiculars drawn from any point in the 
diagonal of a parallelogram to two adjacent sides are inversely propor- 
tional to the sides to which they are drawn, and conversely, any point 
from which perpendiculars drawn to two adjacent sides of a parallelo- 
gram are inversely proportional to the sides must lie on the diagonal 
through the intersection of these sides. 

Let S be the circum-centre, A'j B', C the middle points. 

t This solution is by the Rev. G. Eichardson, T^nchester. 
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Then :^ « ^^ = ^^from similar triaDgles BFO, CEO, 
Aq CE CO 6 » > 






ff fy BOCf E'SC* 



. •. S must lie on the diagonal of the parallelogram of which AEj AQ 
are adjacent sides^ and /. SA bisects the other diagonal QE, Similarly 
for SB, Sa . 

6. Join PQ meeting the axis in JV, and draw the ordinates QC, NE» 
Then AM . AC '^ AN\ Bes. Barab. Prop. xxi. 

But PJP = ^AS . AM, qC^ = 4.AS . AC, B!m = A AS . AN, 

.'. PM^ . qC^ = B'NK .-. Bfl^ = PM.MV ^ ME\ 

.*. B! coincides with E. 

7. Tripos 1875. Wednesday morning. No. 13, 



Paper LXXIX. 



1. Let JV denote the number of pounds which B must pay per month. 
Then the total value of B'^ payments to A at the end of 12 months at 
3^ per cent 

" ^^^ + 100^ 12 ^"^• 

Now the total value at the end of 12 months of the money which A 
has paid to his landlord 

and one-tenth of this = £4 1«. 

.-. 12J8 J\r = £44 ll«, .-. N = £3 12«. lljjgd 

2. a + b + c + d^O, .\ {a + b,^ ^ - {c + d)^, 
... = (tf + 6)3 + ((? + Sf 

= ^ + ^3 4.c» + (i3 + ^[ab{a + b) + cd{e + i)] 
= a3 + fr'» + c3 + ^_ ZJ^abic + d) + ed{a + b)\. 



1 
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... (fl3 + i^s 4- c» + (f3)8 = c^^dcd + eda + dab + abcy. 
Again, 0^(a + 6^c + d)^ 

= ^2 + ^2 + ^ + ^2 + 2(ab + ac + ad+6c + 6d + cd) 

^ a^ + b'^ + (? + d^ + 2{ab + cd + (a + b) {c + d)}, 
.\ {be - ad)(ra - bd){ab — erf) 

« «2d2(^ + rf2) + ^rf2(fl* + *^) - «*tfrf(<5f' + ^2 + ^ + ^) 

= «8^(tf2+ rf2) + ^2^2(^8 +b^ + abed . 2{fl^ + erf + (« + b){e + rf)} 
= a«d2((? + rf)« + c*rf3(tf + *)« + 2abcd(a + b){c + rf) 
= {ab{e + rf) + <?rf(tf + i)}«. 

3 Tripos 1878. Thursday aftemooiL No. 2. 

4. Tripos 1875. Wednesday morning. No 15. 

5. Tripos 1875. 2nd Monday morning. No. 2. 

6. Let CR = m.CP. Then the coordinates of Q are ot» cos 0, w3 
sin ^. Let (, 17 be the coordinates of the point of contact of one of the 

tangents from Q. The equation to this tangent is -? + t! = !• Since 
it passes through Q, we have 



^ _ ^ma cos <^ , rimb sin <f> 

^ - ma cos <^ + £ «» sin 6, 
tf 

.•. I = (1 -^ m sin <^ ) 

tf f« cos 9 V J 



Since (g, ,,) is on - + -^ = 1, 



••• ^= /-2+ 2 ^ 2^ ^ - ?«8in« + 2»i2Bin2^) 
%•. i72»*« - 2i;«iA sin ^ + ^2(1 _ «2 cos^ 0) » 0, 
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= 6 {sin d) . -±co8<6 ./i- Jil 

= d jsin 4> cos f cos" — - j db cos <f> sin f cos" — j] 

a= sin <9 ± cos T^r 

Similarly it may be shewn that 

^ - a cos |(/> ± cos ~ — I . 

7. Let » denote the weight of each pulley. Since there is 
equilibrium, 

I^®* /j f^f/iffiy • • • /• denote the accelerations of P, W, and the 
pulleys beginning with the highest. Then by considering the spaces 
moved over in the same time, we have 

/»=/,/«-! =2./ . . . /x = 2»-i/,/=2«/. 
.'. the kinetic energy of the system at the end of time i 

= J/2^ {22'*F + ^' + i (2» + 1)(2« P - r)} (2). 

Now the work done by gravity upon the system in the time i 

= i/^^(2~p - r' - 2«p + r) (3). 

.*• equating (2) and (3), and remembering that / = 2»y^, we obtain 
the result required. 
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Paper LXXX. 

1. Put each of the given expressions = X. 
Then X = P_^stlQ^k±I^ 

where A = p(«* + ^aHc + h^c^) + 2q{(^b + ah^c - aH - alh) 

= 2?(fl2 + bc)\ 
Again X = ^^ + ^(^^ - ^') - -^^^ 

where 2)j = /7(«5<? + ab(^ - a^^ - ab(?) + (7{2«2^<; + (^e? - a^^ + 2«2^^| 

+ r{al^e - ab^c + tf^^ - aH) 
= ?(«« + bc)\ 

Also X = ^^-^g^^ + ^^' 
where Dg = ;j(tf2c8 - 2a^(^ + a^^) + 2q[ab(? - ab^ + ah - cr'tf) 
= r(«2 -1- dtf)2. 



Ptf2 + iqab + i2^^ P«<7 + <i{J)C - fl2) _ jvah 
— r 

2. The number of ways is evidently the number of combinations of 
4m things taken 2m at a time, when there are m alike of each of 4 sets. 
.'. Todh. Alg, Art 811, the required number is the coefficient of ar^m in 
the expansion of 

1 — j'm+l 1 — ar»«+i 1 — ir'"+^ 1 — ar»»+l 
1-ar l-j: 1— ar 1— ir* 



/I - ar^+lV 
SB coef. of ar2w in I , ) , 

\ \ — X I 
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= coef. of a:2»» in {l - 4p»»+i +....} |i + ... . 

m{m + l){m + 2) ^^_, (2m + l)(2/« + 2){2m + 3) ^,^ \ 

"^ |3_ |3 T • • • j 

_ ( 2m + l)(2w + 2){2m + 3) _ . ffl(»i + l)(w + 2) 

13 -'• i3 

= ?L±J |(2»i + 1)(2«» + 3) - 2m(m + 2)} 

= i(« + 1)(2«»* + 4»» + 3). 
3. Consider the expression 

If we equate it to zero, it is satisfied by » = i. ,\ a — b is & factor. 
Similarly b ^ c, c -^ a are factors. 

.*. the expression z (^ ~ ^)(^ "~ ^)(^ ~ ^) {-^(^* + ^ + <:*) 

+ B(bc + ca + ab)}. 

Equating coefficients of corresponding terms on both sides we find 
J = 0,JB ^ - 1, 

(a - b)(b - c)(c - «) - {be + ca + ab) (C). 

Since this is true whatever be the values of a^ by e, 

let <j =a ^, d =s efi*y c = «r', 
.*. flr - d = cos a — cos iS + » (sin a - sin /3) 

sm " ^ ■■ sm 7^ ^ + 2» sm — — ^ cos T^-- 
2 2 ^ 2 2 

s 2t sin — —^ f cos — ^ + t sm — ^ j 

« 2t sm — — ^. d-T^**. 
2 -* 

Sotf« - ^2 « 2< Bin (o - /3) . «(•+/»>, 
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tf8(^g - e^ 2» sin (3 - y) . (KB'+^+yy 

2 2 2 

^ __ sin (/3 - y)e^ 



a — B . Q — y . y — a 
sin — — ^ sin ^-~ sin ^-^r— 
2 2 2 



/. from (C) we have 

S {sin (fl - y)e^*} ^ ^j^^.,,,}^ 

4 sin -TT-^sin^-— -isin ^— 
2 2 2 

.*. patting e^** — cos 2a + »' sin 2a, &c.y and equating real parts, 
we have 

2(co8 (a + /3) + cos O + r) + cos (y + o)} 

cos 2a sin (/3 - y) _ cos 2a cos }(y - 3) 

2 sin ——-IT sm ^- — ' sm i--— sm ——' sm i— — 

2 2 2 2 2 

_ cos 2a cos \i(a - 3) + i(y - «)» 

= i 

. a — j3 . y — a 
Sin !- sm S: — 

2 2 

■= 2 cos 2a{cot i('y — a) cot i(a - /3) - l}. 

By transposition, we obtain the required result. 
The problem might be solved more directly as follows. 
Let ar = cos 2a sin (fi - y) + cos 2/3 sin (y - a) + cos 2y sin (a - /3), 
and y = sin O - y) + sin (y - a) + sin (a - /3) 
s= — 4 sin i(/3 — y) sin i(y - a) sin i(a - 3). 

Todh. 7W>. viii. Ex. 3. 

. •. s — y cos 2y = sin(/3— y) (cos2a - cos2y) +sin('y - a) (cos 2P - cos2y) 

= — 2 sin O - y) sin (a - y) sin (a + y) 

— 2 sin (y - a) sin (y - ff) sin (fi + y) 

« 2 sin O — y) sin (y - a) {sin (a + y) — sin O + y)} 
■■ 4 sin (/3 - y) sin (y - a) sin J(a - /3) cos 4(« + i^ + 2y) 
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«= - 4y cos JO - y) C0Bi(y - a) COS (°^~^ + y) 

= - 2^{C0S J(/3 - a) +C08(?i? - y)|cos(?^^+y) 

= - y {cos (/3+y) + cos (7+0) + co8(a+/3) + cos2y} 
.\ X - y {cos O + y) + cos (y -f. a) + cos (a + /3)}. 
From this the required result follows as in the previous method. 

4. Let JUBOV he the given quadrilateral, and let Ay J?, Q 2> he the 
points of contact of the circle with j£B^ A'ly, C'U, BC'. Let AG and 
BD intersect in 0. Then the angle BDC « lyBC, and ABD = BAD, 

.'. BAO + ABO = i(ir - ZX) + Jf^r - B) ^ tt - i{B + B) 
s= TT — -, since a circle can be described about A BCD 

.', AOB is a right angle. .'. AC and BD intersect at right angles. 
Now let K, X, M, N be the middle points of AB, BC, CD, DA, Then 
KL and MN are each of them parallel to AC, and JTiV, LM are each 
parallel to BD, .*. KLMN is a rectangle^ and a circle can be described 
round JT, X, Jf, iVl 

Let Oy I be the centres of the circum- and inscribed circles of 
AlBC'B, Join A I meeting the circum-circle in B, Then since A'l 
bisecfcs the angle BAD, .'. ^ is the middle point of the arc BB, 
Produce EO to meet the circle in F. 

Then r = A'l sin "L r = C'/sin % = C'lco^ -£, for ^ + C = «r, 

.-. A'l.IC ^ 2f^cosec^'. 

Since i* is the middle point of the arc B'B, .\ CjP bisects the angle 
BCD and passes through /. 

.-. AI. IE = CI. IF - iP - §2. 
Also AC = 2jB sin ABC - 272 sin AEC = 2i2 -^'^ 



and BD = 25 sin ^.^'iX = 



EI 



AI. 10 



.,AC.B'D==^'^ '^'^ 



AI. IE Br^b^ 

P 2 



Now A'F = 



So OP 
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Again, let A'^ = a, BC = h, GB = <?, 1>A = d. Let ^'6", ^'7/ 
intersect in P. Then the area of ABCU 

— l—r^j • -Di ^'^abcd 

— Nabed, ,\ sin ^ = -7— — ^' 

ab + ca 

g sin ^Biy _ ad sin ^ 
sind ~ -^'C^'sin^ 

^ dff sin B 
"■ A'CBinB' 

.'. (^+^^^)/^^^ ^ AV{A'P + P^) = A'C^ 
sm ^ 

_ {ac + ^i) ( g^ + ^g) 
~ «A + tf^ 

. ^ tfd + c<f . D 2 tJabcd 
... sin ^ = — X_^ sm ^ = ■ -, 

2 A _ (ac + bd)^ - Aabcd _ fac ^ bd \* 
•'• ^^ ^ iac + bdf "" \ac-\^bd^ ' 

,^,^6 1 - cos^ *^ abed S^ 
If /?<? > bd, tan^ - = ,--n a — "' "^ 1 — \2 ~ 7 — r* 

^ ^ 6 ac abed S^ 

If ^< Wtan^ - « - = — = _. 

n^- 90^ ^= 45% 

6. Let QO meet Q'G^' in P, and let CD be conjugate to CP, 
Then $P . Pq ^ CI^^PG. PG'. •'. QP : PG :: P^' : P^, 
.'. the triangles PQ^, I^G't^ are similar. /. the angle PQF = P(?'P. 

.*. a circle will go round PQG'F, 
/. the angle G'FQ = G'PQ = a right angle. 

6. Since the parabola passes the origin, its equation is of the form 

{ax + pyy + Igx + 2^-0. 
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The equation to the directrix, Salm. Con. p. 269, ia 

t^P -fa) - yc^fi -/a) = i(/* +/) . . {J) 

If y = 0, or = or -%,.-. - {=h. 

a* or 

If -P = 0,y = or - 1^, .-. - -^ = k. 

.-. ffP -fa = afi(8k - aA);/^ + ff^ = M^ + p*k\ 

.-. (J) becomes 2aP(fiA - aA)03ar - ay) = aM^ + /3*A« . (B). 

The equation to a straight line through the origin perpendicular to 
this is 

oir + /3jf = 0, .-. 11^ = ? (O. 

. *. eliminating a and between ( j?) and (C) we have for the locus 
of the intersection 

By Salm. Con, p. 196, the equation to the axis is 

4- fl„ = - qy + <y of*+j3^ 



ax 



or y — - 7z^ -r 



P a2 

3 



.1 + 1 



:= mx — — — ; — S-, where «» = -^ ^' 
1 + «i'» P 

7. Tripos 1878. Tuesday morning. No. 5. 



Paper LXXXI. 



r-l 

1. Lety = ar^ = x . x , x . . . to jd*"-! factors. 
Since x is prime to p, ,\ y is prime to p 

.-. yP-i = 1 + j!f(;,). 
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2. Let C be the centre of the circle, and produce CO to meet the 
circumference in J. Let FiOJ = o, PiOF^ = ^ = PtOF^, &c., 

Then i^ = 2ir. 

CPi« - (702 + OPx* - 2(7d? . OPi cos COFi. 
fl> = ^ + OPjS + 2b . OPi cos a. 



• • 



.-. (tf2 - ^ ^ „ OF^ + 2bcoBa. 
So (a« - i«) ^^ - OPj + 26 cos (a + /5), &c., 

.-. OP, + op,+ . . . + oPn - («« - ««)(^^ + oF "•" 

where iS' = cos a + cos (a + /3) + . . . + cos {a + n ^ ip) 
= sm^a + —^pJBin ^cosec^ 

3s 0, since sin ^ = sin ir = • 

3. Produce JO to meet the circle round JBC in I). Make the angle 
JFG « -42)^, and uiFH = ^i>a Then circles will go round BDGF, 
CDHE. Then AOF == ^^i) = sup. of ACD = sup. of JHR ,\ FG 
is parallel to HE, .\ AH = 00. .'. BA.AF^BA, AG, 

and CA.AE^ LA.AH = DA. 00, 

.-. FA.AF+ CA.AB^ DAUG + G^O) = DA.AO = ^0»+ ^0. Oi) 

^AG^ + BO.OC. 

4. If we project the ellipse into a circle, the inscribed triangle is 
equilateral, and the sum of the squares on the sides is equal to | X sum 
of the squares on two diameters at right angles. In the ellipse the 
diameters corresponding to these are conjugate, and the sum of the 
squares on two conjugate diameters is equal to the sum of the squares 
on the axes ; hence the theorem. 

5. Draw FN and RM perpendicular to the axis, and B^ perpendicular 
to AZy and let the normal meet the axis in G, 
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Then AM : AS :: BZ : ZS 

\: BP :PG 

wMNiNO. 
Now Na = 2AS, .-. MN = ^AM, .\ FZ = RZ\ 

6. Let the first resultant make an angle <^ with the direction of P. 
Then in the first case 

i22 = P« + Q» + 2Pq cos a (1) 

and ^ ^^^-^ (2) 

sin (a — <t>) sin «^ sin a 

In the second case, 

P + B ^ Q-¥R /.x 

sin (a - ^ - <^) sin ((9 + «^) ^ ^ 

From (2), - sin a = sin (a — <^) 

-— *— -I-"' 

. P •¥ Q cos o 
.*. cos <f> — L-^ » 

.'. cos (a — <^) = cos a cos <^ + sin o sin <^ 

— -^ ^^^ " + Q 

From (3), (P + J2)(sin 5 cos ^ -f- cos 6 sin 0) 

= {Q-\- B) {sin (a - <^) cos 6 — cos (a - <^) sin 6} 

.-. ~ {{B -{• B){P + qcp^a) + {q + B){P coBa + q)] 

= ^(e + i2)Psina - (P4 B)qBina] 

ii5|P -f- Q + (P + §) cos aj + p2+C2 + 2PCcofia 
P + Q + -S + (P+®C08a -^ ^ ^' 
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« 

7. Let A be the highest, the lowest point of the vertical diameter, 
B any point on the circumference. Draw BB perpendicular to AO, 
and make the angle BOP = BO J, producing AB to meet OF in P. 
Draw FK perpendicular to BD^ and BS perpendicular to OF, 

Then since the velocity at is due to height OJ), BD is the directrix 
of the path described. Since BO is a tangent, the focus is in OF. 
Since OS = ODj S is the focus. 

The triangles OBF^ OB A are equal in all respects, as are also BKF 
and ABD ; and 08 ^ OB, .'. 8F =- DA ^ BK, and the angle SFB = 
KFB, .'. P is a point on the parabola, and BF is a tangent 

Since OF = OA = const, the locus of P is a circle, centre and 
radius equal to the diameter of the given circle. 



Paper LXXXII. 



, «(»-!)(»- 2)(« - 3) ^ , 
+ (4 )+••• 

_ (» + l)n . («+lK». -!)(»- 2) , 

2. Let -4, -B, C, 2), ^ be consecutive angular points of the polygon, . 
and let BD meet AC in M and ^(7 in N. Then the angle ^6?Z? = 
BAG = -Bi>^ = CBD, ,\ MB = ifa Now the angle BCD = 

* ^^TT, .-. ilf567 = If 05 = -. Similarly DCAT = ]^DC = -• .'. the 
n n n 

triangles BCM, CDN are similar ; and BC = CD^ .*. the triangles are 
equal in all respects. .'. if a denote the length of AB, the required 
area = area of polygon — « X triangle BCM 



sz —r- cot 



9 • 9 W" 

fur sin* - 



4 n n -2 

2 sm TT 
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s= — -CQt - — 

4 n 


olt 

2 . 27r 
sm ^ 




ft 


= ^' (cot 1 
4 \ n 


-tan'-) 


— cot — • 
2 » 





3. Draw ^2) perpendicular to^Cl Then circles will go round AFDC 
and JJEDB. 

,\ BF,BA =^ BD.BC, and CE, CA = CD.CB 
,\ AB,BF+ ACCE ^ BCiBD + BG) = BC^^ 

4. Since the angle BBC is the supplement oi Ay ,\ the circles round 
BBC and BAG are each equal to the circle round ABC, 

.'. A'B = FP^^ C'B = R. 

.', B is the centre of the circle^ round ABC\. 

Since AB = ^'Cand B^B = BC, we have two isosceles triangles on 




. * , ricrht anffli 

BG\ .-. is the orthocentre of ^'5'C". 

Since the circles, centres A and C", are each equal to the circle round 
ABC, ,-. CA! = 6!5' = CO, .-. (7 is the centre of the circle round 
A!OB, Similarly it may be shewn that A and B are the centres of the 
circles round BOC, C'OA\ 

Consider the triangle BBC. Its orthocentre is A, and the centre of 
its circum-circle is A'. Since AO = A'B, .*. AA' bisects OP. .*. the 
centre of its nine-point circle, which is at the middle point of AA! is 
also at the middle point of 6?/*, and the radius = \A'P = ^R, ' 

Consider the triangle BOC. Its orthocentre is AH, and the centre of 
its circum-circle is A. .*. the centre of its nine-point circle is at the 
middle point of OP, and the radius = ^AO = \R. 

Consider A'BC. Its orthocentre is 0, and the centre of its circum- 
circle is P, and radius = A'B = R. 

.'. the 8 triangles have the same nine-point circle. 

5. In general five conditions are required to dfetermitoe a conic. Since 
the focus is the pole of the directrix, the focus being given is equivalent 
to two conditions, and only one ellipse can be described having its 
focus at a given point and touching the sides of a triangle. 
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Let jLBChe a triangle, P the orthocentrey and JVthe centres of the 
circam> and nine-point circles. Then the angle OJB « PAC, each 
being the complement of ACB. .*. since AB and AC are tangents, we 
see that if either or jp is a focus, the other is also, and the centre is 
at Nf which is the middle point of OP. Again, since the centre is the 
pole of the line at infinity, the centre being given is equivalent to two 
conditions, and .'. only one ellipse can be described touching the sides 
of a triangle, and having its centre at the centre of the nine-point 
circle. .'. by the converse of the first case, the foci are at 
and P. 

6. Let Oy (/ be the centres of the small and large circles, C and D 
their points of contact with the beam, A and B the points where they 
touch the plane. Produce BA and DC to meet in H, Then AHC = a. 
Since the circle is in equilibrium, and is acted on by forces at A and 
C, .'. the resultant force on the cylinder acts at C along CA. .*. the 
resultant force on the beam at C acts alonff AC. Similarly the resultant 
force on the beam at D acts along BB, which is parallel to CA. .'. if 
E be the middle point of the beam, BF perpendicular to AB, and EG 
parallel to AC or BB, the resultant of P and W acts along EGr. 

P sin PEG sin PEG sin PEG . ^„ ^ a 
,*, _ SB as ss s=s tanPEG = tan - 

W BinGEP mnEGB anPGE 2 

for 2EGP =« «r - o. 

7. Let the tangent at P meet the tangent at A in T. Join SF cutting 
the curve in Q. Then JSF bisects the angle ASP. .'. ASF = 60^. 
Draw the ordinate PM, and join AP. Then PM «= 2AF. The parabolic 
area AQP = i the triangle AFP. (Bes. Con. p. 162.) 

.*. parabolic area ASP = parabolic area AQP + triangle ASP 

« i AFP + ASP 
=^iAF.FM+iAS.PM. 

Now PM = 2AF - 2AS tan 60<>, 

AM « ^^ - ^.y. tan^ 60^ 
^AS 

.-. parabolic area ASP = JS^ (tan 60" + i tan' 60°) ^ AS^2'J3. 
So „ ASp^ JS^(i3,nZ0' + iifin^3(P)^AS^.^^ 
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And time in AP : time in Ap :: area ASF : ASj^ 

10 



9 



9V3 
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1. Let X denote the rateable value of the University. Then ^ is the 

4* 

amount it pays. .*. the amount paid by the town » -^ and the rateable 

value of the town » 8X| .*. the rateable values are as 1 : 6. 

«wi X X 2jf 

The total amount of rates paid «= ;-. 4. -- rs ^ • 

The total value of rateable property — jr + S^r « 9^?, 

.'. the average rate is £^ in the £. 

.*. in the £ the University would save £ (J - ^r) * i . 9- « { of 
their present payment. 

2. (1) = ^(6»6 + 16«* + 10«3 - »). 

By trial we find that this is integral when » s 1> 2, 3. Suppose it 
is integral when n *= p. Then writing jd + 1 for i» in the expression 
and subtracting its value when n '^ p^we have 

^ |30/;* + 120/^3 + 180p« -f 12C|p + 30], which is integral. 

.*. if the expression is integral for any value of «, it is also integral 
for the next consecutive value of n. Now we know it is an integer 
when i» B 3, .*. it is an integer when i» =« 4, .*. by induction it is 
always integraL 

(2) - ^ij(2«« + 6«« -'r 6»* - ««). 

By trial this is integral when « => 1, 2, 3. Suppose it is integral 
when n = Pf then as in (1), the difEerence of its values when n ^ p 
and « = j» + 1 is 

^12;?« + eOp* + 120p8 + 120p« + 60j5 - 12), which is integral. 

.'. as before, the proof follows by induction. 
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3. Let be the point of intersection, 0, JT, K the feet of the 
perpendiculars on BC^ CA, AB. 

Then GK = OK ^!° ^^5 = OB sin J? = | JJiFsin^. 

sin OGK 

Similarly GH ^iCF^inC; FE = % AD sin A 

Also (9Jr= 0^sin(?^X« f ^^.sin^^X= i^sin^ = J^rsini?. 

Similarly OH^lcsmA = Jtf8in(7; 0(? = i^8in(7= t<?sin^. 

.-. area of triangle GEK « ft(tf* + i^ + c^) sin ^ sin B sin (7. 

. ^ FG. GH\ HF 8 AB.BE, CF^^^ . . „ . ^ 

.V i2 = = — . • , ^^^^ sm ^ sm B sm 6 

A:./^FGH '11 4.A^GE 

^ 4 AD.BE.CF 

a «» + ^ + c*' 

4. Let the chord through S cut the iiiner curve in P, j5 and the outer 
in P, j3'. Let the tangents at P, /? meet- in R, those at P, p* in iZ'. 
Produce Pi2 to meet p'Bf in J, and produce p£ to meet F'B! in ^'. 
Then since tangents at the extremities of a focal chord intersect at 
right angles on the directrix, /. BTBIT* is a rectangle. Since SB and 
SB^BXQ perpendicular to the chord,. /. UBH passes through S. Let TT' 
and RB! meet in P, and draw PK' perpendicular to the directrix of 
the outer parabola. 

Then the angle FTR = T'EF = T'Bir, .'. TT' is parallel to the 
directrix; 

5. Let the tangents at A and P- meet in T, Draw PP, PP, BF 
perpendiculars on TA, TB^ AB, Similarly draw qU^ QF^^ QF' per- 
pendiculars on the same lines. Then by Casey, p. 83, 

BF^=^ BB.FB; qF^ = QBf . ^'. And PD = QBt. 

FB FF^ FR^ 



qw '(8P'2 qB? 



from similar triangles. 



Similarly, if FGj Qtr' be perpendiculars on the tangent at Cy we 

, „ , FG FS^ 

shall have -— —. = --— . 

QG' QS^ 

. / PP. P^y Y' = i^^' -P^ ^ PJif' 

*''\qR.Qs) qE'.qG' qN^' 
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*6. If two heavy particles be projected in the same vertical plane at 
the same instant from two given points A^ B^ with the same velocity 
u in directions u^Q, BQ^ and meet at the point P after a time t^ then it 
FQ be drawn vertically upwards and equal to h^fi, it follows that if 
gravity did not act the particles would pass "through Q at the same 
instant. This requires AQ ^ ut =^ BQ, .*. the directions of projection, 
viz. A^, BQ are equally inclined to AB, and .*. the sum of their 
inclinations to the horizon is const. Again, let A, B be the two points 
of projection, and let AB = 2a, Bisect AB in E, and let Q be any 
point in the line through B at right angles to AB, Then if « be the 
velocity of projection, AQ ^ ut ^ BQ, Draw QP vertically down- 
wards and = ifffi. Then we require to find the locus of P as Q 
moves along the fixed line BQ, 

Through B draw BN parallel to QP and FN parallel to QE, 

Then QFNB is a parallelogram. 

Then AQ *= «^, .*. AQ oz i since n is constant 

And QP = i^^, .-. e^ oc <2, 

.*. A^ CO QFy ,', A(^ =« \QF where X is some constant 

On BN take a point such that \.0B^ AB\ Then O is a 
fixed point. 

.\A<^- AB^ - \{QP - OB), 

.\QE^ = FN^^\.ON, 

,', the locus of P is a parabola having ON for a diameter, i e, a 
vertical line through the middle point of AB. The ordinates to that 
diameter are perpendicular to AB, 

7. Draw AD at right angles to BC, Since the resultant passes 
through the circum-centre and the orthocentre, the sum of the moments 
of the forces about each of these points will vanish. 

If p be the radius of the circum-circle, the perpendicular from the 
ciixjum-centre on BC = p cos A, 

The perpendicular from the orthocentre on BG = BD cotC 
as e , cos B cot Cy 

BB -: — - cos B cos C, 
BinB 

.',FcoaA+QcoBB + RcoBC=0. . . . . (1) 

Pcos^cosC-f- ^cosCcos-^ + -Rcos-icosP = 0. . . (2) 

From (1) and (2) we at once obtain the required result 
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1. This may be shewn by ordinary multiplication, or may be proved 
as follows. 

Denote the given expression by J. 

If for b we write 0, ^ = 0. .*. a - ^ is a factor of A. Similarly 
a — e, a ^ d, b — Cf b — d, e — d are factors. Now A is symmetrical 
with respect lo a^b and e^ and is of the 7th degree. 

.\A=:(a -b)(a-'c)(a-d){b-' e)ib-d)(e - d){k(n + b + e) + Id], 

where k and / are numerical constants. Now on the right we have the 
term kc^b^e^ whilst A does not contain any term which has one of its 
factors raised to the 4th degree. ,\ k ^ 0. And d is not a factor of A, 
.-. / = 0. 

2. Let^--4-. .•.^ + i^-a«0. .'.x^ -^±N/^_+4g 

b^ X 2 

We must obviously take the +ve sign. .% x^ = ^' + ^^"^ V^^ + 4g 

^ ^ %i^l^-y .•.5f2-(2fl+^y+«««0. .\y^-^ ^ ±—. 

,\ taking the -▼« sign, we have y = «*. 

3. Let 2) be the middle point of the base, and E the foot of the 
perpendicular from A on £0, Produce AT), AE to' meet the circum- 
circle in jy, W. Then if j» = ATJy u = AE; 



J-M)^ 



cos 



p sin ABU \ '2; 2 . a ^^.^-0 

.^ . = = 1. as , ,'. « = COS • 

AB Bin AiyB sin 6? sinC? ^ sin^ 2 

u_ ^BmACE^ jH^ "^^"^>} ^ co8(^-C0 .,« = ^?Lcos(i?-(7). 
AC BmAE'C BinB BinB sin^ "^ ' 

From these we can write down the values of q^ r, t?, to. 

.\ «« («> - r) = -v^, cos* (B - C) (co8(.i - 5) - cos ((? - ^} 
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a" 






{1 + cob{B - C) {cos (A-B) - cos {C - J)} 



(l + ^)(^,-Ca), 



where Ci = cos {B — C), Cg = cos (J. - B), C^ = cos {C — J). 
Similarly ^«(« - to) ^ ^ (1 + ^g) (^3 - ft), 

Sill ^ 

''^^ " ^'^ =" ^ <^ + ^^ (^ - ^2^' 
.% p2(«, - I?) + 5*(« - w) + r«(t? - «) = 0. 

4. Since ad is parallel to BC, .*. arc Crf = arc Ba = arc Ab, for -^0<x, 
j50d are diameters. .*. the angle dbC = JCb. .\ M == EC = Ef, 
since d6|/ is a right angle, being in the semi-circle bCB. .*. E is the 
middle point of bf; and O is the middle point of bB, /. OE is 
parallel to BC, 

5. Let /S' be the common focus, CL one of the asymptotes. Draw SD 
perpendicular to CL and BX perpendicular to the axis. Then since CL 
IB a tangent to Fj .'. JD is on the tangent at the vertex of P. But since 
CL is an asymptote, .*. Z) is on the directrix of if. 

Let It be one of the points of intersection, and let the tangent to P 
at B meet the axis in A\ Draw the ordinate EN, and let J. be the 
vertex of R nearer S. 

Then since i2 is on P, .•. SB = SJ'^ and J'X =» iVX 

Smce B is on JJ, .-. SB : JVX :: /^^ : JX 

.-. aS^' : A'Xi: SA : AX. 

,\ A' is the further vertex of ff, 

6. If C be the centre, TC bisects PQ and is .'. the direction of 
the resultant of the forces TP, TQ. .-. if C be fixed the ellipse will 
remain at rest 



7. The equation to the normal at P is 

as by 



cos <^ sin <^ 



= a^ -l^ {A) 



If B be the eccentric angle of the point Q where {A) meets the 
ellipse, the point {a cos^,.d ain^) will lie on {A). 
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, o^cobB b'^BinB _ jj ,3 
. . — — — ; — a — o , 

COB (f> sin 9 

... a^fi - £^) = «2 A _ «£.f Y 
\ COS <!>/ \ sin 9/ 

/. fl2 tan0 = b^ Bin - sin ^ _ ^ ^^^ ^ (^ ^ ^j 

cos ^ ~ cos ^ ^ 

/. «« tan (^ + ^2 cot J (^ + </>) = ^• 

Let (g, »?) be the coordinates of the middle point of PQ. 

Then f = ^ (cos ^ + cos ^) = « cos — ^t_r cos — ~ ^> 



V — r ^®^° ^ + sm 9) = sin — !; — cos — ^> 

.-. - = T cot — ^ = - s **^ 9» 
cos <^ sin (j) 1 

.'. substituting in (.i), we have 

gg V^6g2 _|_ ^6^2 ^ ^^^6g2 ^ ^6^2 ^ 

/. {b^f + a^^) (i2|2 + ^2^2)2 ^ a^^^^a^ - ^2)2 

/^2 ^2. 2 ,^2 yjx _ (^2 , y.)2 

V^a -T 1,2) y^ -T ^e) - «G^6 ^ • 



or 



Paper LXXXV. 

1. Let a, ic + I, y, y + I denote the digits. 

Then 10;r + or + 1 = y(y + 1), ,\ lU + I = f + y . . (1) 
andl00^+%+a?+l = 9(y+l)2,.M0U+10y+l=9(y2+2y+l) (2) 

By (1) 99ar + 9 = 9/ + %, 

By (2) lOU + 1 = 9y2 + 8y + 9, 

/. ar + y = 17 ; /. y = 17 - 2a:, 
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/. from (1) liar -i- 1 = (17 - 2x) (18 - 2x) = 306 - lOx + ix^, 

... 4^ _ 81ar + 305 = 0, .-. ar = 6 or i|i 
Taking the integral value, y = 17 - 10 = 7, 

.'. the numbers are 66, 78. 

2. Let a, i3, y, b be the vertices of the triangles described on the 
bases AB, BC, CZ), DA respectively. 

Produce aA and yB to meet in X. 

Then Z^8 = ^ - ^ ; d^i) = - ; X.^i) = ?7 - ^. 

2 4 4 

Similarly Xi)^ ^^JL ^ B; .'. AXD = A + D - -. 
C.72 = aA^2 ^ yX2 - 2aX.yXcosX 

= ^ + ^ - ac sin U + 2)) + ^X2 ^ 2)X2 - 2^X. Xi) cosX 

+ x/2^(^X - DXcoqX) + ^2c{DX - AX cos I) 

2 2 

= £ +^ _ tftf8in(^ + Z)) + J2_^ V2«^^osZ)^X+ ^'2cd cos ADX 

= 1^ + 1^ - flfcsin(^+Z))+fi?2+ V2ai?co8 {^ +^^ - V2^ieo8 ^^ -\-D\ 



a" . c^ 



- + ^ - acsm (A+D) +d^ + ad{smA'- co9A) + cd{s\nD - cosJ)). 

Similariy by producing aBy yCto meet in 7i we get 

2 2 
ay2 = |+2-tftfsin(^+67)+^2 + ^^(8in{7--cosC)+«3(sin5-cos^, 

.-. 2ay2 = fl^a + ^2 + ^ 4. ^ _|. ^^(sin A - cos ^) + r^^(sin B - cos B) 

+ d<?(8in (7 - cos (7) + ed{8in D - cos i>), 
and from symmetry, 2)352 is equal to the same quantity. 

3. On BC, CA, AB describe the squares BCLK, CANM, ABHG, and 
join GN, ML, KH. 

Q 
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Then GN^ ^ GJ^ + AN* - 2GA AN gob GAN 

= ^2 + tf2 + 2b€QosA « 2(*« + <P) - a\ 
Now if S denote the area of a triangle whose sides are a, b, c, 
^ S* = 2&^c^ + 2(^0^ + 2aW - «* - ^* - c* 
= (tf2 + ^2 + ^)2 _ 2(a* + ^* + ^), 

.-. if S' denote the area of the triangle BhF whose sides are GN^ MLy UK, 

= 9(tf2 + ^2 ^ ^^2 ^ 2 {4(^2 + tf2)2 + ^ _ 4^2(^2 4. ^)| 

-. 2 {4(^2 + ff2^2 + ^4 _ 4^2(^2 + tf2j j 
- 2 {4(tf2 + ^2^2 + ^ _ 4^2(^2 ^ ^2) I 

= 9(«2 + ^2 + ^)2 _ 18(^4 4. ^4 ^ ^) 

= 9{(«2 + ^2 + ^)2 _ 2(tf*i-^ + c*;} = 9.^^. 
.*. S = 3o. 
Again, if G'N* be a side of the triangle formed as DBF was, 
G'N'^ = 2(fflr2 + Z3/2) - 6?jv^ 

= 4(c2 + ah - 2<^2 ^ 4(^2 ^ ^2) _ 2^2 _ 2^2 __ 2^ + «2 
= 9^2. 

4. Tripos 1878. Wednesday morning. No. 8. 

6. Let POP be the diameter down which the time of descent is a 
minimum, and let DCI/ be the diameter conjugate to POP', Then if a 
circle be described touching the transverse axis at (7 and the hyperbola, 
its point of contact will be P. Let FT be the common tangent at F, 
Then TC = TF. 

Let yy be the coordinates of P. Then the equation to FT ie 

«2 ^'2 » 



«2 



.-. at T, y = 0, ar = ^. .'. expressing the fact that CT = TP, 
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Now CF^- CU^^a^^ I?, ,\ CL^^a^-^b^^ CS\ .'. DB = SS\ 
C. The equation to the ellipse is 



i 4. r = 1 



a^^ b^ 
.*. writing rcos^ for x^ and rsin^ for y, 



r-* ! = 1. 

a' IP' 
.'. r2 =. ^'^' ^' 



= tf'l — \e^m^6 + terms involving higher powers of A 
= tf(l - J <?2 sin2 ^) nearly. 

7. Employing the previous question, we have 

a = 4000 ; e = '08, /. <?2 = -0064. 

Denoting the distance of the mouth from the earth's centre by p^, and 
the distance of the source by p2> 

Pj = 4000 {I - J(-0064) sin2 30^} 

= 4000 (1 - J(-0064) . j}, 

P2 = 4000 (1 - |(-0064) sin2 45} 

- 4000 {1 - J(-0064) j}, 

.'. Pi - P2 = 4000 X K'0064) = 4000 X '0008 = 3-2. 
« 31- = 3J nearly. 



Paper LXXXVI. 



1. If n be very great, n events happen in n years, and the chance 

that any particular one of the events does not happen in the given year 

n — 1 

is . Similarly the chance that any other particular one of the 

u 

*» ^ 1 /» — 1 \2 

events docs not happen in the given year is . .'. ( ► j is the 

Q 2 



228 SOLUTIONS OP 

chance that neither of these events happens in the given year. 
Similarly the chance that no one of the events happens in the 
given year 

= 1-1 + — ---4-... when n is very great 



21 i;i 



= e-\ 



2. By Todh. Trij. Cap. viii., Ex. 16, and Art. 114, 

(1) = 8 cos - cos^ cos- X 4 sm - sm— sm- 
^ ii 2 2 2 2 2 

= 4 sin ^ sin B sin C 

= sin 2A + sin 25 + sin 20. 

Again, expanding (2), and taking together corresponding terms, 

(2) = 2{cos(u^-5) + cosC+cos(5-(7) + co8^ + cos(C'-^) + cos^>. 

=.-2{cos(^ - B) - eos (^ + i?) + cos (5 - C) - cos {B+C) 

+ cos (C- J) - cos {C + A)] 
= 4 (sin ^ sin j5 + sin 5 sin ^ + sin C sin J), 

3. If rr, = r,r3, tan^;f ^. S»-b){s^c) ^rr^^^^ . j^ . 

2 s[s - it) r^r^ 2 

4. First let D and A be on the same side of BC. Produce AD and 
CB through D and B to meet in E, 

Then the angle ADB = sup. of ACB = snp. of ABC = ABE; and 
2)-^5 is common to the two triangles BAB, ABE; .*. they are similar. 

.-. DB: BA:: BE: AB (1) 

Also the angle ADC = ABC = ACB, and DAC is common to the 
two triangles ADC, ACE; .'. they are similar. 

,\ DC: DA:: CE: AC (or AB) (2) 

.*. from (1) and (2) by subtraction we have 

DC — DB : DA :: BC : AB, i.e, in a constant ratio. 

Similarly it can be shewn that when D and A are on opposite sides 
o^BC, 

DC+ DB :DA:: BC:AB. 
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5. Let the tangents at Q and Q meet in T, and let CT^ which is one 
of the equicon jugate diameters, meet QQ^ in F. 

Then since TQO, TQ[0 are right angles, /. 0, Q, Q, T are coney clic. 

And qr^ = CF, FT, .-. (7 is on the same circle. 

6. Let CD be the diameter conjugate to CA, Produce CA to meet 
the circle in By and draw CE, a tangent to the circle. 

Then CE^ ^ CA,CB ='CA^ + CA . AB, 

Now AB = \ chord of curvature in direction AG — » 

^ CA 

.*. CE^ = CA^ + CD'^ z^ a^y\- b^ = square of radius of director circle. 

.-. the two circles cut orthogonally. 

7. Let u denote ^s velocity before impact; «', v' the velocities 
of A and B estimated along AB after impact, a'j the velocity of A 
measured at right angles to AB after impact. L^t e be the elasticity, 
»j, m' the masses of ^ and B, 

Then »/« cos a = «»«' + «»V ; eu cos o = ©' — a', 

mu COB a 4- «Z5«^ cos a =; (y/*. + «i') v\ 

. / /i I \ w^^cosa ,-x 

w + m 

* 

.'. «' = «cosa ; — -, and u\ = asm a, 

m -J- m ) i/ 

.*. if F be the velocity of A after impact, 

^2 ^ ^'2 + „;^2 = ^2 ^in2a -I- f ^_Z_f!^Y cos^aj. • • . (2) 



Paper LXXXVIL 



1. In the first line of the question for b read a + b. 

In the A. P. the common difference = b, ,'. x — a + 2b. 

T U.1 in, T^ ., ..' a -{- 6 (a + b)^ 

Iq the G.P. the common ratio = — ' — , .*. y =^.,- — — 

, = ' ' fa ' u 

In the H.P. the reciprocals of the terms are 

\ 1 2 1 . _ a{a + &) 

a a -]- b a -\- a a — b 
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,.^.. 3,). - <JL±g j . + M - °'^' + » i ' 

a{a — b)^ ^ ' 

.'. y{x - 3.-)« + My» + xz) = y + *}' . 3«5(tf + i)» 

Again -{« + (« + &)+...+ 4'^ 

4 * 

^ nc^ + aJMn - 1) + ?&_zJ) ^2. 

4 

And fl/ + (tf + ^) (/ - ^) + . . . 

« tf 1« + (« - 1) *) + (tf + *){«-*+(*- I) ^} +.. . 
== »« + a2 _ ^2 -j. a« _ 4^ + _ . to « terms 

+ (» - 1) i (fl + (fl + i) + (« + 2i) + . . . to « terms} 
= 1^2 _ i2(i2 + 2«-f ...to « - 1 terms) + ^^"j" ^^ ^{2g + (« - 1)^} 

+ ,,«(« . i) + A..?(?^(« . 1 - ?^) 

/. given expression 
= «(»lJ) ^2 |3(« _ 1) - 6(w - 1) -I- 2(2» - 1) j 

_ n{n^ - 1) h"^ 
12 



= na^ 
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_,A,1 226* 1 2».3 , 1.3 2^6* 1.3.5 2^.Z^^ \ 

So 2V6 - 1 

_ f. 1 226* 1 28.3 1.3 23.6* 1.3.5 2«.32 \ 

~^V 2*'62" "2T*'6*" ■'1T'"5« 41 68~ " * * 7' 

A n^ o r^fi 1 28.3 1.3.5 26.32 \ 

3. 2{sin (a + 2i3) sin(a + 3i3) + sin (a + 3)3) eina + sin a sin (a + /3)} 
= cosiS - cos(2a + 5/3) + cos33 - cos(2a + 3)3) + cos^ - cos(2a + /3) 
= cos^ + 2 cos 2fi cos p - cos (2d + 3/3) (1 + 2 cos 2/3) 

= (1 + 2 cos 2/3) {cos^ - cos (2a + 3/8)} 

« 2(1 + 2 cos 2^) sin (a + /3) sin (a + 23), 

.*. the given expression 

_ sin /3 (1 + 2 cos 2/3) ^ sin /3 + sin 3/3 - sin j3 ^ sin 3ff 
■" sin (a + 3/3) " sin (a + 3/3) ~" sin (a + 3/3)' 

4. Let » be the number of sides in the one whose angles are 
measured in degrees, m the number in the other. 

Then if D be the number of degrees in an angle of the 1st, G the 
number of grades in an angle of the 2nd, 

j^ 2(«-2) 3Q. g ^ ^(w - 2) . 100 and D = G. 
n m 

.*. w» «=- 20» — 18m, 

« + 18 » + 18 » + 18* 

.'. « + 18 is a divisor of 300. 
Now 300 « 1 X 360 = 2 X 180 = 3 X 120 = 4 X 90 - 5 X 72 = 6 X 60 
= 8x45 = 9x40 = 10x36 = 12x30=15x24=18x20, 
/. « -|- 18 may have any one of the eleven values 

300, 180, 120, 90, 72, 60, 45, 40, 36, 30, 21 
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The t2th value 20 is inadmissible, since n > 2, 

.-. H = 342, 162, 102, 72, 64, 42, 27, 22, 18, 12, 6, 
m = 19,. 18, 17, 16,. 15, 44, 12, 11, 10, 8, 5. . 

5. Let CBEF be any quadrilateral. Produce BE and CF through E 
and F to meet iu A, and CB^ FE through B and E to meet in B, 

We will first prove .that the circum-circles of the four triangles thus 
fonned pass through a common point 

Let the circles round AEF and BED intersect in K, Join FK, KB, KE. 

Then the angle FED = FEE + EKJ) = FAE + EBC ^ ir - ACB, 

.-. the circle round CZ)i^ passes through K. 

Join AK, KB. Then AKB »= BKE + EKA = BDE+ CFE = tt -^ ACB. 

.-. the circle round ABC also passes through K, 

Let 0,P, Q,i2 be the centres of the circles round BED, AEF, ABC, CDF, 

Then since the line joining the centres of two intersecting circles is 
perpendicular to their common chord .\ RO and OP are perpendicular 
respectively to KD and KE, .*. the anffle FOR « EKD « ABC 
Similarly RQ and FQ are perpendicular to (^iTand AK, ,\ FOR = sup 
of AKC = TT - ABC ,\ FOR + FQR = 2 right angles. .-. a circle 
will go round OFQR. 

It can be shewn that the point K also lies on this circle. 

For OKE = ^ - FOE - ^ - EDK = - - EBE, 

^ . 2 2 

and FKE - ^ - OPJT = ^ - EAK, 

= w - O-BP, since i20 and i2P are perpendicular to ZZ> and JT^^. 
.-. OZ^P + ORF = 2 right angles, 
.'i iTlies on the circle round FOR. . 

Note.— By the aid of XXVIL No. 5 we can shew that the ortho- 
centres of the triangles formed by four straight lines in a plane lie on 
a straightjine, viz. the directrix of the parabola which can be described 
touching the four given straight lines. 

6. Let (x'y') be the point from which the tiangenls are drawn. 

2" 2 

Let ^.r + ^ = 1 (1) be the equation to the tangent to - + ^ =1. 
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Then a^ + ^V = 1. . . . , . . . ". (2) 

The equation to a straight line through (.ry) at right angles to (1) is 

j(.r - a!) - p{^ - y) = 0, 
or qx — 'py ^ qaf - py. 

If this touches -„ + "^ = 1, we have 

a\^ + »Y = {^^x' - py'f (3) 

and since {sifi/) is on (1) .'. i?^' + 9^' = 1 (4) 

We have to eliminate ^ and g between (2), (3) and (4). 
From (2) and (4) a^ + h^(^ = 1 = fx'-^ + (^y"^ + Ipqx'y'. 
From (3) ^V + aV ^ f^i -^p^^ - 'Ipqafy', 

... ^2(^2 + ^2) + ^2^^2 + ^2) « (^2 + ^2) (^/2 + y2)^ 

.-. i?2(^2 + ^3 _ ;r'2 - y2) ^ g2(^ + y2 ^ a2 - U^). . (5) 
From (3) Ap^xy^ - {;>2082 - y2) + q\a^ - £^)Y; ... (6) 

.•.substituting in (6) the value of the ratio j^ : q^ from (5), the 
equation of the locus becomes 

4x^y%a^ + j32 -.r2 - y^) (.^2 + y _ ^2 _ ^2) 

- {(X^ - ^^2) (^ _ a2) _ (^2 _ ^2) (^2 _ ^2)}2 . (7) 

If i* be any point on the curve, the origin, and a^ -\- ^ > a^ -{- b^ 
then if 01^ (= x^ + y^) he > a^ + ^, the expression on the left is 
negative, and .'. the expression on the right, which is a perfect square, 
is negative, which is impossible. .*. no part of the curve lies outside 
the larger circle. Similarly it can be shewn that no part lies within the 
smaller circle. 

If we put ar2 + ^2 __ ^2 _|. fj;i^ ^7) becomes 

= {(^2 _ ^2) (ar2 +^2 _ ^2 _ ^2)}2. 

Now since a^ -{-ff >a^ -\- b^, we cannot have ;r2 + y2 _ ^2 _ ^2 _. q^ 

.-. ar2 - Y*2 := = / - 02. 

.'. the curve meets the larger circle in the real points given by 
a?2 — ^2^ ^2 — ^^ and it has been proved that no part of the curve 
lies outside this circle, .*. the curve touches the larger circle at these 
points. Similarly it can be- shewn that the curve touches the smaller 
circle in the points given by x^ = a'\ y^ = b^. 
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7. Let be the point of projection, A the position of any one of the 
particles at the time U Refer the position of A to three rectangular 
axes through as origin, the plane of xy being horizontal, and the axis 
of z vertical Let u^ be the initial velocity of A^ oj the angle of 
projection, and let OJi, the intersection of the plane of ^'s projection 
with the plane of xy make an angle A with Ox. Draw MN perpendicular 
to Ox, Then if x^t yn ^i be the coordinates of Ay 

Xi — ON = OM cos -i = «i cos ai cos A . /, 
^1 = MN = OM sin ^ = «i cos a^ sin A . t, 
Zi = AM = «i sinai . t — ifffi, 
with similar expressions for the coordinates of JB and C. 

Now £C^ = (:rj - x,y +{y,-y^ + (,, - ^j)*, 

and since the quantities «i, ai, i^, &c. are constant 

/. BC^ oc /* = fl2/2 suppose. 
.*. the area of the triangle ABC 

= fi ^2b'c^ + 2c'^a^ + :ia'(f^ - tf* - ^* - 6* « A 

Next suppose that A and ^ are projected in the same vertical plane 
from the point 0. Then if the plane of the triangle passes tlirough Oy 
it is obvious that AB passes through 0. Draw AM and BN perpen- 
diculars on the horizontal line in tlie plane through O, 

Let AOM= $. Then Oif = «cosa. /; AM^usma.i - \gt^. 

• . lan a — -— - = , 

OM « cos o . ^ 

2» cos a 



.'. t = (tan a — tan ff) 



9 



Similarly i = (taniS - tan^ 2p^093^ 

.\ tan 6 (v cos /3 - « cos a) = r sin |3 - « sin a, 

2/< cos of, « sin a - V sin /3 ) 

Man o } 

g \ «C03a - tjcosp J 

2 «i7 sin — a) 



.-. / = 



^ »cosa — rcosiS 
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Paper LXXXVIII. 
1. (1) Vi? 4- tf + Vjr + 2a = 'Js + ija " *Jx + 3«, 

.-. Vir2 + t}^ ^ 2tf2 = 3a - \/ar2 + 9«ar + 18^2^ 

/. ir» + 3«ar+ 2tf3 = 9«2 + ar^ + 9^3: + 18«2 _ 6« Var2 + 9tf;p + 18^^ 

.-. 36(4-2 ^ 9^^ ^ ip^2) = (25tf + 6a:)2 = 625^2 + 300ff:r + SG^i'^, 

/. 23flf2 « « 24tfar, .-.a- - - fjtf* 

(2) ^{x^'^d'){x^-rb') - («^2 + ^) = ar{x/i:2qrZ2 - 'JlF+'a^^, 

.*. squaring and transposing we get 

2»^2 V(a:^ + d^) (x^ + ^2) = 2«A2^ -I- «2^4 + a%\ 
Square again, and transpose. 

.-. ^ =. —J!?!^ ^)! 

4«(« - l; («2 _ „^2)' 

(3) 4-3 + y2 4. ^2 =, ^2 + 2.r(y + ^) - 0:2, 

••. (^ - J')* + (^ - 2r)2 = «2_ , ; ^ ^ ^ ^1) 
Similarly (^ _ ar)3 + (y - ir)2 = ^2 (2) 

(^ - ^)2 + (^ - ^)2 = ^2 (3) 

.'. by addition 

and C - "Y + (•» - *)* = <?, .: {x - y)> = «L±^Z1^. 

Similarly (y - ^)» = f + ^ " "!, (. _ ^y ^ <^ + a' - l>\ 

From these the values of .t, y, and z cannot be found, but expressm;* 
the fact that *-y+y-5r + 2r-x = 0, we obtain a relation between 
a^ b and e. 
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2. y sin 3^ + ar co3 3d = (^r^ + y^) cos* d .... (1) 
y cos 3d - ar sin 3d t= (a?2 + y^) siii^ d .... (2) 

Square and add. 

/. a^ +y = (^ + /)2 (coso d + sin« d) 
.'. 1 = (^2^yi)(i _ 3sin2dcos2d) ... (3). 

Multiply (1) by cos 3d, (2) by sin 3d, and subtract. 
.\ X ^ i^3^'\' /) {co83 d cos 3d - sin^ d sin 3d} 

= (^ + f) {4 (coso d. + sin« d) - 3(co8* d + sin* d)} 
= (ar2 + /) (1 - 6 8in2 d cos2 d) 
... j:2 + / + ar ^ (ar2 + /) (2 - 6 sin2 cos^ d) 

= 2, by (3). 

3. If Ti, 72, fg be tbe radii of the escribed circles, 

ri + r, -r r3 = ^ { -J- + — ^; + -1-} 

= . \ dc + ca + ab - 8^} 

{s - a){s - b){8 - <?) I ' J 

= ^^ ^ i ^2 _ ^2 « ^^\ 

{8-a){ii-b){s-c) \ r 



^3 = 



S^ 



(, ^ ^)(, -. c) 



..cos-^ —^-^ 

{he -^r ea -\' ah — s^){8^ — a^ — be) 



. «rje- /«v /.hR2 " (^g + ca + g3 - s^jas^ - cfi - abc) 

• • "V*— »; COB — 55= ^ J- w — ' 777 ^ ■■ — * 

2 4(* - flf)(* — b){s - <?) 

.*. the given expression on the left 

^ {bc + m + ab - H^{a'\'b + c) - <^ - ^ - gS - a^ii^) . . 

A{8 - a){9 - b){s - c) 
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Now if we substitute """ for *, and multiply out, we find 

= l{a^ + ah^ + hh + ^^2 + cH + €0^ - a^- P - (^ - lahc), 

and 4(tf — «)(*— h^,{s — c) in a similar manner can be shewn equal to \ 
the same expression, 

.*. the given expression = \ {he '\- ca -\- ah - s^). 

4. Let F be the middle point of BD, Since jiEF cuts the sides of 
the triangle BCD, /. BF . BA , CE ^ FB . CA . EB, and BF =^ FB ; 

.-. BA.CE ^ CA, EB. ,\ CE : EB :: AC : AB :: BC : CA, 

5. Let AL be the fixed line, 8 the fixed point. Draw SA perpen- 
dicular to AL, and produce ^ to Xso that SA = AX. Through Xdraw 
XK" parallel to AL, Then XJTis a fixed straight line. Let Y be any 
position of the angular point of the right aujsrle, so that ST, TP are the 
positions of the arms. Produce SY to meet XK in K, and draw throusfh K 
a straight line at right angles to XK, meeting YP in P, Join SP. Then 
SY : YK :: SA : AX. .\ SY = YK. And YP is common to the two 
triangles SPY, KPY, and at right angles to SK. .'. the angle SPY = 
KPY, and SP — PK. .*. the straight line YP meets the parabola at 
P. Suppose that it also meets it at P'. Join SP' and draw P'K' 
perpendicular to XJT, and produce PY to meet XK in T. Join ST. 
Then in the triangles SPT, KPT, SP, PT = KP, FT, and the angle 
SPT = KPT, .-. the angle PST = PKT = a right angle. 

Now SP = PK and SP' = P'K\ 

.-. SP : aS'P' :: PK : PT :: ^P : TF, 

.'. ^iS^ bisects the angle between PS and P'S produced, and is .*. at 
right angles to the line bisecting the angle PSP\ But TS has been 
shewn to be perpendicular to SP. .*. P' must be indefinitely near to P. 
.'. the straight line YP passes through two consecutive points on the 
curve, and is .*. a tangent. 

6. Let .^•2 — ^2 __ ^2 y^Q the equation of an equilateral hyperbola. If 
3?y be any point on the curve, the equation of the normal at s-y is 

.T^ + ^'-7' = 2.ry. 

This expresses the relation between (a-y) and the coordinates of any 
point (.ry) on the normal. If the point on the normal be given, (h, k) 
suppose, to find ary we have 

2// = h^ + kx' {A) 
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This represents a curve passing through the points where the normals 
from (A, k) meet the given hyperbola. J^ow (J) represents a hyperbola 
whose asymptotes are parallel to the axes. .*. it is rectangular. Now 
by Bes, Con, Art. 138, the four points in which two rectangular hyper- 
bolas intersect are such that any one of them is the orthocentre of the 
triangle formed by the other three. 

7. Tripos 1875. Tuesday morning. No. 6. 



Papeb LXXXIX, 
1. (1) Square and transpose. 

a — X a + X * 

a^ + x^ _ b - 4^/6+2 
''' a^ - x^ " ' '2 

x^ b - A'JT 



(2) For X + y write z, and add 1 to both sides of the first 
equation^ 

.-. a:V + (^+ 1)2 = 136") 

2xz{z + 1) = 120 J 

.-. rar + ^ + 1 = ± 16 I 

zx - {z+\) =- ± 4 j 

.-. 2: + 1 = ± 10, ± G ; .-. ^ = 9, - 11, 5, - 7, 

and £r.r = ^ + 1 ± 4. 

.-. (1) 9r = 10 ± 4 = 14 or 6 

(2) - ll:r = - 10 ± 4 = - 6 or - 14 

(3) 5;r = 6 ± 4 = 10 or 2 

(4) - Tar = - G ± 4 = - 2 or - 10 
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The corresponding values ofy are given byy = <? — .r. 

> 

(3) Subtract the second equation from the third. 

.-. y - « + ar(y - xr) =- 0, .'. {x + \){y - r) = 0. 

^ -|- 1 s 0, though true, gives an indeterminate equation to determine 
y and z. 

If y - z = 0, for « write y in (1), 

•*• y* + 2y = 3, .-. y = 1 or - 3 ; .*. r = 1 or - 3. If we 
substitute these values in the given equations, we get the single value 
ar = — 1, 

2. A + B + C ^ v, .\ 2A + 2B + ^C ^ 2ir, 

.-. (fl- - 2^) + (tT ~ 25) + (tT - 20 = TT, 

and sin (tt — 2-i) = sin 2-i ; cos («• - 2^ = - cos 2A, 

.', all formulae which hold for A, B, C hold for 2.4, 25, 2C by 
changing the signs of the cosines. 

Again bA + bB + bC^ bn, .*. (27r - 6^) + (27r-55) + (27r-5^=7r, 
and sin(27r — 5-4) = — sin bA ; cos (27r — 6-4) = cos 54, 

.*. all formulae which hold for A, By C hold for bA, 5/?, 5C by 
changing the signs of the sines. 

Now by Todh. Trig, Art 114, 

sin 2d 4* sin 25 + si^ 267 = 4 sin ^^ sin B sin Q 
.-. sin 10^ + sin 105 + sin IOC = 4 sin bA sin 55 sin 5C, 

and by the same Article, when ^ + 5 + C = p 

1 = tan 5 tan C -|- tan C tan ,4 + ^^^ -^ **" -^» 

.*. cot ^ + cot 5 + cot C = cot A cot 5 cot C. 

vr Stt + ^ , 57r + 5 , 5fr + (7 IfiTT tt 

Now — A -4- — = • — = — > 

26 ^ 2* ^ 2° 32 2 

.cot^-l±^cot^-^cot^!L+i:. 

^6 2^ ii^ 
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3. Let ABC be the equilateral triangle, B being on the line which 
lies between the other two. Let a be the distance between the lines 
on which A and B lie, b the distance between the lines through B and 
(7. Then a + b ^ e. Let BA. BC make angles <^, 6 with the line 
through B. Then ^ + (^ « 60 . 

Then c^ =. « 2 + ^2 ^ 2^^, .«. ^^ + ^^ + c* = 2(^2 + ^5 + ^2), 

a ^ AB sin <^, ^ = ^Csin S = AB sin (00° - <^) 

•. fl2 + i2 + ^3 = f^ [28in20 + 2sin2 (60"-<^) + 2 sin <^ sin (GO'' - 0)} 

= ^ {1 _ cos2<^ + 1 _ cos (120 - 2(f)) 

+ cos (2<^ - 60") - cos 60°) 
^ ^ ll _ co8 2</) + 2sin30°sin(90° - 20)} 

= i AB^. 
Now area of ABC =- i AB . AB sin 60° ^ ^ AB^ 

Note. — To construct this triangle see Catalan, Geom, EL p. 66. 

4. Let D be the middle point of RQ. 

RCQ = 2i2P§, .-. DCQ = JKPQ. .'. a circle will go round QCNP. 

.'. RNC = MNP = CQM; and RCN = QCif, .'. the triangles i2(7JN^, 
QGM Sive equiangular, and .*. similar. 

5. Let the parabolas have a common tangent at C. Through Cdraw 
any two chords CpP, CqQ. Join /*§, pq. Then since all parabolas are 
similar curves .'. CP : Up :: CQ : Cq, .*. PQ and pq ore parallel. If 
one of the chords be turned about C until it becomes indefinitely near 
to the other, PQ and pg become the directions of the tangents at 
P and p. .*. the tangents at the extremities of any chord through 
C are parallel. By the converse of this we obtain the required 
theorem. 

6. By symmetry the circle touches the axis minor at the centre 
of the ellipse. .'. taking this point as origin, its equation is of the 
form 

a^+f + Ax ^0 (1) 

We can write the equation of the ellipse in the form 

/ + ^J ^2 _ ^2 = (2) 



WEEKLY PROBLEM PAPERS. 241 

Since the circle and ellipse have double contact, the equation of the 
circle id 



or 



a 
^3+ ^^i^ _ nA - 2mnx - (^a + i|2) = . . . (3) 

Since (1) and (3) represent the same circle, 

or 

.-. (1) becomes ar* + y^ db - \^«2 - ^2^ « q 

and the radius of this circle is evidently - Vi^TT^ 

7. If V denote the velocity in feet per second, v = 88. If r be the 
radius of the curve, y the vertical acceleration, the horizontal acceleration 

s -, and the resultant acceleration = . /^3 _l ^, 

If iV denote the number of oscillations in any time, / the length of 
the pendulum, N cc a/ ^ . 

(new number of oscillations Y _ new resultant acceleration 
former „ „ / former ^] ~^ 



c* 



g2^ 



- (1 + lia)* - 1 = B^ nearly, 



t?2 -_ 88 X 88 ,— 
.'. r « - V30 = — ^^r; — v30 feet = i mile nearly. 



B 
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Paper XC. 

1. ^ = 3 -L 2 f 29 + 36 + 137 + 122 + 429 -f 200 + ... 

^1 = - 1 + 27 + 7 + IQl - 16 4- 307 - 229 

Si^ 28 - 20 + 94 - 116 - 322 - 536 

^3 = - 48 + 114 - 210 + 438 - 858 

S^ = 162 - 224 + 648 - 1296 

Here the fourth difference series is a series in G.P. the common ratio 
being — 2. .'. Ihe »*h term is of the form 

A + Bn+ Cn{n + 1) + Dn(n + l^n + 2) + JF(- 2)«-i. 

As in No. II. p. 19, determine J^ B, Cy D, E by giving to n in 
succession the values 1, 2, 3, 4, 5. We then find 

J = 0, J? = 3, C - - 4, 2) = 1, ^ = 2. 
.\ the «th term is 3« - 4«(« + 1) + n{n + 1)(« + 2) -|- 2( - 2)»-i, 
.*. the sum of n terms of the series 

= J«(« + l)- J«(« + l)(« + 2) + i«(« + l)(» + 2)(/«+3) 

+ ?[i-(-2r} 

= t\j«(«+ 1).(3« - 4) + §{1 - (- 2r |. 

(2) Consider the series formed by the numerators, viz., 
3 + 8+20 + 50+128 + 338 + 920+... 

It will be found that this comes under the form considered in No. 
LV., p. 21, .*. introducing x^ &c. 

^ = 3+ 8x4-20^2+ 60.^3 + i28a^ + 33&r« + 920;r«+... 

px8 = ^px 4- 8/?;r2 + lOpx^ + 50j5ir^ 4- n^ps^ + 338jt?j« + ... 

qx^S = 3}a:2 + %qx^ + 20^a:* + bOqa^ + 128^^ + ... 

r^/y = ^ra^+ 8f;F* + 20r:F« + 50f;c« + ... 

Add, and assume that the coefficients of ^, a^y a^ vanish. 

3r + 83^+ 20p + 50 = ^ 

= 0-^ 
From these equations we get^ ==-6, g[=ll,ra= — 6. 



• • 



8r+20<7 4- 50/y + 128 = 
20r + 60^-1-128/? + 338 



•J 
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B J trial we find that these values of «, q, r make the coefficient of 
2* vanish. 

... ^ =, 3 + .r(8 + 3;?) +x^ (20 -f 8;? -f ^g) ^-.^O^^- 5.r2 

1 - 6ar-|- 11.^2 - 6^ " (1 ^ ^) (1 - 2.r)'(l^r3i) 

1 3 1^ 

~ 1 _ 3^ - i"Z~^ "" r";i — *^y partial fractions. 

•'. the «<* term is 3»-i - 3 . 2«-i - 1. 

.-.the ««A term of the given series 

^ 3^-1 - 3.2«-i - 1 13 1 

0«-i ~ 2«-i ~ 3»-i G«^' 

.-. the sum of n terms = ^" ~ ^ _ 3«_-J __ 6n - 1 ^ 

2»-i 2.3«-2 5.6«-i 

(3) This can he treated like No. L p. 19. 

The »<fc term is "" ,o . ix ' This can be written 

1 . d . . . . (2» + 1) 

X 2« r (2« + l)-l ) 

^ 1.3.5... (-2/1 + 1) t 2S \ 

« - J / 1 1 \ 

11.3.6...(2a» + 1) 1.3.6... (2«-1;]» 

and the first term is — i/ — ^-> 

11.3 IJ 

.'. the sum of n terms = J. < 1 — -- J \ . 

< 1.3.5...(2« + 1)/ 

(4) Employ the method given in Arts. 7 and 8, pp. 6 and G. 
The n«* term of the given series is «(« + l)Vn 

= («3 + 2»2 + «)dp„ = f^a^ + 2«2^ + «/r„, 
.-. Sn = »2(« + 3)2«-3 + „(„ ^* i)2»-i 4 «2«-i 
= «2«-« («2 + 7« + 8). 

2. In the formula cosa =. 1 - - 4- - . . . 

for a write ar, 4ir, 6ar, &c., and neglect powers of x higher than the 

r2 
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20160 
fourlli. The numerator on reduction becomes — --r ^i ^^^ ^® ^^' 

41 



192 , 
20160 



nominator becomes --- x*, •*. the limiting value of the given fraction 

4 1 



iy2 



= 105. 



3. The angle BiAiC^ = ^ - ABA = 2?, 

^ am (7 smJ sm(7 

.•. if jBi be the radius of the circle round AyB^Cvt 

P rs ^"^ ^ ? f sin B sin C coa ^ j. gjn v\ 

2 sin ^1 *" 2 sin J sin ^ sin 6^ i sin A I 

« ^ ^ „ . ^ {2 sin* ^ + 2 sin^ sin <7cos^l. 

2smJsm^sinC ^ ^ 

Now 2 sin J5 sin (7 cos -i = sin J? {sin (J + Q - sin (^ - Cj} 

= sin«^ - sin (A + C) sin (^ - C) 

« sin* B - sin* ^ + sin* C, 

. 7, ^sin2^ + 8in2^ + 8in2C 
2 sm ui sm B sm 

Similarly we can shew that 

^ ^ ^ sin* A + sin* B + sin* C ^ ^/ sin*^^ ■{- sin* B + sin* C \* 
^ 2 sin J m\ B einC \ 2 sin ui sin i? sin C7 / 

. ^ J, /sin* A + sin* 5 + sin* C\^ 
., ICn =^ Ii[ ^7— i -7—. — ^— ; — 7= J • 

\ 2 sm ^ sm B smC y 

4. Join ^'5, and produce 2)2/ to meet A^B in iK Produce -4'2)' to 
meet BB in G'. Then since BB^D is a transversal of A'BG^ 

.-. BD.GIf.EA' « GD.A'B^.BB, 

or ^C'. ^J?. i!^' = ^J' . C^.B% 

:^ ABW IS ft transversal Gi4Ba : 
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5. Let the equations to (j£) and (B) be 

y^ = 4ax (1) ; ^ = - ^as (2) 

The pole of (A, ^) with respect to i? is 

y^ « - M^ + A) (3), .•.* = - (g + a). 

Substitute for ;r in (1), 

.\f-2^k + 4ah^^0 (4), 
.*. if (3) is a tangent to (J), (4) must have equal roots, 
/. k^ =s 4aA, . •. (J) is the locus of (h, k), 

6. The equation to FQ is ^ if = ^7/ > where (y/) are tne co- 
ordinates of P. 



If (f , 17) be the coordinates of Q, 



Sincd (f, 17), (ar', y) are on the ellipse, 



(1) 



•• 42 ^^ «» 1^^ a" 






(2) 



Now (2) is satisfied by the coordinates of P, P and Q, 
.*. dividing (2) by (1), the equation of QJP* is 

7. Let e be the elasticity, i^ the velocity, a the angle of projection, a 
tlie distance of the point of projection from the wall 
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a 



Then the time to the wall = 



V cos a 



and the time back again = • 

ev cos a 

2v sin a 



Also the whole time 



.*. v^ . sin 2a = ^^^(1 -]- e). 
Now the right-hand side is constant, /. i? is a min. when sin 2a 

is a max., i.e. when a » -• • 

4 



Paper XCI. 



1. Let X, y denote the two quantities. Their H.M. is — ^^ • 

The G.M. between x and ^f- is x J -^- • The G.M. between 

2x1/ 



and.yisy ^_±1L.. /. by question 



x+y ' ^ x+y 



■^-"J^.^"JA 



2 V2 V^ = "Jx-i-y (Jx + Vy)» 

.'. (^ + y)2 + 2 V^(^ + ^) = 8;ry, 

^., iP -I- y = - \^ ± Vy^y = - 4 *Jxy or 2 \^:ry. 

The value x + y = 2 V^ gives us a? = y, which is inadmissible. 

.-. ^+J^=-4V^ ...^+4y£ + l=0, 
, .-. a/- = - 2 ± V3, 



... f. = 7i4V5: 



-2 
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2. («• + |)« =» «»2 -I- 3«» + i > (« + 1)(« + 2) 

(» + 1)2 = «« + 7«i + ^ > (« + 3)(« + 4) 
• ••••••• 

/^ + ^^J - «•» + (4« - l)fli + (^4~^y >(m+2,)(i»+2»- 1) 
.-. (« + I)' (« + D" ...(«•+ ^-^^y > (« + 2«) ... («» + 1), 

.-..(« + f) (« + 5) •••(» + '-^) > {^^'f 

.3. Lety — 1, y^ y + 1 be the lengths of the sides. 
Then « = |, * - a = •!^, * - ^ = |, , - (? = i— 

... ^8 = ,(, - a) (* - *) (* - ^) = -^ . 3(y2 _ 4). 

.*. B(y2 — 4) must be a perfect square, s= .r^ suppose. Then x is a 
multiple of 3. One solution is easily seen to be ar = 6,^ = 4. 

Consider the equation ar^ - 3^ = 1. 

n/T^ 1 H -^ . . - . 

1 + 2 + 

.-. Todh. Alff. Art. 639, one solution is ar = 2,^ = 1. By Art. 643 
we obtain the other solutions thus. 

(2 - V3)« (2 + 'J3)n = 1 « (x - V3y) {x + ^3^.). 
Let ir - \/3^ = (2 - V3)« ; ar + V3y = (2 + V3)« , 

By giving to n in succession the values 1, 2, 3, 4 we get 

r = 2, 7, 26, 9^> • • • ) ^ 
^ = 1, 4, 16, 56, ... J 

.'. Todh. Ji^, Art 645, we have y == pn ± qm, where /> = 6, g = 4, 
and m and n are corresponding values of ar and y in (^), 

/. y = 4, 14, 52, 194, 724, &c. 
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4. Let be the circum-centre, P the ortho-centre. Bisect OP in N. 
Then N is a fixed point Now the radius of the nine-points' circle s= ^ 
the radius of the circum-cirole, and is .'. given, and its centre is at N. 
,\ the nine-points* circle, which passes through the middle points of the 
8id«e, is fixed. 

5. If iTbe the other focus, Hq « SQ^ since Qq is a diameter. 
Since St bisects the angle PSq .*. the angle qSt — FSt — Slq, 

.-. qt = Sq. Similarly TQ = SQ, 
/. TQ+tq^ Sq + SQ = Sq + Eq = AA\ 

6. Let PSQ be the focal chord, Q being nearer the vertex than P. Let 
the normals at P and Q meet the axis in G^ ff ; and let the tangents 
intersect in the directrix at Z. Let T denote the tension of the string, 
which acts along the tangents at P and Q. 

Then Wii T::\ : sin SGP :: 1 : cos SPZ, 

Wii Till: sinSa'Q :: 1 : cos SQZ, 

and SqZ = ^ ~ SPZ, 

it 

.-. T ^W, cos SPZ = Fa sin SPZ, 






Wi^ Wi sp.sq zs^ zs 

^e.pq^^?^^^ -i^^, (2)" 

lat. rect lat. rect. 



(1) 



.-. from (1) and (2), 

PCe = ^^ (^ + ^J = i lat rect. (^. . Jj/. Pq. 

7. Let a be tho inclination of the plane, <^ the angle between this 
plane and the direction of projection, v the velocity of projection, and 
t the time of flight Then resolving parallel and perpendicular to the 
given plane, 

V cos (t> — ^^ sin o = ; vt sin <t> — ^g^ cos a =■ 0, 

/. eliminating t, tan<^ = ^cota. /. <^ = tan-i (J cot a). 
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Paper XCIL 

1. ((T - aY + (cr - ly + ((T - ey - 3(<7 -'a)(<r^ h) (a- - c) 
= (<r - a + o- — ^ 4" <r — <?) {(o* - <i)* + ... — (cr - 3)(<r - <?)...} 
= {3a - («+*+(?)} {3a2- 2<r(tf+^+i?)+tf«+d2+<?»-3<T2 

== (^4. j + <.)(«2 + ^ + c8-. i,c^ ca^ ab) 
= «3 4: ^ + c3 _ 3a*tf. 

2. r = -, r, = , &c. .'. TAr^a = /S^, 

.*. considering the last term on the rights we see that one of the 
radii must have a negative sign. 

Now - rir,rs + fTirj + rrjrs + fTjTi ^rr^f^J 1 1 [-- ) 

.*. r must have a negative sign« 

2 

••• - ^» n> 'aj ^z are the roots of the given equation. 
_ «*-2 (2^)*-8 , (3«)*--' 
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+ ^^^^ {2*-« + (.i-2) 2*-3 + (^ - 2X^ - 3) 2*-4 + ...| 
+ I?l~l ^^*~'' + ^* ~ ^^ '*"* + ^ 

^^ • • • • 

«* (2«)*-l (3»)*-2 

= iS!fe+i. 

4. Since JPB is a right angle, JB^ == ^P^ -f P^. 

Since PQ^ is > a right angle, FB^ > PCj? -f QS^ by Euc. 11. 12. 
„ qRB „ QB^>qR^+ RS^, &c. 

/. ^J?2 > ^P5i ^ jP(22^ -f . . . . + KB^, 

5. The circle on PQ as diameter touches the parabola at P and passes 
through K. Bes. Parab. Art. 50. .*. PK(i is a right angle. 

6. After the piece has been cut out let x be the distance of the 
centre of gravity from the hollow end, and let A be the area of a 
transverse section. 



Then x (Aa — , n = Aa .- — A, - - - 
\ u J 2 n 2 






2(/w - I) 



.*. the distance moved = 



Put - . . = ^, 

2 na — I 
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2{na -I) 2 2 na - I 



.-. /«-«/+ 2my - 2/y = 0", 
.-. /2 -/(a + 2y) + 2«tfy = (1). 
When y is a max. (1) has equal roots* 

.*. the point of support must be under the extremity of the bore. 
7. Tripos 1878. Tuesday morning. No. 9. 



Paper XCIIl. 



- / 1 1 1 1 \ 2.rr 

I. xz{ — • • 1 = 

Vl - a:2 1 4- z^ 1 -h A-2 1 - W (1 _ 



. *. since x, y, z are all unequal, the given equation reduces to 
= xz{x^ - z^){\ -f) + 2y{z^ - /)(1 - a:*) •\'yx{f - x'^){X - ^J) 
= (pfiz " x^ -t f/^x - i/ii^ -r ^y - zf) (J); 

— xyz(x^y^ — a^t/^-^y^s^ — y^z^ + z^x^ — r^ar^) (/?). 

Consider the expression ^. It vanishes when we put x = y^or x =^ Zy 
or y = z, and is a symmetrical expression of the 4th degree. 

.\ A ^ K{x — y){y - z){z - x){x -j-y + r) ,. where ^ is some numerical 

constant Put a? = 2,y = 1, ;gr = 0, and we get Z = 1. 

Now consider B. It vanishes when we put ar = ^„ or a: = r, or y = j, 
and is a symmetrical expression of the 5th degree. 

.\ B^{x-y){y- z){z - x) [C{x^ + y^ + z^) + D{yz + zx + xy)} 

Equating coefficients of like termp, we get (7 = 0, 7) = 1. 
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.'. the given equation becomes 

= (r - y){y - «)(^ - jr) {x-f-y -t- ar - xyz{xy '\- yz + zxf^ 
= X + jr + z - atyz{xy +y-f + zx). 

2. sin-i f + C08-1 f = 2 sin-i f = 2 tan-i J = tan-i — i-- 

1 - Y 
«tan-i(-^4), 

/. - 5^4 = tan jtan-i (r + 1) + tan-i -i-| 

X " 1 

3 sin BAH _BR ^ 2£ft ^ sinC^ 

sin i^ " AR^ AR sin O' ' 

sin (7 ^§ ^§ sin^ ' 

/. sin J? JiJ . sin CAQ, = 4 sin CAR sin 5^§. 

4. Draw BE perpendicular to CD. Then since the circles are equal, 
/. the angle BBC = BCB, .\ the triangle BCD is isosceles ; .*. B is 
the middle point of the base, and E lies on the circle described on AB 
as diameter. 

5. Tripos 1878. Monday morning. No. 12. 

6. Tripos 1875. 2nd Tuesday afternoon. No. 1. 

7. Take the point of contact as origin, the common tangent, and 
the line joining the centres as axes. Let the coordinates of F at any 
time be {xj, yi). Then those of P' at the same time are (— Xi, — yj. 
Similarly if «, be the component velocities of B parallel to the 
axes, — «, — t? will be those of P'. /. if (x, y) be the relative 
coordinates of P' with respect to P, x = 2ri, y s= 2yi ; and the 
component relative velocities of F* with respect to F are 2«, 2o. .'. F' 
will appear to F to be moving in a circle whoee radius is equal to 
twice the radius of either circle. 
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Paper XCIV. 

1. Tripos 1878. Wednesday morning. No. 5. 

2. (1). Square and transpose. . 

2 - (fl2 4. ^2) (tan2 e + cot2 ff) + 2a^I^ 

= 2 V{l - tf ^(tan2 B + cot^ ^ + tf*} {l - b\iKn^ ^ + cot* ^ + 1^). 
On squaring both sides and reducing, we obtain 

(tf2 - ^2)2 (tan2^ - cot2^)* = 0, 

.'. tan^ = ± cot^, .*. ^ = «7r ± - • 

4 

(2). fl cos ^ + ^ sin ^ = — ;= tf + —— b 

V2 V2 

=! a COS - + sin -, 
4 4 

.% ff (cos^ -cos ^) — -• ^ rsin^ - sin -\ 

... 2. sin (I - I) sin (I + I) = n sin (| - |) cos g + |). 

.-. either 5 ^ J = «t, or tan g + 5) = t, 

.-.- + - =«,r + tan-i-. 

(3). 4 sin3^ - sin 3/9 = -4=- = 4 sin^ ^ - sin ^, 

V2 ^ ^ 

/. 4 ( sin'^ - sin' -) =* sin 3^ - sin -- 
\ 4/ 4 

« 3 sin ^ - 4 sin3'^ - 3 6inl + 4 sin'-, 

4 ^ 4' 

/. 8 Tsin' 6 - sin' j) - 3 (sin B - sin ^\ 
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.'. either sin^ - sin - = 0, .•, sintf = -sin -, .'. ^ = «ar + (— !)♦* -, 

or sin' ^ + sin ^ sin j + sin' j = ^i 

••• ("•'^ + 2^,)' = '' ••• ^ = - + (- »)» {--^ (- 27^)} • 

3. Express all the terms as sines and cosines, transpose all to the left- 
hand side, and hring to a common denominator. Then 

sec' J9 + sec' C+2 sec J9 sec Ccos^ - sec^ ecc (? sin^ (tanj5 + tan CI) 

= — -_ __ (cos' C + cos' ^ + 2 cos 5 cos CcoaJ - sin' J\ 

cos'^cos't;^ -r -T- ; 

= — -_J: — __ /cos'5 + 2 cos5 cos^cos^ + cos (C+^ cos (C- A)\ 
cos'^ cos^C ^ ' 

= — s-^; 3-?. cos J5 |2 cos-^ cos C - (cos C-f- ^ + cos C - JS\ 

cos' ^ cos' C ^ \ r I // 

= 0. 

4. Consider the point C as a point circle. Then ISD is the radical 
axis. .-. by Casey, p. 113. Cor. 1, GP^ = 2C0 . MN, where is the 
centre of the given circle, M is the intersection of DE and CO^ and N 
is the foot of the perpendicular from F on CO, 

5. Tripos 1875. Wednesday morning. No. 6. 

0. Describe an ellipse passing through 0, and confocal to the given 
ellipse, and let (7 be a point on the confocal near to 0, The tangents 
from and (/ to the given ellipse intersect in A and B, The normals 
at and O to the confocal bisect the angles AOB^ AOB, Now, with 
foci A and j?, describe a conic passing through 0, Since its normal 
bisects the angle AOBy the two conies touch, and .*. ultimately they 
both pass through (7, and .*. their normals at coincide. .-. the two 
curves have the same curvature at 0, and their central chords of 
curvature are equal. 

T,, i. 1 v J ^ L c% product of focal distances 

Now central chord of curvature = 2 • ^—r-, = . 

distance from centre 

. QA.OB OS. Off 



• • 



ON 00 
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7. The ball is reflected each time at the same angle as it struck the 
circumference, .•. during the time of falling only the vertical velocity 
is altered, and .*. the intervals between the reflections are equal. 

Let « be the velocity of projection. Since the number of reflections 
depends only on the horizontal motion of the ball, we may suppose the 
ball to. move in an equilateral polygon inscribed in a circle ou a 
smooth horizontal table. The length of each side of the polygon is 

2r sin -, .*. if t be the time of reaching the water, 
n 

ut = 2nr sin -, 
n 

But if A is the depth, fi ^^. 

9 



/. — = - ( 2»r sm - ) . 



,9 « -V 
Now if i be th'b space to which « is due, »' = Igs. 

r8 / . 7r\2 



,*. * s= -p I « sm - 1 
h \ nj 



Papkb XCV. 

1. (1). The n^ term = «(« + 2) = «(« + 1) + «. 
.*. the sum of n tenns 

^ «(« + 1) (« + 2) ^. «(»+i) = J,<, + 1) (2» + 7). 

(2). The «th term = n{n + 1)2 = n{n + 1) (« + 2) - n{n + 1). 
.'. the sum of n terms 

«(»4.1)(.-4-2)(« + 3) _,(» + l)(»^2) ^ ,i^,,(, + i)(„+2)(3«+5). 
4 3 

__1 {__! L_l 

8 \ (2» + lJ=' \;m - \)*y 
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l8ttem.= -l{^-J.,j, 

.'. the sum of n terms « - M - -- — -—— . { . See Errata. 

8 I (2ii + 1;^ ) 

2. Let Xj xr^ n^ denote the numher of degrees in the angles of the 
Ist triangle, Sx, SxR, 3xB^ the number in the angles of the 2nd. 
Then we have 

x + xr + xf^^ 180 

Zx + BxR + ZxR^ = 180 

xf^ + 3jriP = 240 

• • 1 + ie -h ir^ * r2 -f. 3ii? *» 

.-. 9i2« + 3r2 « 4^2 + 4r + 4, 

.-. 9i? = r» + 4r + 4 - (r + 2y, .-. 3i2 = r + 2, 

...3(1 + r + f^) = 9(1 +i2 + i2a) = 9 +3r + 6+r2 + 4r + 4, 

.-. r« - 2r - 8 = 0, .-. (r - 4) (r + 2) = 0, 

.'. r = 4, 22 = 2, * = ^^, 

•. angles of the 1st in degrees are -—, — — — > — , 

- . . . , »r 47r IGtt 

„ „ let in circular measure are -- , 5- , -^, 

9 J w 2ir 4?r 

1) » ^^^ « » » 7* "t"* '7* 

3. (1). The expression on the right 

3 /i in . 1 . 1 3 . 1 3« . 1 

" rj-Q {log. 10 + -^ + - . -^ + - . 2-s + . . -I 

3 1 in . 1 /3 , 1 32 , I 33 , \ 

" j^^logelO + ro\27 + 2 • F* + 3 ' 2^1 + • • 7 

^ilogelO-4log.(l-|) 

3 , ,„ 1 , 125 
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» i loge 10 - i log* 10 + log,2 = log«2. 

(2). {log. (1 + 4' = (.r - £* + f* - . . . + (- ir f^ + . . .}'. 

In finding the coefficient of ar« no term higher than an-\ will be 
required. If » is even, the sign of each term will evidently be positive, 
and if n is odd^ the sign will be negative. 

...coef.of ^= (- l)-{j^ + ^^ + 3-^^ + . . .} 

since each fraction will occur twice. 

4. Produce ITD to meet CN in i^. 

Then MD : AE :: ND : NE :: BE' : i?a 

But u^^ = EC, .'. ML = DE'; and ^2) = i^Q .-. EM and CiV are 
parallel. 

6. Let the tangent at P meet the conjugate diameters CD, CJy in M 
and N, Draw the ordinates Fm, Pn^ m being on CD, 

Then CU^ ^ CM.Cm -= CM. Fn, 

CB^ = (7JV'.C'» = C2V.P«, 

.-. ci^.cm = caf.Pa X cn.fh, 

••. (7Jlf . P«» « ^,/ ^ , .-. A CP^ « ^ 



CN.Fji ACFN 

6. Let the equations to the tangents be 

The coordinates of the foci are (r, y), (-a?, - y). 
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Then since ST . ST = BC^ = SZ . S'Z', 



1 + «i' 1 + «'2^ ' 



.-. ifea = y« - ir2 + 24y . 



1 — M1WI2 



«fi + % 
= y* - ar* + 24y cot (a + /3), 

7. Tripos 1878. Tuesday morning. No. 7. 



Papbb XCVL 

1. Tripos 1875. Monday morning. No. 2. 

2. Tripos 1875. Wednesday morning. No. 7. 

3. Let a be the least side, E the radius of the circum-circle. 

Then 6c = a. 25, .-. *f = J2 = ?^, .-. ^ = f. 

2/1 ay' 2 

4. Let J', S', C be the feet of the perpendiculars from D on 
BCy CA, AB. 

Then BA.BC^ 1 t^BBC =- DC.DBAtlA, 

1 _ BC 1 2R.DA __ 2)^ 

• • S? " 55:2 • DB.DC " DA.DB. DC " 7" ^"PP""^^ 

.-. DA. DA' == fjL ^ DB.DF = DC. 7^(7' by symmetry. 

Now A'C^ = D-^'^ .+ DC^ - 2DA\DC . cos A' DC 

mi a f 1 , J^ , 2 cos 5 ^ 
" '* W2 + 2>C« + BA.DC] • 

DA. DC 
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Now d . J!C' = DJ! . DC sin B - — ^— sin B, 

. , M^ . j.^J)A,BG fi.sinB DJ.'BB.DC 1 

BA,DG II. AG AG 2E 2Ii' 

.\4dR^ = BA.BB.BG. 

5. Produce PG to meet the curve in P', and join PQ, PQ^. Then 
since PG = CP', and QC' = CQ', . '. PQP(^ is a parallelogram. 

.-. the angle TPQ = PP'Q = JP'P^. To each add GPT, .-. the 
angle GPQ = TPQ'. 

6. Draw ST, SZ, S'T\ S'Z' perpendiculars from the foci on the 
tangents. Then the angle SPY = S'PT, 

,\ sin* SPT - Bin SPY, sin S^PT' = ^ . ^' = :?^ 

JSP a'P CB'^ 

.-. 8in2 SPT + Bin^SQT = BG^ (^ + -^^ = const, since GB and 

GB are at right angles. Salm. Gon. Art 159, Ex. 1. 

7. If /be the acceleration of JT, the acceleration of P will be ;(/". 
The kinetic energy of the system at the end of time t is 

iPny^fi + ^W/^^. (/) 

The work done by gravity during the time t is 

P--)nfgi' (^) 



( 



n J 
,\ equating {A) and (B) we have 






S2 
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Papkb XCVII. 

1. Tripos 1876. Wednesday morning. No. 5. 

2. 28in8^ =, g;n(^ _ ff) |cos(5 - (7) - cos(J?+ (7- 2^)}, 

.-. 4sm«^ =x 8m(^ + J - C - ^ + sin (^ + C - ^ - ^) 

- 8in(5+ C^- ^ - ^ - sin(.l + 5+ C- 3^ 
« sin (2 C + ^ + sin (25 + ^ + sin (2^ + ^ - sin 3<9, 
.V^sin^ = 4sin»^ + sin3d 

= sin ^ (cos 2C + cos 2B + cos 2 J) 

+ cos ^ (sin 2C+ sin 25 + &in 2J), 

.. . ^ ^ 3 - cos 2^ - co8 2g - cos2G 
' ' ^^ sin 2^ + flin 2/? + sin 2G 

4(1 + cos -i cos 5 cos ^) m ji m • n — i? ,*> 

«=^ ^ 7^. — . . - . ^ ^ Todh. TViy. Cap. vni. Ex. 18. 
4 sin ^ sm 5 sm c/ 

= cot ^ + cot B + cot a „ „ „ Ex. 28. 

3. Consider J' as a point circle. Then E is a point on the radical axis. 

4. Tripos 1878. Monday morning. No. 10. 

6. The equation to the normal to the parabola y^ = & at the point 

(^', y) is ^ ^ 

y - / = - -J (^ - ^)- 

If {hj k) he ai point through which this normal passes, 

The equation which determines the ordinates of the points in which 
normals through {A, k) meet the parabola is 

or y. + (^ - i)i/-?-0, 

.'. if yi, ^2' ^3 ^6 t^i6 roots of this equation, 
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Now twice the area of the triangle (*!, yj, (iP„ y,), (^3, yj), 

- J- O'l - ys)(y2 - y3)(y8 - yO- 
Now 5^3 = - ( j'l + y2\ 

•'• ^ (2 " ^) ="^1^* +^3(^1 +y2) =^1^2 - (yi +ya)* = - 3yiy3 - (y^ - y2)«, 

•*• (yi - ^2? = - ^1^2 - ^ (2 " V 

Similarly (ya - yj'/ = - 3y^^ ~ ^(2 "" / 

aiii (ys - yi)^ = - %3yi - ^ Q - ^ j, 

..; _ 4/2A» = - (yi - yOMy« - y3)My3 - yi)* 
= {3yiy2 + /(^ -A)){3y2y3 + ^(^ -^)){3y3yi + ^(^ - 

= 27yiVy3' + 9^ (g - ^)yiy2y3(yi +y2+y3) 

+ 3/2 g - a)' (yxya + yaya + yayi) + ^(g - ^J 

... - !^' = ^ + 2 / - 2)1)3, 
27^ 27/ ' 

Now since {A, k) lies on the curve 

yS + A. (/ - ar)' = - fl* we see that 

-^ = «*. ••• A -^ - const 

If the point (h, k) foe taken so that two of the normals coincide, the 
area of the triangle will vanish, and .*. ^ s= 0. 



27/*i&a 
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. '. the locus of the point from which only two separate normals can 
be drawn to the parabola y* = &, is the curve 

6. If (A, k) be the point of intersection of the normals, the points 
where they meet curve y^ = la are given by the intersection of the 
parabola with the curve 

^ - y = - f (^ - ^), 

or 2^y = y{2h - 1) + Ik, 

This represents a rectangular hyperbola whose asymptotes are 
parallel to the axes, and whose centre is given by the equations 
"Zt ~ k — I, 2y = 0. The latter shews that the centre always lies 
on the axis of the parabola. 

7. Tripos 1875. Tuesday morning. No. 12. 



Paper XCVIII. 



1 . Let / be jfB income for any given year. 

First suppose / to increase in A.P. common difference 6. 

Then 1+6, I + 2b, 1+ Bb, I + U, I + 5b . . . represents his 
income for the 2nd, 3rd, 4th, 5th, 6th . . . years. .*. if c denote the 
percentage, the income tax on the 3rd, 4th, 5th, 6tli . . . years is 

, — ' , — ■ , — ■ . . • » winch IS an A,P. the common 

c c c c 

difference beiug -. 

c 

Next let the income increase in G.P., the common ratio being r. 
Then his income for the different years beginning with the first is /, 
//', If^ . , , .\ U dbe the percentage, the tax for the 3rd, 4th, 5th ... 
years is 

3d ' 3d ' ^ 



• • « 



which is a G.P. common ratio r. 
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«3 = 3{(1 + k)ii^ - 2«i4 = 3«2^ = 3.2.ViJ^f 

«4 = 4{(1 + i)u^ - 3u^} « 4«3/t = 4.3.2. «iP, &c. 

«! _L «2 I «3 



• HOI » OIQI l^ ••• 



•• oil! ' 1!2! ' 213! 

= «i + uxk + «i -^ + «j - + ... 

= «i (l + ^ + 21 + 3-1 + - ) == «i^* • 

o T 4. a . ^ sin d -Oil sin2 ^ , . -»^ sin^ 6 
3. Let /S^ = sm ^ . — sin 26 . — 1- sm 3^ . — ^— 

X M O 



.•• 



^ ^ sin d ^4,- sin^ Q , «^ sin^ 

C = cos ^ . — — - cos 26 . — ^r h cos 3^ . — - — ... 

12 o 

... C + &- = .«.^ - *»«.^ + *s«.!!^^.. 

L ^ t/ 

= log (1 + e^ sin ^), j^ 

.-. 1 + ^ sin ^ = <?o + « = eG. eSi, 

.'. 1 + sin ^ (cos ^ + i sin 6) ^ e^ . (cos /^ + * si^^ 'S'), 
.-. ^0 cos ^y = 1 + sin ^ cos ^ ) (1) 
eCsinS-^ sin 2^ J (2) 

.-. cot S = cosec 2^ + cot ^ = 1 + cot 6 + cot^ 6. 

Also squaring and adding (1) and (2) 

<?2C = 1 + sin 26 + sin3 6 
.\2C= log {1 + sin 26 + sin^ 6}. 

4. Let /be the centre of the inscribed circle. Draw IB, OE perpen- 
dicular to AB. Then D and F are points of contact and AE = s, 
J]) = 8 — a, where 2s =^ a + + e. 

Then JE : JD :: OA : I J, 

.\ SIS - a:: OA^ : OA . lA 

:: OA? : bc^ from similar triangles OAB, I AC. 



264 SOLUTIONS OF 

And from the same triangles, 

OB : IC :: OA : AC, 

OB' IC^ 0^ 9 -^ e 8 _ < - g 
be ab be s ' s — a ~' s — a 

or^ $^b 






Similarly 

ao * — » 

nj% nm n/ia 



ab s -^ a 
be ca ab 



5. Let A^AyO be the vertices of the ellipse and cone, aad let the 
focal spheres touch OA inB and £\ 

Then A'O - AO ^ OF - A¥' - {OB + BJ) 

'^ or " A'F ^ OF - AS 
-- A'F - A8 ^ AS - AS = SS'. 

•\ the locus of is a hyperbola, whose foci are A and A\ 

6. Tripos 1878. Tuesday morning. No. 6. 

7. On AB as diameter describe a circle, centre 0, Draw J?JV perpen- 
dicular to AB meeting the circle in B. Let AOB = B. Then the 

tangent at P makes an angle ~ with the horizon. 

The length BQ ^ arc AB = 2 . chord AB, and PQ is parallel 
to AB. 

If t and f be the times down PQ and AB, 

^j ^ 2PQ 4AR ^ .2AB 



9 


sin 


e 

2 




S 


sm- 


> • 


9 


sm- 
2 






• 


t 


a 


V2. 


f. 







Now f is constant, being the time of descent to the lowest point of a 
vertical circle. .*. / is constant. 



Paper XCIX. 



1. (1). Let X = (a:» + 3^ + 34jr + 37)» ; 

r = («» - 3ar8 + 34r - 37)i. 
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Cube both sides of the given equation. 

.-. 8 = ^ - 73 - 3Xr(X - r), and X - r « 2, 
.'. a^ + 11 ^Xr= [(a^ + 34^)2 _ (3^:3 + 37)2 J j^ 
.-. a^ + 33a?* + 363a?8 + 1331 = sfi + 5da^ + 9mJ^ - lo69, 
.-. 26ar* + 571a?2 - 2700 = 0, 

.-. a?2 = 4 or - <y^ ; .-. or = ± 2, ± 15 V^^^lv" 
(2). Multiply (1) by y, and (2) by or, and then subtract. 

^y - 8y*2r + 48y(y2 - 1) = 
0^ - 8y% ~ 6a;{a^ -. 4) == 0, 
.-. 8/-i:8-8y + 4ir = 0, •.-. (2y-ar)(4/ + 2ay + a^-.4) = 0. 
Put a? = 2y in the given equations. /. y = ± l,x = ±2. 
Again, add the given equations. 

.-. ai^(x + 2y) - 8/(ar + 2y) - 12(a;2 - 4f) = 0, 
.-. (ar + 2y)(ar-2y)(a^ + 2ay + 4y2-. 12) = 0. 

Put^=-2y. .».y=-3±V3-r^^-3±V3T 
(3). Put 1 - 16y2 = », 1 - 16;pa =, ^^ 

Square and add. 

/. 2{u + v)= ^s +yy + 64(ar - y)\ 
or l-Sx^-Sf-={is+yy+ 16rar - yf. 

Let ar +y = a, 4? - y = i3. .-. 1 = 5a2 + 20)32 ^ 

Also from the 2nd given equation, f = 3a2 - /32 j 

From these equations we can obtain the four values of x and y, 

2. Let the inscribed circle touch AC in E, Then OE is perpendicular 
to AC. 

.-. ^^ = ^0 cos d ^C = O^cot ^ = OA sin foot ?, . 

2 2 2 2* 
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.-. b = JE+EC = j£0 (cob I + |.sin -^ = JO ^ 

fiin — '' ftin _ 



C E 

cos - ^ COS - 

2 . J\ .^ 2 



sin -- ^ em - 

2 2 



3 C 

.'. -40 = ^ sec - sin - . See Errata. 

2 2 

Now ax = ^ = 4i?r cos -, &c (1) 

sin ~ 
2 

/. {A) - 2(i«cy-?2 + tfStfVa^ 4- fl9^2;r2/) _ «4j^ _ lY - c^z!^ 

= (air + ^y + c^) (^y + <?^ - dwr) (c^ -^ax — by) {ax + ^y — cr) 

= (4i2r)*^cos - 4- cos ^ + cos -j (cos - + cos^- - <>os- \ 
multiplied by 2 other factors. 

Now cos - + cos - + cos -r, = 4 cos — cos — - — cos 

2 2 2 4 4 4 

Todh. Trig. Cap. viii. Ex. 20. 
, 1 / A , . A\ \( B . , B\ If C , . C\ 

, B , G A J, 'IT - A V + B ^+G rj-n* c>i 

and cos - + cos - - cos - = 4 cos — - — cos — ~ — cos — - — .MEx.21. 
2 2 2 4 4 4 

If A , . A\ I / B . B\ 1 f G . C\ 

.-. (A) = 4(4i2r)4 (cos^l^ - sinS j)Ycos2-| - sinS;?? /cos^l -sin^j Y 

= 4(4i2)V cos2:^ cos^:? cos^^' 

= 4(4/2)M ^ . /I- . :i^, from (1) 
^ ^ 4i2r 4i2r 4/j:r' ^ ^ 

= (^ 4. ^ + ^)2 ^^2^2^ since 45 = ^, and r = - . 
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3. Let ABCB be the quadrilateral. Let ^, F, Q be the middle points 
of BDy ACy EFy HJi^ lot Hy X, K, M be the middle points of BG, CD, DJ, 
AB. Then since AK = KD^ and AM = MB, .'. KM is parallel 
to BB, 

.*. HLKM is a parallelogram having its sides parallel to AC and BD. 

Similarly BEFK is a parallelogram having its sides parallel to AB 
and (72). 

Since the diagonals of a parallelogram bisect each other, .*. the middle 
points of HK and LM are at G, 

Then by Todh. Fac, Ap, Prop. 1, GA?+GB^ ^ 2{AM^ + GM^), &c. 
.-. 2iGA^ + GB^+ GC^+ GB^ = EK^ + im 

+ i{AB^ + BC^+CI)^-\- BA^). 
Now ABI^ + BC^ = 2(^J^ ^ ^jp.2)^ c[Z)2 + DA^ = 2(^iy'2 + FB^\ 
.', AB^ + BC^+CI>^ + BA^ = 4AF^ + 2{BF^ + FB^ 
= AC^ + ^BF^ + EF^) = ^(7H- Blf^ + ^FF^, 
.'. 2{GA^+GB'+GC^+GI>^)=HK^+LM^+2FF^+i{AC^+BB^y (1) 
Again, GA^+GC^ = 2AF^ + 2GF^ ; (?^ + G^i)^ ^ 2^^2 ^ 2(?Z2, 
/. GA^ +GB^ + GC^+GB^^ i{AC^ + BB^ + EF^, (2) 

.*. subtracting (2) from (1) we have 

GA^+GB^+GC^+ GB^ = HK^ -i- LM^ + EF^, 

4. Tripos 1878. Wednesday morning. No. 9. 

5. Let S, S^ be the foci of the fixed ellipse, G its centre, ff the other 
focus of the moving ellipse, and let FQ be the chord of intersection. 
Join F and Q to S, S', and H. Join S'ff cutting FQ in Z. 

Then SF + S'F = 2a = >S!P + ^P, .-. S'F = ^P. Similarly 

.'. /S''PJ5", S'QH are isosceles triangles. .*. FQ bisects S'H at right 
angles in Z, 

Now 5" lies on a fixed circle, centre 8^ and 8* is a fixed point, .'. by 
Todh. Euc. Ap, p. 332, the locus of Z is a circle, centre C; and since PQ 
is at right angles to S'Z at the point Zj ,\ the envelope of FQ is a conic 
of which the locus of Z is the auxiliary circle. Also, C is the centre 
and 8* one of the foci. .% the other focus is 8» 

It will be seen from a figure that if SE < 88' FQ will cut 88 
between 8 and 8\ and the locus is a hyperbola. K 8E > 88% FQ will 
cut 88' produced, and the locus is an ellipse. If 8E = 88', FQ 
will always pass through the focus 8j which may be considered as a 
point ellipse. See Errata. 
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6. On JCiake a point E such that £C » OJ, and on BD take F so 
that FD = £0. 

The C. of G. of ^at J and ^at C is ff, since ^fiF. ^= ^C. -^ 

and the weight which we may suppose placed at E will be 

OA+OC _ . 
'~AC 

Similarly the C. of G. of -- at D, and — -- at B is /*, and the weight 

DS Bjj 

= 1. 

.*. instead of 5 particles at Ay B, (7, B, 0^ we have now 3 equal 
particles at 0^ E, Fy and their C. of G. will be the C. of G. of the 
triangle OEF. 

We will now find the C. of G. of the quadrilateral. 

Bisect O^in Q^ so that Q is the middle point of AC, Join BC, GD, 
and take points K, L on BO and DG so that KG = ^BG, GL = ^BG, 
and join KL, which is parallel to BB. 

Then JTis the C. of G. of the triangle ABC, and L is the C. of G. of 
ADC, 

.'. if is the C. of G. of the quadrilateral ABCB, so that 

LM ^ AABC ^ BO ^ DF 
MK" AABC OB FB' 

. . fl^Jf produced passes through F, and the C. of G, of ABCD lies on 
GF, Similarly it can be shewn to lie on EH, ,\ it is the point of 
intersection of GF and HE, and /. coincides with the 0. of G. of the 
triangle OEF^ i.e, it coincides with the 0. of G. of the 6 particles at 
A, By Cf By 0, by what has been shewn. 

7. rr+l = f'r + rr~|, .*. Vr = Tr+l - Vr-i; ^ 

Vt = tV-1 + rr-2, .'. tV - rr-2 = fr-l ; 
.'. Vr (vr — rr-2) = tJr-i(tr+| - rr-l) ; 
.*. Vi^ - Vr Vr~2 = Vr-l Vr+l - Vr-i^ ; 
.'. Vr^ '^ Vr-l Vr-^l — Pr-1* '*' Vr-2 Vr 

• • • • 

» Pj* #M f jf?j, and 1^8 ~ ^a 4" ''ij 
= X^t?!* — (X + 1)«'A for t?2 = \viy 
= Pi* (X* - X - 1), 
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Paper C. 

1. Frora (1) and (2) we have 

y + si « + ' 

.*. z{x - y)(y + z){z + *) = ^(^ + ^) - y*(y + ^) 

-•. r(y + rX« + ar) =- iP(«2 + ay + y2) + (ar+y)(jr2+y«), since a? :^ y, 

.•. reducing, we have 

xz^ - x^z+yz^ - fz^ afi + x^y + xf + ^ - s^. . (J) 
Similarly from (2) and (3) we obtain on reduction 

x^z - xz^ + ar^y — ay* =3 y* + y^z + yz^ + ^ - x^, . (B) 
Adding (A) and (B) we have 

^* + / + /^ = 0» and y 5^ 0, 
.\ X + y + z =^ 0, 

Again yz H — - = y<8r — ar*, since y -{- jg: = — ar 

=^ yz + xy + xz. 

2. Tripos 1878. 2nd Monday afternoon. No. 2. 

3. Let 1, 2, 3, 4, 5, 6 be the feet of the perpendiculars from on DC, 
BB, DA, CJy CB, BA. Then 134 is the pedal line of the triangle ADC, 
125 of BCD, 236 of ABD, 456 of ABC, 

The circle on OD as diameter evidently passes through 1, 2, 3, i.e. 
the circle through 1, 2, 3 passes through 0, Similarly we can see that 
lies on each circle described round the triangles formed by taking any 
three of the six points 1, 2, 3, 4, 5, 6. That is the point is the 
intersection of the circles round the four triangles formed by the four 
pedal lines. .*. if we describe a parabola touching these four pedal 
lines, the focus will be at 0, and the feet of the perpendiculars from 
on the four pedal lines will lie on a straight line, viz. the tangent at the 
vertex of the parabola. See LXXXVII. No 5. 
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This question is solved analytically in Smith's ConicSj p. 83. From 
the form of the solution there given we see that if he fixed, and any 
number of points be taken on the circumference, and triangles formed 
by joining these points by threes, and the pedal lines of all these 
triangles be drawn with regard to 0, the feet of the perpendiculars from 
on these pedal lines are collinear. 

4. Let S and R be the foci of the fixed ellipse, S' the other focus of 
the moving ellipse. Let TF'F, TQ^Q be two common tangents, P and 
Q being on the fixed ellipse. 

Then the angle HTQ = STP = S'TQ^. .'. ff, S\ T are collinear. 

Draw SY^ HZ, S'Z' perpendicular to TP, and let i, b' be the semi- 
minor axes. 

Then HZ.ST ^ ^, 8'Z* . ST = V^, .'. HT : S'T in a constant ratio. 
.'. H8' : HT in a constant ratio. Now the locus of S' is a circle, .-. the 
locus of ^ is a circle. Todh. Eue, Ap, p. 332. 

5. Let (a?!, y^), {x^ y^, (s^, y^) be the coordinates of P, Q, 22, and let 
the equation to the parabola be y* = 4ax, 

Draw the ordinates PNj pn. Then PN. pn = Aa^, 
,\ the equation to the diameter Api^y = — — 
The equation to QR is 

^2+^3 H-Vvz yi 5^2 + ^3 yi 

.•. the equation to AS is 

•^ I 4fl ' y^ > yi 

or 16ffS [x " a) ^ ^{^1^21^3 + <^Ky\ + ^2 + ^s)}- 

The symmetry of this equation shews that we should obtain the same 
equation for the lines BS^ and CS. .\ A, P, and ^'lie on a straight line 
passing through the focus. 

6. Let A denote the area of the first lamina, a the distance of its 
centre of gravity from the vertical line through the centres. 

Then since the thickness of each is the same, the masses are pro- 
portional to the areas, and .*. to the squares of the radiL 



WEEKLY PROBLEM PAPERS. 271 

.'. the distance of the centre of gravity of the pile from the vertical 
line 

^ Ja\l^ + 38 + 53 + . . . + (2;^ - 1)3} 
^|1^ + 32 + 52 + . . . + (2/* - 1)2| • 

Now (2» - 1)3 - {2n - 1) {(2» - 1)2 - 4} + 4(2» - 1) 

= (2» - 3) (2« - 1) (2« + 1) + 4(2» - 1), 

.'. the sum of n terms of the series in the numerator 

(2»-3)(2«-l)(2;.+ l)(2« + 3) 3 . 3 , . 3 
= 472 472 + ^^ 

^ ( 4;>2 , 9) (4^2 _ 1) _ 9 _^ ^^^ 

= «8(2»2 - 1). 

And (2« - 1)» = 4«(« - 1) + 1. 
•*. the sum of n terms of the series in the denominator 

4(« -!)«(«+ 1) 



+ n 



= I (4«' - 1) 



.•. the required ratio is 3«(2»2 _ l) .- 4«2 — 1. 

7. Let CA, CB be sections of the g^ven plane made by a vertical plane 
passing through the pulley, and at right angles to the common section, 
and let A and B be the positions of the particles at any time. 

Then if be the C. of G. of A and B, m and n the masses of A 
and B, 

AQ- : GB :: n : m. 

Take CA and CB as axes of ar and y, and draw GM, QN parallel to 
them, meeting CA in N and CB in M. Then from similar triangles 

CA : CN ;: u^j? : BG :: m + n : «», 
/. C!^ = («i + «) £ . Similarly CB ^ (m + n) l^ 

.'. I ^ CA + CB =^ (m + n)^ + (m + n) J^ 
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• mm JL. 'Z. ^ • 

m n «i + « 
wliich is the equation to a straight line, and is the locus of G, 

Let T be the tension of the string, and suppose u^ to be moving up 

the plane. 

T 
Then the acceleration of A upwards is ^ sin a, 

T 

and „ B downwards is y sin ^ > 

n 

T . T 
and these are equal, .% - — y sin a = ^ sin j3 • 

m n 

.'. T = a , (sin a + sin P) • 

«i + « 

.*. if/ be the acceleration of ^, 

/ SB — i— f « sin a + « sin /5 — (m + ») sin a\ 
m + n ^ i 

BB — ^— (« sin 3 — SI sin a). 
m + n 

If EF be the locus of Q^ we may for simplicity suppose Wx to be at E 
and io^ at F, 
Then the acceleration of w^ along EF 

f 

■» - >ftci* + w^ - %wiw^ cos EOF 

f 

= -r 'Jto^ + w^ + 2«?i«?2 c<^s (« + /3) =* -^1 suppose, 

with a similar expression for F^. 

And, by Todh. Mech, p. 295, the acceleration of the C. of. G. 

1C1 + W2 
__ n v>\ sin a *** tc^ sin j3 , . 
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ADDITIONAL PROBLEMS. 



Paper VL 

7. An ellipse is described having for axes the tangent and normal at 
any point P of a fixed ellipse, and touching one of the axes of the 
fixed ellipse at its centre. Prove that the locus of the focus of the 
moving ellipse is two circles, of radii a^ b. 

Paper VII. 

5. liAA'BF, BFCC, CC'AA' be three circles, and the straif?ht lines 
Ad', BFy CO' cut the circle A'FO' again in a, /3, y, respectively, the 
triangle a^ will be similar to ABC. 

Paper XL 

6. Prove that the asymptotes of the curve 

11x2 + 24.ry + 4/ - 2^: + 16y +11=0, 
are given by the equation 

{\\x + y + ^)(x + y ^ 1) = 0. 

Trace the curve, find the lengths of its axes, and prove that the 
equation of its director circle is 

^ +'f + 2i- - 2j< = 1. 

Paper XII. 

7. AC, CB are chords at right angles in a circle, P is any point on 
the circumference. PA, PB, PC represent forces. Shew that the 
locus of the extremity of the straight line which represents their 
resultant is a circle. 

T 2 
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Paper XVII. 

7. Along the eides of a regular hexagon taken in order act 6 forces 
represented by 1, 2, 3, 4, 6, 6 respectively. Prove that their resultant 
will be represented by 6, and that its direction will be parallel to one 
of the sidesy and at a distance from the centre of the hexagon equal to 
3 J times the radius of the inscribed circle. 

Paper XVIIL 

1. A road runs from A to meet another at right angles. Shew that 
there are two points on the second road which may be reached in the 
same time from A whether we travel by road or across country, the 
rates of travelling by road and across country being as 7 : 5. Also 
shew that for places between these the quickest route is across country, 
and the quickest for all other places is by road. 

2. If 16 be added to the product of four consecutive odd or even 
numbers, the result is always a square number. For odd numbers its 
last digit in four cases out of five is 1, m the remaining case 5. For 
even numbera the last digit in four cases out of five is 6^ in the 
remaining case 0. 

3. If /, ntj n be the distances of any point in the plane of a triangle 
ABC from its angular points, and d its distance from the circum-centre, 
shew that 

/» sin 2^ + w2 sin 2J5 + «? sm 2(7 = 4(i22 + ^) sin A sin B sin Q 

B being the radius of the circum-circle. 

7. A conic passes through the centres of the four circles which touch 
the sides of a triangle. Prove that the locus of its centre is the 
circumscribing circle. 

Paper XIX. 
[2^ Solve the equations x t \ \ 

(1) ;r* + «* = 4.ax(x^ + a^. ^'^^ ^ ^=^^/ ^ ' 

4. If i2 be the radius of the circum-circle, shew that the area of the 
triangle 

« J i22 {sin^^ cos (J? - C) + sinS B cos {C-A)+ sin^ C'cos {A - B% 
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5. If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the rectangle contained by the sides of the 
triangle is equal to tlie rectangle contained by two lines equally 
inclined to the bisector, one terminated by the base und the other by 
the circum-circle. 

Papeb XX. 

3. If the area of a qundrilateral be V(« — «)(«- 0) (# — c) (« — d)^ 
shew that it can be inscribed in a circle. 

4. AB, CD are chords of a circle intersecting in 0, and JC, DB meet 
at P. If circles be described about the triangles AOC^ BOL^ the 
angle between their tangents at will be equal to APB, and their other 
common point will lie on OP, 

5. A uniform rod AB rests with its ends on a rough circular wire in 
a vertical plane, and the equilibrium is limiting. Shew that the vertical 
through the centre of the rod meets the circle through A, B and tlie 
centre of the wire in two points, in one of which the directions of the 
resultant actions at A and B meet 

6. 2a and 23 are the major and minor axes of an ellipse. With 
centre as centre, and radii ^i, 3, ^ -f~ ^ circles are described, and a 
radius vector OPQR is drawn meeting them respectively in jp, §, B. 
If a parallel to the minor axis drawn through P meet a parallel to the 
major axis drawn through Q in S, then S ib & point on the ellipse, and 
SB is the normal at S. 

7. Defining the angle at which two circles cut to be that in which 
no part of either circle lies, prove that if the circles 

(x -b){x-b^+3/^^ 0, {x -a){x ^ a')+f = 0, 

cut at an angle B, 

(a - a'f (b - I/)^ sin2 6 + 4(3' - a) (3 - a) {It' - a') {6 - a') = 0. 

• ' Paper XXI. 

1. The population of a town at the end of any year can be found by 
subtracting eleven times the population at the end of the previous year 
from ten times the population at the end of the succeeding year. Nine 
years ago the population was 1210, eleven years ago it was 1000. Prove 
that it increases in G.P. 

2. Prove that 6 sin-i —, — + 2 sin-i ^^* . , = - • 

V60 26ViO 4 
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3. Sum to infinity the series 

(1) Bin (9 + 2 sin 20 + 1 sin Z6 + ]- sin 4.6 + ... 

Ill 

(2) sin (? — ~ flin 33 + y sin 56 — ■= sin 7a -r ... 

(3) sin ^ + 1 sin 36 + ^ sin 56 + j, sin 7^ + ... 

4. The three perpendiculars from the angles ^, B^C oi 2l triangle on 
tlie opposite sides meet the sides in Z), E, F, If J), E, F be given, shew 
how to construct the triangle ABC. 

5. F is the ortb ©centre of a triangle, Q any point on the circum- 
circle. Shew that FQ'vi bisected by the pedal line of the triangle with 
respect to the point Q, 

6. If X be a variable parameter, the locus of the vertices of the 
hyperbolas represented by 

is the curvo (.r- + i/^Y = a\x'^ — y^). 



Paper XXII. 

2. If the impossible root ofa:3 + 5'^ + r = 0beo + j3 v— 1, shew 
that 32 = 3a' + q. 

4. Through the angular points of a triangle JBC draw straight lines 
perpendicular to the Imes bisecting the angles. If A, P be the area and 
perimeter of the original triangle, A', P' those of the new triangle, 
prove that 

(1) 4AA' = Pabc\ (2) PP' = 4A' (cos:^ + cos :?+ cos ^Y 

6. If A BCD be a quadrilateral inscribed in a circle, and the sides be 
produced to meet in F and Gy prove that the bisectors of the angles at 
F and G meet at right angles. 

7. Chords of a hyperbola are drawn through a fixed point. Shew 
that the locus of their middle points is a h.yperbola similar to the 
original hyperbola or its conjugate. 
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Paper XXIII. 

i.if.(i-^^)-,(i-^0-'0-?^) 

and X, y, z be unequal^ prove that each member of these equations 

— ar+y + 2: — «»• 

2. A besieged garrison is provisioned for a certain number of days ; 
after 10 days one-sixteenth of the men are killed in a sortie, when it is 
calculated that by diminishing the daily rations by one-fifth it will be 
able to hold out for 30 days longer than was first supposed. Subse- 
quently 160 men with a quantity of provisions equal to half what is 
still left come in ; by which it will be enabled to increase the time it 
can still hold out by one-fourth. How many«ien were there originally? 
and for how long was it provisioned ? 

Paper XXV. 

6. Out of a wooden cylinder is cut a cone of the same base, and the 
hole is filled up with lead. If lead be nine times as heavy as wood, 
and if the centre of gravity of the whole be at the vertex of the cone, 
shew that 

the height of the cone : the height of the cylinder :: sin 18° : 1. 

Paper XXX. 

1. Prove that (1) the coefficient of ar»»+iy»+i in the expansion of 

(1 - or) (1 - y) .g {m + n) \ 
1 — X — y mini 

(2) the coefficient of a^—^ in the expansion of 

. {(1 - ar) (1 - es) (1 - c^x) (1 - c^x)]''\ 

in ascending powers of x is 

(1 _ g»)(l - gTt+l)(l , gn +2) 

(1 .-,)(i^^)(i ^^) 

5. A circle is described about a triangle ABC, and from any point D 
lines DB, DC are drawn cutting the circle in two points F and Q whose 
pedal lines intersect in S, Prove that the angle S is equal to the 
difference between the angles A and J). 
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Paper XXXL 

1. In a bag there is a number of tickets marked with the natural 
numbers from 1 to n^ + 1* Every number is marked on each of r 
tickets, and every square number m* confers a prize of m shillings. 
A person can draw one ticket from the bag. Shew that the value of 



hie expectation is g(^.y+j^^ 



2) 

2. If (1 + « + *»)• = P, + P,« + P^ + . . . + P^' + . . . 
prove (1) P, = P,« - Pi« + P,« - . . . 

5. A, B, C, D Bjce four points not in one plane. If AB is 
perpendicular to CJD, and J.C is perpendicular to BJ), then will AD 
be perpendicular to BC. 

6. TFf TQ are tangents to a parabola whose focus is S. LM, a third 
tangent cuts them in L and if. Prove that the triangles SFL^ STM 
are similar. 

Hence shew that TL i LP :i QM : MT. 

Paper XXXII. 

1. Of three events it is 2 to 1 against the first and second happening, 
3 to 2 against the second and third, and 9 to 1 against the first 
and third. Shew that the odds against all three happening are 

6V3 - 1 to 1. 

2. is the centre of gravity of a triangle. AO, BO^ CO are produced 
to points B, By F such that AB = l.AO, BE = m. BO, CF = n. CO. 
Find the values of /, m, n so that the sides of the triangle DBF may 
pass through the points A, B, C. 

6. Aj B, Cy D are four points in space. AB^ AC are divided in E^ F 
so that AE :EB::AF: FC. BB, BC are divided in Q, H so that 
DG : GB:: BE : HC, Shew that the lines GF and HE will intersect. 
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Paper XXXIII. 

1. A river flows from P to Q, a distance of 12 miles, at a unifortn 
rate. B starts at 12 o'clock from Q to row to P, and A starts at 5 
minutes past 12 to row from Q to P and back again. A overtakes B 
a mile from Q; he rows on to P, and at once turning back meets P two 
miles below A, A reaches Q 35 minutes after B reaches P. Find the 
times at which A passed B, and the rate of the stream. 

5. Any point P is taken on a given segment of a circle described on 
a line AB<> and perpendiculars ACr and BH are let fall on BP and AP 
respectively. Prove that GH touches a fixed circle. 



Papeb XXXIV. 

1. A policeman walks round his beat uniformly during his hours of 
duty. Shew that the chance of my meeting him, if I walk in the 

opposite direction down a street, which is >-th of his beat, at a rate m 

times his, is — ^^ — , where m > 1. 
mn 

Also solve the problem when the condition in italics is removed. 



2. If ^. "SI 4.^.1 = ^5 
z y 

z X 

e, - + «.-= b) then will I 

X z 



X 



y 



a, - + b.^ = e 

y ic 



a^a^ + b^i/^ + (^s^ + abcxyz = 0, 
flS + ^ + ^ ^ 5^^^ 



4. Prove that the distance between the centre of the inscribed circle 
and the orthocentre of a triangle is 

2P (vers A vers B vers C — cos A cos B cos C) , 

where B is the radius of the circum-circle. 



Paper XXXV. 



2. Solve the equations : — 



(1) 



/ , — = vV - 1 |\G2"+~r - ^/x^ - x\. 
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3. Prove that in a triangle where a < c, 

cosnA 1 fi . a „,«(» + 1) ^2 OP '^ X-^ C^^^'^"*'^< 
__ = -jl + n.^cosB+ -i_p_ C0S25 ^^/^(e-t^u) 

nj. + 1)(. + 2) .3 ,,3 3P^%(e-f-^^) 
51 c^ ^ 



Paper XLIIL 

6. An ellipse and hyperbola are described so that the foci of each 
are at the extremities of the transverse axis of the other. Prove that 
the tangents at their points of intersection meet the conjugate axis 
in points equidistant from the centre. 



Paper XLIV. 

1. li x^ y,z are in G.P. when ^^ is subtracted from each ; and r, y, x 
are in G.P. when B^ is subtracted from each; and a?, ^r, y are in G.P. 
when ^3 is subtracted from each ; prove that 

-JL- + ^-i- + -1- = 0. 

4. If TAi TB be tangents meeting a circle in A and B, and TCQD 
be any chord meeting the circle in C and D, whilst Q is the middle 
point of the chord CZ), shew that TQ bisects the angle AQB^ and the 
length of TQ varies as the sum of the lengths of AQ and BQ, 

6. T is any point on the tangent to a parabola at Q. Prove that the 
tangent at T to the circle round TQ^S touches the parabola. 

Paper LI. 
1. Prove that the value of the expression 



sU"- cob2</) + ^2 gin2<^ + Vtf2 8in=^ <p + b^ cos^ <^ 
lies between a -\- b and ^2a^ + 2b\ 



u 



Prove also that 
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+ 



fJd- coti^ </> '+ "U^ 8in2 ^d^ sin2 <p ^ (? cos^ 



lies between — (- - and 



5. ^5C is a triangle inscribed in a conic whose centre is 0, and 
Oa^ Obs Oc are drawn to the middle points of the chords. From any 
point F on the conic, Fa, P)3, Fy are drawn parallel to 0/7, Od, Oe to 
meet the sides in a, /3, y. Prove that the points a, /Sf, y are coUinear. 



Paper LV. 

3. The sides of a triangle are in A.P., and its area is to that of an 
equilateral triangle of the same perimeter :: 3 : 5. 
Shew that the greatest angle is 120°. 

6. FA^'i FBG are two serai-circles which touch internally at P, FQO 
being the common diameter. Through F draw a secant FAB such that 
the area of the triangle ABC may be a max., and shew that for this 
position of the secant the area of the triangle QAB is also a max. 



Paper LVII. 

2. In the continued fraction 

1 X a^ sfi 



(1 - ar) + (1 - ^) + (1 - 0^) + (I - x') + 



shew that the nth convergent is 



Cn 



<r» — 1 



where an = J?-^ - x-'^ + x-^ - ar-* + . . . + (- l)»-l . x-^\ 

7. Prove geometrically that if a line be drawn through a focus of a 
central conic making a constant angle with a tangent, the locus of the 
point of intersection is a circle. 

Paper LIX. 

6. ABC is a triangle, any point, in the same plane or not ; P, Q, 72 
points in OA, OB, OC, BR, CQ intersect in L ; CF, AR in 3f ; AQ, BP 
in N. OL, OM, ON cut BC, CA, ABiu 2), E, F. Prove that ADy BE, 
CF are concurrent. 
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6. A semicircular piece of paper is folded over so that a particular 
point P on the bounding diameter lies on the circular boundary. Shew 
that the crease-line always touches a fixed conic. 

7. A straight line of given length moves so that its extremities 
always lie (1) on a fixed ellipse, (2) on a fixed parabola. Find the 
locus of its middle point in the two cases. 



b^ 



Papkb LX. 

2. Shew how to find n if the sum of n terms of the series 

1-^54.9 + 13+...- 

be a perfect square ; and find the first two values of n greater than 

4. From a point A on the outer of two concentric circles tangents 
AP, AQ are drawn to the inner. APy QP meet the outer again in T^ R, 
Prove tliat 

RP : RQ :: RT^ : RA^. 

Paper LXF. 

4. The sum of the reciprocals of the distances of a fixed point from 
tangents to a circle at the extremities of any chord through the point 
is constant. 

Papeb LXVII. 

7. In the system of pulleys in which each string is attached to a bar 
supporting the weight, find at what point of the bar the weight must 
be attached if there are two movable pulleys. 

Also shew that if the weight be then doubled, it will descend with 

acceleration = -^. 

15 

Paper LXX. 

2. If a:<tv^ + y^y^ = x^x^ + y^y^ = x^x^ + y^y^ « 1, 
and fl?i = x^y^ - x^^y^, d^ = x^y^, - x^y^^ d^ = x^y.^ - x^y^ 
shew that «^ 4- ^2 + ^3 = d^d^d^ 
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Paper LXXV. 

6. P is any point on a conic circumscribing the triangle ABC^ and 
the diameters which bisect the chords parallel to PAy PB, PC meet the 
tangents at J, £, C in the paints J), F, F respectively. Shew that 
2), Ej F lie on the polar of P. 

Paper LXXVL 

7. A particle of elasticity e is projected from a point in the wall of a 
square room in a direction whose projection on the floor makes an 
angle B with the wall. Shew that if the particle after striking each 
wall in succession returns to the point of projection, then 

e{ix + 1) cot B = efi + I, 

fi : 1 being the ratio in which a horizontal line in the side of the wall is 
divided by the point of projection. 



Paper LXXVII. 

6. If in a rough inclined plane the ratio of the greatest force to the 
least force which, acting parallel to the plane, will just support a given 
weight on the plane be equal to the ratio of the weight to the pressure 

on the plane, prove that the coefficient of friction is tana . tan^-, where 
a is the inclination of the plane. 



Paper LXXVIII. 

7. A projectile is discharged with velocity v at an elevation o, and 
n seconds afterwards a second one is discharged after it so as to strike 
it If i/, a' be its velocity and elevation, prove that 

2 vv' sin (a — a) = {v cos a + r* cos a') gn. 



Paper LXXIX. 
3. Prove that 

(1) 1 -tar,^^ {tan 5^+2tanZ + ... + 2.-1 tai.^ + 2«-i). 



• c 
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^ cos ^ COS - 

(2) 2 = -i- + 1 i^ + 1 ^ 

COS*- COS*- COS* -COS* - 

2 2 2 -ii^ 

COSd COS- COS -1. 

+ L 2 2« ^. 

23 2^ j(9 -(9 

0032- COS*- C082- 

and sum to u terms the series 

sec* S + 2^ sec2 2$ + 2* sec^ 2* d + . . . + 2"'*-^ sec* 2**- ^ ^. 

4. Go the sides of a triangle as bases are described externally three 
similar isosceles triangles. Prove geometrically that the lines joining 
the vertices of these triangles with the opposite vertices of the given 
triangle are concurrent 

6. Shew that the equation of the envelope of a circle described upon 
a chord of the circle (a? — « )* + y* = c* passing through the origin 
as diameter is 

{^+f + a*- ^)(^ - ,2^r:^ + / + «*- ^2) == ay. 
Prove also that the maximum distance of a point on the envelope 
from the centre of the given circle is c n 2. 



Paper LXXX. 

7. A tennis ball is served from a height of 8 feet. It just touches 
the net at a point where the net is 3 ft. 3 in. high, and hits the service 
line, 21 feet from the net. The horizontal distance of the server from 
the foot of tlie net is 39 feet. Prove that the angle which the direction 
of projection makes with the horizontal is tan~^ f^^j ; and that the 
horizontal velocity of the ball is about 160 feet per second, the plane 
of projection being perpendicular to the plane of the net. 



Paper LXXXV. 

4. S and H are the foci of a hyperbola, and PT, the tangent at P, 
cuts an asymptote in T. Prove that the angle JSTP = PUT. 
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Paper LXXXVIII. 

7. One end of a string is fixed to a beam, from wliich it passes 
downwards and under a movable pulley of weight JP, then over a fixed 
pulley, then under a second movable pulley of the same weight, and 
then the other end is attached to the first movable pulley. A weight 
W is attached to the second movable pulley^ and all the straight 
portions of the string are vertical. 

Prove that there will be equilibrium ii TT = P. 

Also, if W > Fy the downward acceleration of JT will be 

W- P 
W + 6P^* 

Paper XCII. 

7. If on a rectangular billiard table whose sides are a, h^ a ball 
describe a rectangle whose sides are c^ d^ prove that the coefficient of 
elasticity between the ball and the sides of the table is 

fad - ^^Y /M-Z-fEfV 
\hd — ac) \ad — be) ' 

Paper XCIIL 

5. The envelope of a perpendicular drawn to a normal to a parabola 
at the point where the normal cuts the axis is a parabola. Prove also 
that the focal vector of the point of the parabola at which the normal 
is drawn meets the envelope at the point where the perpendicular 
touches it. 

6. Shew that if iPi' +yi^ = a-^ + y^ =» it^ + ^s' = ^'> 
and ai(jf^ - ya) + iP^i^s " ^i) + ^3(^1 - ^2) = 0> 
then ariiTgarg + yiyg^s = ^• 

A straight line cuts in 3 real points the curve a?' + ^ = a*. Shew 
that their centroid, if it lie on either axis of coordinates, will be at 
the origin. 

Paper XCIV. 
1. Prove that 

3 . 81«+i + (16» - 64) 9«+i - 320»2 - 144« + 243 is a multiple of 212. 

5. The diameter d of bl circle is divided into 2n equal parts, and 
straight lines are drawn from any point in the circumference to each 
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point of division. If a^ a^ . , . a^n-i be the lenprths of the lines so 
drawn, prove that in the limit, when the number of parts is increased 
indefinitely, 



Paper XCV. 

7. From a point at a distance d from a plane whose inclination is jSy 
two particles are projected simultaneously with velocities u and v in 
two different directions parallel to the plane and at right angles to each 
other. Prove that they will strike the plane simultaneously at points 
A and B such that 

JB^^ -{«« + ««) sec ft 



Paper XCVL 

1. If/i = fl + i, g = ^+r, r = <?+-, prove that 

a c 

l/l - g - ^ ^ = 1 /l - !LIL^\ = 1 /l - ^-g ); 
a\ b - cj ~b \ c — aj e \ a ^ b) 

and eliminate r, y, xr from the equations 



tfZ zx ^ « I ^ , <? A 

^ ar^y z X y ' z 

2. If «, i, <?, (^ be the sides of a quadrilateral taken in order, and <^ 
the angle between the diagonals, shew tliat the area of the quad- 
rilateral is 



Paper XCVIL 

1. Prove that the max. and min. values of 

g^ + 3;74?« + 3j« + r 
are 2p» ^Zpii-\~r± 2(;?« - g)\ 

4. If tangents be drawn to a fixed circle from any point on another 
circle, the envelope of the chord of contact is a conic. 
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7. If a particle of mass m fall down a cycloid under the action of 
gravity starting from the cusp, prove that the pressure of the particle 
upon the cycloid at any point is 2m^ cos^, where yjr is the inclination 
to the horizon of the tangent to the cycloia at the point ; also shew that 
the resultant acceleration = ^, 



Paper XCVIII. 

6. Two equal uniform ladders, each of length I an^ weight w, are 
freely jointed at ^ and are connected by a rope JPQ. A man whose 
weight is W goes b feet up one of the ladders. If the ground be 
smooth) prove that the tension of the rope 

_ Wb + id e 

where 2<? is the length of the rope in feet, and a = AT = -^§. 



Paper XCIX. 

4. Two triangles BAC^ BAC are inscribed in a circle on the common 
base BC, and the pedal lines of the triangles BAC, BAC are formed 
with regard to the points A' and A respectively. Shew that these two 
lines and the nine points* circles of the two triangles intersect in the 
same point. 

4 

Paper C. 

2. Eliminate ^, having given 
jTCos (d - a) + y cos ^ = 2a sin {6 + y) cos 6 cos {6 - o), 
iF8in(^- a)+ysin^ = 2^ {8in(^ + y) sin^cosC^ - a) - cos/Scos^}, 
a + 3 + y = fT. 



SOLUTIONS OF ADDITIONAL PROBLEMS. 



Paper VL 

7. Let CD be the diameter of the fixed ellipse conjugate to CP^ and 
on the normal at P take PH » PH' » CD. Then by Salm. C(m. 
Art 181 (tf)y the angle HCH' is bisected by one of the axes of the fixed 
ellipse. .*. the other axis touches an ellipse whose foci are H and H\ 
ana which passes through C. Also CH ^ a — b, CW &= -f ^* 



Papeb VIL 

5. The angle /Say = ^A'+A'c^^BFA'+A'CC^BAA'+CAA'^BAC. 
The angle ajSy = B'^y - Bfia = ir - FCX - B'A'a 

= IT - B'BC - (tt - FjfA) 

= ^^^ - B'BC = ^^a 
/. the angle /3ya » ^(7^. .*. a/3y is similar to ABC. 

Paper XI. 

6. The condition that the equation 

ax^ + Uxy + bf'\-2gx + %fy + c = 
should represent two straight lines is 

abc - ap " bg^ - M^ + 2/^A = (1) 

The asymptotes of the given equation are 

Wa?^ + 24jy + 4^« - 2a? + 16y + 11 + X = . . (2) 
where X is such a quantity as will make (2) represent two straight lines. 



APPENDIX. 291 

.*. by Bubstitution in (1) we find X » — 20. .*. the required equation is 

liar? + 24ay + 4y« - 2ar + 16y - 9 = 0, 
or (liar + y + 9)(:r + 2j^ - 1) = 0. 

The centre is the intersection of the asymptotes, and is given by 
liar + 2^ 4- 9 = ; ar + 2y - 1 = 0. /. a? =» - 1, y = 1. 
Transferring to parallel axes through the centre, the equation becomes 

1U« 4- 24ay + 4ya « 2, 
The equation of a concentric circle is 

The equation of the common chords is 
These coincide and are the axes when 

.•. the semi-axes are v{J, v - J. 

.'. the curve is a hyperbola, of which one branch lies entirely between 
the positive axis of x and the negative axis of y, the centre and tlie 
other branch being in the opposite quadrant. 

The equation of a pair of tangents from afff to the hyperbola is 

(lU-2 + 24ay+4/-2^H-%-|-ll)(llar^+24/y' + 4y'8-2a;'+16y+ll) 

-{1U/+ 12(ay'+ ar» +4jr/ - (r + arO - 8(y + /) + ll}2. 

These two tangents will be at right angles if the sum of tlie 
coefficients of s^ and y^ is zero. 

.-. 16(llar'2 + 24^y + 4y8 - ar -I- I6y + 11) 

« (liar -f. 12y - 1)^ + (12^ + 4y - 8)1 

.*. the equation to the locus is 

«'+^ + 2ar - 2y = 1. 

Paper XII. 

7. Bisect JB in 0, Then is the centre of the circle. Produce FO 
to meet the circumference in Q. Complete the parallelogram CPQR. 
The resultant of PA and FB « 2P0 = PQ. The resultant of PQ 
and PG = PR. Now CP =» PQ = diameter of given circle =» const. 
.'. locus of i2 is a circle^ centre C, radius » diameter of given circle. 

U 2 
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Paper XVIL 

7. Let ABCDEF be the hexagon, and let the forces 1, 2, , . . act 
along ABj EC . . . Let be the centre, and AB ■« a. The distance 

of from any side « a -->. If ^denote the resultant, p the perpen- 
dicular from on its direction, 

pfl = a "^? (1 + 2 + 3 + 4 + 5 + 6) « a . 42 V5. 

Resolving pariillel and perpendicular to AF^ we have 
JP = (6 - 3 + IJ - 2J - H + 5J)« + {^ (1 + 2 - 4 - 5)\* 
= 9 + 3 X 9 - 36. A iJ = 6. 

/. ^ =3 __— . 3^ » 3} X radius of inscribed circle. 



Paper XVIIL 

1. Let AB^ BC be the two roads, and let D be one of the points 
required. 

Let AB - ir, BD ^ x. Then AB == Vj?» -f a\ 

.-. 7 Vj2+-^2 = 5(-p + ^), ... 24:f3 - max + 24^ = 0, .'. jf = ^ or •^. 

.'. there are two positions of D. 

On BC take a point By and let BB = y. Then AB = ^^HF^ 

Then the time across country is quicker than the time by road if 

Le. if 24(y* + fl^ — 60^y is positive, 
Le, if 24 U - -f) (/ ^ j) »« positive, 
t.tf. if y does not lie between •- and --> . 

2. Let » be any number. Then by elementary algebra we find 

«(» + 2)(« + 4X» + 6) + 16 = («2 + 6« + 4)2. 
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First let n be odd, =» 2;p + 1, 

.-. JVr = »2 + 6» + 4 = V + 16^ ^ 11, 

Let j9 = Sg' + r, 

/. N = 100^2 ^ i20qf + 4r2 + 16r + 11 
= Jf + 4r» + 16r + 11, where Jf is a multiple of 10. 
If r = 0, JV^= Jlf+11; r = l, K=^M+Sl; /• = 2, iV= Jlf +59; 
r = 3, JV^= Jf+95; r = 4, JV=Jf+139. 

/. when r = 0, 1, 2, 4, the last figure of iV^ is 1. 
when r = S, the last figure of JV* is 6. 
Next let n be even, and = 2jo. Then as before we get 

-Ar= Jf +4/^+12r + 4. 
If r^O, iV = ilf+4; r = 1, JVr=ir+20; r = 2, N=M+U; 
r = 3, JV^= J/+76; r = 4, JV^ = Jlf+116. 

.*. when f = 0, 2, 3, 4, the last figure of iV^ is 6. 
when r =3 1, the last figure of IP is 0. 

3. Let P be the point, the circumcentre. Join and P to the 
points J., Bj C, 

Let COF = ^. 

Then P =^ H^ + d^ - 2M cob (2P - ^), 

ffi« = 222 + fi?2 _ 2i2^ cos (2-4 - 0), 

n^ =. Jt^ + d^ - 2Edcoae. 

.-. /2 sin 2 J. + m^ sin 2P + «« sin 2(7 

= (iP + </2)(8in 2 J + sin 2B + sin 20) 

- 2Bd {sin 2^ cos (2J? - ^ + sin 2^ cos (2^ - ^) + sin 2(7 cos A 

= 4(i22 + d^) sin ^ sin B sin (7 

- 2Rd {cos ^ (sin 2-4 cos 2P + sin 2B cos 2A + sin 2(?)l 

= 4(i22 + rf2) sin A sin .5 sin (7. 

7. This is the same as shewing that the locus of the centre of the 
conic through the angular points and the orthocentre of a triangle is 
the nine points' circle, for the centre of the inscribed circle is the 
orthocentre of the triangle formed by the centres of the escribed circled, 
and the nine points' circle of the latter triangle is the circumcircle of 
the original tiiangle. 
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Let ABC be a triangle, its orthocentre. Produce AO to meet 
BC in D. 

Take LC, DA as axes of x and y^ and let 

DC^h, LB ^ -- k, ABC = B. 
Then AD ^ k tan B, OD ^ h cot d. 

The equation of a conic through A^ B^ C and is 
*« + 2/iay - ^ - (A - it) ar -t- (^cot^ + ^tan^)^^ - At = 
where /i is a variable. The centre is given by the equations 

, h ^ k f. . h cot '\- k tan B ^ 
* + MT 2~ "" * f^ - y H ^ = 0- 

.*. eliminating /i, the locus of the centre is 

2(^ +y*) - {h -- k)x + (hcoiB + ittan^y « 0. 

This is the equation to a circle through D and the middle points of 
BC and AO, .*. it represents the nine points' circle. 

Paper XIX. 

2. (1). «* + «* = 4tf*(ar8 + «*), 

.-. 6tfV = ar* - 4tfar3 + ^(^x^ - 4^3^? + ^4 » (^r - /»)*, 

.-. {x - fl)« « ± V?. flti?, .-. «a - (2 ± V3)fl'a^ -f «« = 0, 

.-. 2ar = tf {2 ± N/'Fi 3* ( V3"± 4)*}. 

(2). i + i - 1 - 1 = 1 + f. ... {xff + ab){aif - iar) - 0. 
ay z X o 

X u XV 

.'. either ry + fli = 0. .'. — I — « 0. .•. z ^ e, and — U •! = 0, 

ay a b 

•*. fly + ^ar »» \ .*. 4flf2^2 ^ (^y ^ ^^)« _ ^abxy = (ay - iar)* 
ay - bx = ± 2abj •*• y ™ =*= ^> x ^ ^ a^ z ^ e, 

X y e X X 

ax z X — i^a 

.-. (a? - fl)(a?» - «r + 2flf2) a. 0, 
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/. a? = o, or I (1 ± \'- 7). .-. y « i a? « ^, or | (1 ± V- 7), 



(i-l)--.orl(i^VirT). 



4. 22 sin ^ = -, sin 2^ » 2 sin ^ cos ^ ^ -— . —-; , 

2 be %bc 

.-. iZ^sinS^ cos(^ - C) « iZ^sinM . sin(B + C) cos {B - C) 
= |'*(8in2B + 8in2<7) 

"" 4 • ^ \ ^^5^ ■*" s^^5 ; 



4a2^2^ 
.*. the given expression on the right 

_ 2 ^Sc^ 
^ 3 ' 4a2^2c3 



:^iSl 



5. Let BAG be a triangle. Bisect the angl^ at A by AB^ and in 
BD take any point JP'. Join AF^ and at the point A make the angle 
BAG = i)ui/^, ^ being on the circum-circle. 

Then the angle BAF = CAQy and ABF = ^(7(? in the same segment, 
.'. the triangles ABF, AGO are similar. 

.-. BA : AF :: -4G^ : ACL .*. AB.AC '^ AF. AG. 

Paper XX. 

3. Let AB ^ a, BC ^ by CD ^ c, DA ^ d. 

Then DB^ == «« + rf^ _ ^ad cos^ == *« + c* - 2^^ cos Q 
.\ tfi + d^ - I^ - <? ^ 2ad COB A - 2^<? cos Q 

/. (tf + (f )a - (6 - <?)2 -= 4flf<f cos2 ^ + ibc sin2 £ 
and {a — (f )^ — (^ + <?)2 ■=» — 4ad sin* - — 4:bc cos* -, 

« 16 (*<? 8in« I + <?<^ cos* ^ r^tf cos* |' + « (f sin* ^\ 
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SB 16/( ic8m-cos-+tftfsm-coB- J +tf^ca( cos-cos^ — sin- sin- J \ 

» Mpc sin C + ad sin ^« + 16 abed cos^ ^j" ? 

=■ (area of quadrilateral)* + 16 aic^/ cos* — ^ % 

.*. if area = \^(* — «)(* — ^)(* — {?)(* — /), 

A 4- C 
we must have cos — ^ — — 0, .\ A + C =* 180°. .*. the quadrilateral 

can be inscribed in a circle. 

4. Let OEf OF be the tangents at to the circles round AOC^ BOD 
respectively^ Then the angle COE =^ OAC, and COF — OBD, because 
they are in alternate segments. .*. FOE = OAC -* OBD = APB, 

Now let OP produced meet the circle round AOG in H. 

Then OP . PH ^ AP.PO'm BP. PD, .\ H is also a point on the 
circle round BOD. 

5. Let W be the weight of the rod, jfi, B! the total resistances at A 
and B» Let C be the centre of the wire. Join CA^ CB. 

Since the rod is in equilibrium, the directions of W^ Ry R' meet in a 
point. Let this be 0, Since the equilibrium is limiting, the angle 
OAC = OBG, .*. Of A, Bj C are points on a circle. This gives the 
required result. 

6. Produce P^Sto meet the major axis in 2i, and draw the ordinate QM, 
Then /SW = QM, and PN^ = A^, NA\ 

.\ SN^ : AN.NA! :: QiP : PN^ :: Oq? : OP^ :: l,^ : a*. 

•*. S is on the ellipse. 

Produce RS to meet the major axis in G. 

Then OG : QS (^ MN) :: OR : OP. 

And MN : Olf :: PQ : OP, 

.\OG\ON ::OR,PQ:OP^ 

:: (tf + 6)(a ^ l) : a^ 

:: flp* - ^ : tf*. 
«% SG is the normal at iS'. 



.,^.<,=.-(?f*)(^,^,;y_y=_ 
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7. The abscissa of a point of intersection (y^ /) is given by 
{si - a)(af - «') = (a/ - ^)(«' - ^0, .'. sf{a-^d ^h- b') ^ aa' ^ hh\ 

{(/ - bXfi' - h') 

a + af -d-b'* '^ ** a + af-b-O'' 

The equations of the tangents at {ai, y) are 

.2(*^ +y^') - (« + «0(* + O + 2fl«' « 0, 

2(^/ + yyO - (^ + *0(^ + ^) + 2^^' = 0. 
g + g' - 2y ^ ^ + ^ - 2dr^ 

.-.tan^^ ^ ^ 



2y(flf -[. </ - i - 3') 



(tf - b'){b - d) + (»-*) (A' - «') 
4 /2 (g + ^ g^ - 3 - y)g ^ {(g - ^^)(^ - gp -Ktf - bW - g^)^ 

« -.4(g_ b){a-b'){d " b)(a' " b') + (a - b^ (of - i)^ 

+ 2{a •-b){a-' b') (d - b) («' - ^')+ (tf - ^)2(« - ^0^ 
= {(« - b'){d ^b)'-{a- b)(d - ^)}^ 

.-. (fl - lO* (^ - *Tsin2^ + 4(^ - fl) (^ - a) (y - tfO (^ - <»0 = 0. 

Paper XXL 

1. The population 10 years ago = 12100 - 11000 = 1100, 

/. the numbers in three consecutive years were lOOO, 1100, 1210, 
which are terms of a G.P. common ratio being \^, 

1 IT 3 

2. We have to prove that 5 sin-i —7^ = -. — 2 sin-i -— -; — . 

V60 4 26Vi0 
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Let a =* sin""!^ . S « Bin~i > 

V60 26^10 

•'• sin 5a =r 6 sin a — 20 sin' a -|- 16 sin^ a 

_1^ /g _ 20 16 \ 2879 

" V60^ 60"*" 602/ " 6V2 

gin 3 s , COB a la • . *. sm 2B = — 

25 Vfo' 25 ^/io' 5* 

.-. cos' 2/3 = 1 (5w - 237«) = ^0 ^ 970D456, /. cos 2p - ^^ 

.-. sin f ^ - 2/3) - -1 (cos 2/3 - sin 2^) 

3ll6j-237 2879 
" 5«V2 " 6V2 
*This may also be solved by noticing that 



sin 5a. 



1 3 

sin-i — — : = tan-i I, sin-i ^^ ^ = tan-i A, 

V50 ^ 25^/^0 ^^' 

.'. 5 tan-i f + 2 tan-i ^y = 3 tan-i }^ + 2 tan-i ^. 

«« tan-i f + 2 tan-i j 

= tan -1 J + tan-i i = ;r> Euler's Series. 

Note.— From this question can be obtained the expansion of sr given 
in XXI. No. 1. 

8. (1). Let/S'- sin ^ + i sin 25 + I sin 35 + ... 

C =» cos 5 +^ cos 25 + ^ cos 35 + ... 
2 2* 

.-. C+Si^e'i+ hit + 1^ «8« + ... 



-{■ + ? + ©*+- 



APPENDIX. 299 

.-. (2 - e^i){C+Si) «2<?'', 
.-. (2 -^ cobB " iBm0){C+ Si) = 2(co8 ^ + • sin ^, 
.*. equating real and unreal parts, 

(2 -co8^)(7 + ;y.8in^«2co8^ 



08^) 

indj 



(2 - cos ^ /S' - (7. sin ^ = 2 sin 

Eliminating C, we find S = ^ "'° ^ . 

6 — cos $ 

(2). Let S^Bm3-isinSe + i sin 6(9... 
^ =s cos ^ - J COS 3^ + ^ cos 5^... 
.-. C+Si = «?*<- J<j8*i + j^ 

.•.2a- -2.5=- log ^±g., 

1 — «tf*» 
(1 + sin ^ - « cos ff) (cos 2(7 + i sin 2C) . e-^ = 1 - sin ^ + * cos By 
•'. equating real and unreal parts, 

(1 + sin 0) cos 2C+ cos 6 sin 2(7 = (1 - sin ^(f2S | 
(1 + sin ^ sin 2 C - cos ^ cos 2 (7 = cos ^ . tf2S J ' 

If we square and add these equations, we shall eliminate C. 
.\ 2^«(1 - sin ^ = 2(1 + sin ff), .\ S ^ i log ^^^j°^ . 

(3). Let S^^BmO + l sin BB + \ sin 56 + ... 

4 4^ 

C«-cos^ + -cos3^ + jjC0s6^ + .., 
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.'. proceeding as in (1) we find S = ;t— .-^!?^.-o-s• 
9 + 16 Bin^ $ 

4. Since JD bisects the angle EDF, we must bisect the angles at 
D, Ey F^ and draw lines through these points at right angles to the 
bisectors of the angles. 

5. Let Q be any point on the circamscribing circle, QD perpendicular 
on BC^ and let P be the orthoceutre. Bisect PQ in M, Then since /* 
is a centre of similitude of the nine points* and circuiii-circles, .*. M is 
on the nine points' circle. Join MB cutting AK in E. Join AP and 
bisect it in U, and let AP cut BC in X. Then M, U, X are on the N.P.C. 
And MU = ^QA. .', the angle in the segment of the circum-circle cut 
off by QA = the angle -in the segment of the nine points' circle cut off 
by MU. .-. the angle QCA = MXU. Since M bisects PQ, .\ MX = 
MD. .-. the angle MXU = QDM, .\ QCA = QDM. .\ a circle will 
go round QCDE. .'. QEC is a right angle. .•. E is the foot of the 
perpendicular from Q on AC, and is .'• a point on the pedal line.-- .*. the 
pedal line bisects PQ, 

For other solutions^ see Casey ^ p. 36, and Catalan^ p. 37. 

6. The axes bisect the angle between the asymptotes. .*. their 

equation is ^ s — ^ • .*. eliminating X, we have for the locus of 

. 2 X 

the vertices, {x^ - y^ — a^) (a?^ — ^) = - Ax^if\ 

i.e. {a^ - y^)* + 4a^^^ — a%a^ - y^), 

or (x^ + ff = a\^ - y^\ 

Paper XXIL 

2. If a + 3 iJ " \ be one impossible root, the other will be 
flf — /3 ^/ — 1, Let y be the third root 

Theni;3^^^^;.==(a.-a + /3N/ -~l)(ir_a- /3 N/~l)(a?- y) 

= (a^- 2ar + a2 + /32)(4r- y) 
- ^ - (2a + y>r2 + (a2 + ^2 + 2ay> - (a2+ /32)y, 

.-. y= - 2a,2 = a» + i32-f.2ay = a2 + /32- 4o2 = /32- 3a«. 
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4. The angular points of tbe new triangle are 'evidently the centres 
of the escribed circles of the original triangle. .•. by Todh. Trig. Cap. 

XVI. Ex. 34, A = -- sat -- — . (1) 

Again, if 0\0^0^ be the angular points of the new triangle, 

H J? 

Tx = B0\ cos - , r3 = BO^ cos -> 

B C B A 

^ cos - cos -- COS - cos - 

.-.. O1O3 cos - = ri + ra = flf -^ f" ^ • 5 — 



C A 

cos - COS - 

2 2 

.*. ^1^3 = a + c 



A 

COS- 



a 



cos 



B 
2 



2 



cos - 
• 2 

cos — sm - 

^^ . ^ 
cos - sm - 

\ 2 2; 



COS - 

2 




2tf 
-T-— ,cos 
sin^ 


B 
2 



^ .A' 



= 4jK cos - = — 1 cos - ■■ 4— cos -, by (1) 

A 2 F 2' *^ ^ ' 



COS - + COS - + COS - ) • 

2 2 2/ 

6. Let the biseictors of the angles F and G meet in 0. Produce FO 
to meet AD in iT. Then the angle FOG = 06^/) + OKD = 0(?i) 

7. Let i2 be the middle point of any chord through the fixed point 
0, Take the asvmptotes as axes, and let the chord meet the axis of ^ 
in Q^, and the axis of y in F'. Then since FF = Q(^, B is the middle 
point of JP'Q'. Let {A, k) be the coordinates of 0, 



The equation to the chord is ^ + -^ 






cq 



CF* 



1 ; also TTTi + TTT' 

' CQ!^ CF 

0. 



1, 



CO' CP 

Now, if fc 17 be the coordinates of jR, f = -s^> 9 *" "o"* 



.*. the locus of B is * - -* — h ^^-7;^ — 

2f ^ 2fi 



0. 
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h k 



,'. transferring to ( -> -Y w© have 



jr^ a=^, which represents a similar hyperbola. 

This question may also be solved geometrically as follows : 

Using the same letters as in the analytical proof, bisect CO in C^ and 
through C draw ECF parallel to P'^, meeting CP' in E and C^ in F. 
Join ME, RF. Through C draw lines parallel to CF and CQ[. Let the 
first meet ER in T and C(j[ in JT. Let the second meet RF in X. and 
(7/^ in H. 

Then 5 is the middle point of PQ, and /. also of P'q;. Also B and 
i* are the middle points of CF^ CQ^, .*. ER, FR are parallel to the 
asymptotes. .*. in the parallelogram CERFihe complement YC'RX = 
complement HK = const. 

.". RX . RT = const. 

.*. locus of JS is a similar hyperbola, centre C 

^his may also be considered as a particular case of the following 
general proposition. 

In any conic the locus of the middle point of chords which pass 
through a fixed point is a similar conic. 

Describe a similar and similarly situated conic passing through 0. 
Let POO'F be any chord intersecting this conic in 0, (7 and the 
original conic in P, F. Then since the same diameter bisects both 
PF and 00', .-. OP = O'F ; and if R be the middle point of 00* or 
PP\ OR = ^00'. .*. since is a fixed point, the locus of R is a conic 
similar and similarly situated to either of the other two conies. - 



Papbb xxin. 

1. Put each expression = R, 

^\ afi — myz = Ra^ (1) 
^ ~ mzx = Ry'^ (2) 
28 - «ay = Rz^ (3) 
From (1) and (2), a^ - f + mz{x - y) ^ R{a^ - y*), 

.•. a^ + xy +y^ + mz = R(x + y). 
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Similarly s^ + yz + z^ + tux ^ E(y + z\ 

.'. subtracting s^ -^ s^ -{• y{x " z) + m(z - a?) ■■ B(x - z), 

.\ S ^ X +y + z - m^ 

2. Let a denote the original number of men, y the required number 
of days. 

Then ay - lOar + t . }§^(y + 20) ; 

.•.y»10 + i0f + 20); .\y^ 100. 

Also — 1— . » i"; .-. 6ir - 6(ir + 150); .'. ar « 760. 
a: + 160 X ^ * ' . 

Papeb XXV. 

6. Let h, X be the height of the cylinder and cone. 

Then the vol. of cylinder : vol. of cone :: A : -> 

o 

.*. weight of cylinder : weight of cone :: A ; - • 

o 

Also^ the heights above the base of the C. of G. of the cylinder and 

A X 
cone respectively are j^* 7 • Now tlie cylinder with the lead cone 

inside it is equivalent to the wooden cylinder -|- ^ cone of 8 times the 
weight of the wooden cone. .•. since the C. of G. of this coincides with 
the vertex of the cone, its height above the base is «. 

••"'" 8jr "CA + l&r* 

■^3" 

.-. 4«* + 2«A - A« = 0. 
/. « — A . ^ — = ■■ h sin 18®, since x is positive. 
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Paper XXX, 

1. (1) a -.^lOz^ « ^■;^-y + -^^ - 1 +ry{l 1 (:r+y)}-l 
1 — ar — y 1 — a-y ' 

+ (^ +y)'+'* + . . . .}. 

,•. coefficient of ar»»+i ^+i » coefficient of x^ y^ in (a? -f- y)»n+» 

(« + «)! 

m 1 « 1 

(2) Let [(1 - r)(l - <?-?)(! - (^z)il - c32r)}-^ ^i^j^gj^ j^'t + .,. 

Change ;? into cz^ 

.\ {(1 - cz)(l - c2^)(l - <?32:)(1 - c4^);"l = 1 +. ^jtfir + J^(^z^ + ... 

and the expression on the left = (1 + AiZ + -^j^^ +...)> 

1 — (rz 

.-. (1 - ^)(1 + J,z + A^z^ +...)=(!- c!^z){\ + A^cz + ^2(J2.2 + ..,)^ 
.'. equating coefficients of ;?»-i we have 

1 _ ^+2 

.*. -<f»-i = - , An~2 ; and ^^ *» 1, 

... evidently^.-, - <' "f ^'j,;; " ^^^^ " -"> . 

(1 - C3) (1 - tf2) (1 - tf) 

6. Let j5iP2/'8 ^ *^® ^®®* ®^ *^® perpendicnlars from P on jffC, CAy 
AB ; and ^ig2?3 corresponding points for Q. Join B^. 

Then j-i/SPi = ir - /^^i - ^iPn 

Sp^qi «=» 5 + Pj'i/'a ™ 5 + P-ff-^, since PPj^j^^areonacircIe. 
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And SqiPi = ^ — QjiS'j = 5 - QBJ, since QqiBq^ are on a circle. 

« Q5^ - P5^ = PJBQ = P2)5 -BQC = PDQ -BAa 

Paper XXXI. 

1. The number of shillings depending on the drawing 

« 13 ^ 23 + S3 + ... + «3 ^ fe^(;g + 1)^ ^ 

The total number of tickets 

= 14.2 + ...+(»« + l) = 5(«2 + i)(„« + 2), 
.*. the value of the expectation 

== 4— - i(« +!)(« +2) - 2^^^2^.1)^^2 + ;>)- 

2. (1) (1 + 0? + ;f2)» =.Po + ^1^ + ^2^' + - 
Change the sign of x, 

.-. (1 _ r + a:2)w = Pq-'^^" - Pi^2"-^ + Pyr2j»-2 ... since P^ = P2», &c. 

.-. (Po + Pi^r + P£^2 + , ) (p^2n _ />ia:2*-l + P2r2«-2 ...) 

== (1 -|. a; 4. a^)« (1 _ x + x^T = (1 + ^^ + ^r 
= Po + Pi^ +P,2'*+... 

.•. equating coefficients of ar^n-, we have 

Pn = Po2 - Pi2 + P22 ... 
(2) Po + Pl.^ + P2i:2 ... „ (1 + ^ 4. ^2)„ 

.'. equating coefficients of x^, 

■p _ n{fi + l) ...(n+ n - \) ^Tw -f 1) ... (« -f « - 4) 

sn — j — ». — — -J- ... 

1 ( (2n - 1) ! __ (2;; -> 4) ! «(« - 1) (2» - 7 ) I ^ 

"(»-l)I( «1 '(/^-S)!"*" 21 («-C)! -j 
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5. Let ABC be the plane of the paper. Let G be the foot of the 
perpendicular from D on this plane. Join GA^ GB, GO, Produce AC 
to meet BGin F, and. produce GC to meet AB in E» 

Then the plane EDG is perpendicular to the plane ABC, and also to 
the lino ABy and BDG is perpendicular to ABC^ and also to AF, 

,'. in the triangle ABG^ AFib perpendicular to BGy and ^^to AB. 

.'. BCia perpendicular to AG. .*. AD is perpendicular to BC, since 
the plane ADG is perpendicular to the plane ABC. 

6. Let LM touch the parabola in JB. Join SR. 

Then the angle SLF = SBL = tt - SRM - ir - SMQ = SMT, 
and SFL = STM, .'. the triangles SFL and STMaxe similar. 

Similarly /SXT and A^Jf^ are similar triangles. 

.-. TL : QM :: LS : MS from similar triangles SLT, SMQ, 

iiLP'.MT „ „ SPL,STM. 



Paper XXXIL 
1. Let jOj, P2^ Pz ^® *^® respective probabilities. 

rri 12 1 

Then /^^/^j = g, ^jg/^s = -, p^p^ ^ - , 



3 50, ..^i/'^/'s -5^1 

.•. the odds against all three happening are 5 v3 — 1 to 1. 

2. If the points F, A, E are collinear, then 

:^OEF - AOAE -f AO^J^: 
Now :^OEF = JO^ . Oi^sin EOF 

= i(?» - 1)(» - \)0B. DC sin BOC 
= (/» - 1)(» - 1) AO^a 
AOAE = iO^. 0^ sin AOE = («i - 1) A.^0^. 
AO^i?^ = iOA . O^sin ^Oi'^ =(«-!) AAOC. 
\ (m - 1)(« - 1) ABOC = (m - 1) AAOB + («-!) AAOC. 
But Ai?<y{7 = AAOB = A^Oa since is the C. of G. 
/. (w - 1) (« - 1) = « - 1 -1- « - 1, 
.-. (« - 1) (» - 1 - 1) = » - 1 = » - 2 + 1, 
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/. (zw - 2) (« — 2) = 1"^ To solve these equations, multiply 

Similarly (« - 2) (/ - 2) = 1 Lthem together extract the square root 
•^ ^ ^ ^ ' (of the product, and divide by each 

(/ - 2)(m — 2) = l) equation. 

.-. /-2 = «i-2 = «-2 = l. .•./ = «»=.» = 3. 

5. Join CJB. Then EF and Gff are each of them parallel to BC^ and 
.*. also to one another, and .*. a plane can be drawn mrough them. 

/. FQ and SH, being in this plane, intersect. 



Paper XXXIIL 

1. Let ar, y, z be the rates per hour of J, B, and the river 
respectively. 

12 12 

J takes hours to go from Q to P, and — ; — hours from P to Q. 

X — z X -\' z 

•'• i2 + ir=i"fir^- (^^ 

J_ , 12 __2 10 

12'^ X - z"^ x + z'^ y - z"^^^ 

J-^2 J2_^_6_^l 

These are three simultaneous equations of the first degree, the 

unknowns being — ; — , — , . From them we find 

x-^-zx — zy — z 

ar + ^ = 8, ^ - r = 4, y - ar = 3. .*. ar = 6, y = 5, ^ = 2. 

.*. A overtakes P at (^ + \) hours after 12 o'clock, i.e, at 12.20, and 
A meets B again at ^ hours after 12, i.e, at 3.20. 
The rate of the stream is 2 miles per hour. 

6. The points Q- and H are on the semicircle described on AB as 
diameter. Bisect AB at C. Then C is the centre of the semicircle. 
.*. the angle GCH = 2GAH = 2 X comp. of APQ = constant, since 
the angle AFB is constant 

.'. QHi^ a chord of the semicircle of constant length, and .*, always 
touches a circle, centre (L 

X2 



.,-' 
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Paper XXXIV. 

1. The necessary condition that we should meet is, that when I start, 
the policeman must be either in the street or within such a distance of 
the end of it that he will reach it before I do, i,e, he must be within 

-til of the length of the street from it. .', he must be in a particular 
m 

_ ( 1 -| — )th of his beat, and the chance of this is —^ — 
n \ m/ mn 

If I walk in the same direction as the policeman, when I start, the 
policeman must be within f 1 — - y^ of the length of the street from 

the starting point The chance of this is — • .'. the chance of our 

fiin 

meeting (the condition in italics being removed) is 

. fm -\- \ .m — \\ 2m 1 
^ \ mn mn J *Zmn n 

2. a^ - h+ ct ^0 

z X 

a~ + bl - c:^ 



a 



x*" 'y z z y 
z\y z) y\z ' y J ^ 

Again, in the first equation for a? writing — , &c., we obtain 

CbX 

hy cz z y 

.'. the equation is unaltered. 
/. from (^), «V + h^f '\- <?^ -\- abc xyz ■= 0. 
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Now multiply the three equations together. 

ahc = (^ •!! + ^ f) ica - + ch^\ + «2- + ah ^"j 
\ ^ yJ \ y x^ yz zJ 

= 2abc + a{a^ - 2bc) + b{l^ - 2ca) + c{(^ - 2ab) 
= tf3 + ^3 + <^ "- ^abc. 
4. Let P be the orthocentre, J the centre of the inscribed circle. 

Then lA = ~^^ , AF = 2i2 cos A, 
sin- 

the angle J^P = ^ -^ - | = ^Tj?, 
S Ty abc , .^ . A , JB . C 

.-. /P2 = lA^ + jfp2 _ 27^ . AF cos 7^P 

^ t A-D2 9 J A Br COS A B - C 
+ AB? cos^ ^ — 4 cos 



' n A » A L 

sin^ - sm - 

2 2 

= 472^ J 4 sin2 - sin^ - + cos^^ 
I 2 2^ 

, , B , C J B - C\ 
— 4 sm - sm - cos A cos — - — > 

2 2 2 J 

« 4i22 1 (1 - cos ^) (1 - cos C) + cos2 ^ - cos^ sin^ sin C 

}in2 - sin^ ■- > 
2 2/ 

s= 4J22 /(I - cos B) (1 — cos C) — cos^ cos ^ cos C 

— COSu:^(l — COS J?) (1 — COS C)} 

= 4i22{(l - cosi?) (1 - COS C)(l - cos^) 

— COS A COS B COS C } . 
.•. IP s= 2R {vers A vers ^ vers C — cos -i cos B cos (7 } h 



— 4 cos -4 sin^ 
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Paper XXXV. 

2. (1). V(x^^ i){V?qrj _ Virr-;! ^ r- x/^ ^- i_ 

/ V ^ + Var^ - 1 
= {or - 'Jar^ - US, 

•"• Va^ - 1 {2a:* - 2a? Va:*-* - l} = (ar - Vor-^ - 1)3, 
.-. 2a;« Var2^ 1 - ar(a?8 - 1) « arS - 3jr2 Via^l + 3;p(^2 _ i) 

- (x^ " I) s/^~^^, 

.*. ^Qafi - GOa-s + 25a?2 = (a:2 ~ l)(36ar* - 12^2 4. j)^ 
.-. 124:* - 12a^ - 1 = 0, 

(2). From (1) and (3), 1 + /»3 == ^| (^ _ ^)2 + || 
From (2), = ar|| - x)^ + |}, 

r, x^-Za^ + Sx-1 ^ i^, .-. «• - 1 = tf, .-. or = « + 1, 

••• (y + ^)^ = J _^— = 1 > ^ + ^2, .-. y + r = ± s/l^a + a^ 

(y - •^)' = 1 - « + «' - f = (« - i)2, .-. y - r = ± (tf - J), 
. '. y and ;? are known. 

(3). a(y - «) + ^(^ - ^) + <?(ar - y) = 1 

, y - g _ ^ - ar ^ -y _ p 
- e <?— a a " d 
.', d^ = (d- e) {c -a){a^h) ^. .-. B is known. 
x-y^{a- b)R, 2y - 2£r = (23 - 2c)R, 
,\ x+y -2z = (a + 6 - 2c)It, 
and s+y + z = e, .'. 2 -- i {e - (a + b - 2c)Ry 

Similarly ar « ^j^ - (4 + ^ - 2tf)i2}, y ^ ^^e -• (c + a - 2d)B), 
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3. Let (7 = 1 + «? cosB + «(^ + ^ ^ cos 2^ + ... 



c "21 



S = n- BinB + ^ ^7 ^ -s Rin 25 + ... 

c £ \ (r 



= (l-/aB,) 



— M 



= <?•» (tf - flp COS J? - « . tf sin jB)-» 
= c^ {b cos ^ - * . ^ sin A) -» 

= , (cos nA + t sin «-^. 



.. ^«.«_^„.l (7 = l(l + «?cos5 + <^+i)^'cos25 + ...> 



Paper XLIII. 

6. Let S, S' be the foci of the ellipse, Hy H' those of the hyperbola. 
Let B be the extremity of the conjugate axis of the ellipse, b that of 
the hyperbola. Let ^ be a point of intersection, and let the tangents 
to the ellipse and hyperbola at F meet the conjugate axis in T^ t, and 
draw Fn perpendicular to CB. 

Then CH^ ,- CB^ = CS^, .'. CB^ = CH^ - CSK 

And CS* + Cb^ = CH^y .-. CS^ = CH^ - CS^ .'. C7?2 = Cb\ 

.-. Cn.GT ^ CB^ ^ W ^ Cn.Ct, .\ CT = a 

Paper XLIV. 

1. (ir - (9i)' = (y - ^i)(^ - ^i) ; (y - B^f = (z- e^(x - e,); 

.-. a^ - 2;pi9i + e,^ ^yz- ^i(y + ;ir) + ^i^ 

• /J - s^ - yz 
^ ~ y — z 

/, _ 2.r^ - ^•- ar;g-ar2+y^ r {x — y) {x - z) 
2x — y — z zx — y — z 
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.-. Similarly y - ^^ = (y - ^) [y - x) .^_q (^-^)(^-.y) . 

^y - z - X tz - X — y '' 

. _J . _J L ^ ^ ^x-^y- z 2y-z-x 

" O^^x^ e.2-y^ e^-z {x- y){z - or) "^ (y - z){x -^) 

2z — X — y 



+ 



(z -x){y- z) 



If we reduce the right-hand side to a common denominator, the 
numerator 

= 2x{y - 2r) " (y + z){y -z) + 2y{z ^ x) - {z + x){z - x) + 2z{x - y) 

- (^ + y) (^ - y) = 0. 

4. Take the centre of the circle. Then OQ is perpendicular to CD 
.-. circles will go round TJQO and TQOB. 

/. the angle JQT = AOT = TOB = TQB, i.e. TQ bisects the 
angle AQB. 

Again, since TAQB is a quadrilateral in a circle, 

Tq.AB=^TB.Aq + TA. BQ 

= TA{AQ + BQ), • 

5. Let TjP, ^Q be two tangents to a parabola, CD a third tangent. 
Then the circle round TCD always passes through S. Let CD chano-e 
its position, always touching the parabola, until it is indefinitely near 
to the position TQ. Then in its limiting position the circle will pass 
through two consecutive points on TF, and will .-. touch TF at T. 



Paper LI. 

3. Lety = *Ja^ cos^ + ^2 sin^ + ^Ja^ sin^ <f> + b^ cos^ 0, 
.-. y2 ^a^ + d^ + 2 s/{a^ + b^) sinz <^ cos^ (^ + ^2^2(31^^4 ^ _(. cos* <^) 

= tf2 + ^2 + 2 ^(«4 ^ ^4) . Sil^ + ^2^2(1 _ 2 siu2 ^ COS^ <^) 
= fl2 + ^2 ^ V(tf2_ /J2^2gin2 2(;> + 4a2Z)2 

.'. y2 hag itg niax, value when sin2 2(^ = 1. 
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y2 has its min. value when sin^ 2</) = 0, 

.-. f = tf2 4-. ^2 ^ 2^6, .-.y = tf + d. 

Next let 1/ = — -|- — 

*Ja^ C0S2 + ^2 giii2 <^ Va2 gin2 (^ -(- ^2 C082<^ 

_ Vrt?2 8in2 + ^2 cos2 (^ -^ Vtf2 cos2 (^ + ^2 81^2 

. 2 = gg + <^^ + V(g' - ^^) 8in2 2<^ -I- 4a2^2 

(«2 _ ^2) ?iB!^ + ^2^ 
4(«2 + ^2) 4 



(^2 - ^2) 8in2 2(^ + 4tf2^2 ^ V(tf2 - ^2) gin2 2<^ + 4a^'i 

/. y* has its min. value when 8in2 2</) = 1. 
. ,,2 _ 4(0' + 5^ 4 4 J. 



(«3 _ ^2^2 + 4^2^2 • V(tf2 _ ^2^2 ^ 4^2^2 - ,^2 + ^2 T ^2 + ^i 



8 4 



«' + ^' "^ V2a2 + 2^2 

^2 has its max, value when sin^ 2</) = 0, 

•^ fl2^ ^ tfd Wd / ^ ab a^ b 

5. In a circle if Fa be drawn from a point P on the circumference 
perpendicular to the side BG of an inscribed triangle, it is parallel to 
Oa, the line joining the centre to the middle point of BC, .'. the 
required theorem is obtained by projecting orthogonally the proposition 
^If perpendiculars be drawn from a point on a circle to the sides of an 
inscribed triangle, their feet are collinear.' 



Paper LV. 

3. Let a^ a-\'h^a-\-Vi\>^ the lengths of the sides of the Ist triangle. 
Then a •\' b\& \\\^ length of each side of the equilateral triangle. 
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The area of the Ist = / 3(g + b) fl^Ji g + b a^-_b 

^ 2 ' 2 • 2 2 

= ^(a + b) 'J (a + U){a - b). 
4 

The area of the equilateral triangle = -^ {a + i)^, 

... Ji^a + U){a - ^) : flf + A :: 3 : 5, 
.-. 25(tf2 + 2tfd - 3*2) ^ 9(^2 + 2ab + b^\ 
. /. 16^2 + mab - 84*2 ^ 0, .-. * = §«, or - ?^. 
If A be the angle opposite the side a + 2*, then taking b = %a, 

Ma + b) 2.^.^.fl2 2» 

If we take * = - ?«, the greatest side is ff, 

6. Let PAB be the secant required. Join QA, QB. Then the angles 
FAQ and P^C are right angles, .-. AQ is parallel to BC, .;. A ^^C 
= §j5C1 Now the triangle QBC is a max. when B is the middle point 
of the arc BBC, .*. FBC is an isosceles right-angled triangle, as is 
also PAQ, .*. A is the middle point of the arc FAQ, .\ the triangle 
QAC is a max. and QAC = §^A 



Paper LVII. 



1 — .r^ \ — afi w-'^-x-^ <r. 



2 ^2 ^ _ _ 

53 (1 - x){X - ar3)(l - or^) + a?3(l - ar) + a;(l - a^j 

_ 1 — ^r'^ + ar* __ ar-l — ar-* + ar-9 _ 0-3 

Assume that the law holds for P^^^ and ^!!^. 
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Then i)n-2=(-l^-i.*<»-2)a^»-2, ffn-2 = (-l)«-"i.«(~-2)2(o.^_2-.l), 
jDn-1 = (- 1)« .a<»-i)2<r«-i, qn^i = (- l)n .aKn-D^Ctm-i-- 1), 

. pn ^ (1 - g2»-t) a<n-l)^o-n--i - g2»-8 . dn-^H^a-n^i 

qn " {1- a:2»+l) iK«-l)2(cr„-,i - 1) - ar2n-3 . ;i<«-2)2(o-„-2 - 1 ) 

*" .^ on4.i/ X ^. 77- Divide by ar«-. 



(Tn 



-1 + X-^ — 1 0-n — 1 



And the law has been shewn to hold when » = 2, » = 3, /. it holds 
universally. 

7. Let 8 be the focus, PT the tangent at any point P. Draw ST 
making the angle STF equal to the ^iven angle. Draw ST perpen- 
dicular to PT. Then the angle TST is constant, .*. SY : ST in 2, 
constant ratio. And since the locus of F is a circle, .*. the locus of T 
is a circle. See Ap. Note 1, §§ 4, 5. 

Paper LIX. 

. BD ^ JBQ.OR . CE ^ CR,OP . JF ^ JP.OQ . 
' CD QO.EC u£E EO.PA' BF PO.QB' 

.*. -t: — ■ — ^' ^„ = !• •'• ^A BE, CF&re concurrent. 
CB.AE.BF ' 

6. Let JB be the given diameter, S the fixed point in it, P any 
point on the semicircle. Then the line of the crease bisects SP at 
right angles in T, and ST : SP :: 1 : 2. Now the locus of P is a circle, 
.*. the locus of J" is a circle. .*. the line of the crease envelopes a conic 
which has S for a focus, and the locus of T for auxiliary circle. The 
conic is an ellipse or hyperbola according as P is in JB or jiB produced. 
If P coincides with A or B, the envelope is the point at the other 
extremity of the diameter. . 

7. (1). Let -4+^ = 1^® the equation of the ellipse, and let 6, </> 

be the eccentric angles of the extremities of a chord of length 2i. 
Then 4kP = ^^(cofl B - cos ^)« + ^(sin B - mn <^)«, 

.'. /» = (a^ 8in*l±-^ + ^ C08»^t-) «V^-^- 
\ 2 2 / 2 
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If (Xj y) be the coordinates of th« middle point of the chord , 
X — ^ tf (cos 6 + cos <l>) = a cos — —-? cos — ^^— ?, 

y = i ^(sin ^ + sin ^) = i sin -^~ cos — -k^y 

.-. 6V + ay = a^ifl cos2 ^ " ^, 

and ^<;r2 + ^y = «2^2^«2 sin^ IdL* + ^3 cos^ ^-^) cos^ iz_* 



= a2^2/2cot2 









2 



1 

(2). Let y^ == j9j; be the equation to the parabola. 

Since the coordinates of any point can be put in the form (pm^, pm), let 
the coordinates of the extremities of a chord of length 21 be (pnii^, pm{) 
and {pm^f P^i)* 

Then 4/^ = p\m^ — fih^Y + p\mi — m^'^ 

= p\m^ - t»2)2 {(«?i + m^^ + l\. 

If (:r^ y) be the coordinates of the middle point of the chord, 

24? = p{mr? + WjS), 2y = /?(oti + ffijj)) 

... 4(y2 _ jp-p) ^ ^2(^,^8 ^ 2»iiOT2 + m^ - 2»«i2 - 2«22) 

and 4/ + i?2 =,= ^2|(;,,^ + ^^2 _|. i|^ 

/. 16(/ - p:v](^y^ +^j) = - i^Vi - «'2)' {(^'i + «'^2)' + 1) 



, 
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Paper LX. 

2. The «*^ term of the given series = 4(« - 1) + 1. 

.*. the sum of n terms = 2(» — 1)» + « = 2«* - n ^ y^ suppose. 

.-. 16(«-i)2-8/ = l, 
or s^ — By2 = l, where ar = 4« — 1. 

ar = 3, 5^ = 1 is obviously one solution, 

.-. {X - ^ly)(x + ^/8y) = 1 = (3 - V8)«(3 + V^)*". 
Let ar - VSy = (3 - x^)"*, /. x + ^% = (3 + n/S)'", 

.-. 2;r = (3 - V8)« + (3 + V8)»«. 

By giving »« different values, we can obtain as many values as we 
please of or, and .*. also of «. 

If «i = 1, a: = 3, 4« = 4, /. « = 1. 

f» = 2, ar = 17, 4« = 18, inadmissible. 

«» = 3, ar = 27 + 72, 4« = 100, .*. « ^ 25. 

>» = 4, a? = 81 + 432 + 64, 4« = 578, inadmissible. 

w = 5, ar = 243 + 2160 + 960, 4« = 3364, .-. n = 841. 
.'. the first two values of n greater than unity are 25, 841. 

4. Draw TK a tangent to the inner circle, and produce JBP§ to meet 
the outer circle in S. Join AS. 

Then ET : Eq :: EI^ : EP . EQ, :: EP^ : TK^ :: iJP^ : ^^^^ since 
TK = ^§, being tangents from points on the outer circle. 

.-. AE = AS. .-. the angle ETP = AEQ, and jRPT = APQ = uifQP. 

.-. 22^2 : EA^ :: EP^ : AQ^ :: i2P : JK^ 

Paper LXI. 

4. Let P be the given point, EE the polar of P, CPC any chord 
through P. Produce CO to meet P^ in P. Draw CD, CPl, PE per- 
pendiculars on EE, Then EP passes through the centre O, Let the 
tangents at (7, C meet in JT on EE, Join CO. Draw PQ, PQ, PG, 
CF perpendiculars on EC, HC, CO, OE respectively. 
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Then OP . OE ^ (rad.)* - OG. OC, 

OF. OF ^oG.oa, 

:, subt OF.EF^ OC. CQ. .\ OF . CD =^ OC . FQ. (J) 
Similarly we can prove OF . CI/ = OC . FQ^. (F) 

Now since RCFC* is a harmonic range 

_L4._L = _2_ 

CR ^ CR Pli 



CD • C'J/ FE 

.•. from {J) and {B)y 

WG 
FE 



^^(^+^) = ^<^+^) 



1,1 10Q 
• - — J ^ = const. 

" Fq^ Fq OF.FE 

Note. — Reciprocating with respect to F we obtain the theorem : 
The sum of the focal distances of a point on an ellipse is constant' 



Paper LXVIL 

7. Let A^ By G be the points on the bar at which the strings from the 
pulleyfi are fastened, and let D be the point at which the weight is 
suspended. Let CD = x. Then if «, b^ e be the radii of the pulleys 
whose strings are fastened at Ay B, Cy 

CB '^2e - by BA = 'lb - a, 

A corresponding to the lowest pulley. 

Then we have forces P, 2P, 4P acting upwards at Ay By C, 
respectively, and IF downwards at D. .*. taking moments about Q 

4.F.GD ^'^F.BD + F . AD, 

/. -ir = 4tf - 2d - 2ar + 2ff + * - tf - ir = 6<? - d - flf - 3ar, 

_^ ^c — b — a 
^ 

When there is equilibrium, W = 7P, .'. if the power be moving at 
any time with acceleration /, and if f be. the acceleration of the 
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weight, y* — \ '/' Suppose the power to be 2P instead of P. Then 
after any time i the kinetic energy which the system possesses will 
be equivalent to the work done by the system against gravity in 
that time. 

/. i/-72 . 2P + hf^^W = if^g . 2P - ^^gW, 

.'. ^/K2F + i/2. 7P = l/y . 2P - ifg.lP. 

/. 2 . 49/8 + 7/2 = g{Uf - 7/), /. 15/ = g. 



Paper LXX. 



Similarly 



and 



^2 ^ ^2 ^ ^2^3 + ^2^3 ^ 1 

yi - ys ^3 - ^ *3yi - ^lys ^2 
^3 _ ys _ %^i + yayi _^ 



y2 - yi ^1 - *a •^iy2 - ^2yi ^^ 

,•. we have to prove that 

a:^ — ^3 , ^3 - ^1 I ^1 - ^1 ^ (^3 - ^3) (^3 ~ ^i)(^i - ^2) 

yi y2 ys yiy2y3 

i.e, y^ysi^i - a?2) + ••• = (^2 - ^3)(^3 - ^1X^1 - "^Ta). 
The left-hand side 

= y2y3(^2 - ^3) + y3yi(^3 - ^1) - yiy2(^2 - ^^3 + ^3 - ^1) 
= {y03 - yiy2)(^2 - ^3) + (ysyi - yiya)(^3 - ^1) 
= yaCys - yiX^a - -^^s) + yifys - y2)(^s - ^O- 

Now yi(y3 - j^j) = ari(a?a - arg) ; yjy^ - yO = a^^i^i - t^), 
,\ the left-hand side 

= ^2(4?! - it^{Xi - a?3) 4- ari(a?j - a^)(jc^ - Xj) 
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This may also be proved as follows. 
LetD ^ di + di + dg, 



.\ D = 



^i,yi>i 


ssz 


^»> yty 1 




^3> ^81 1 





.2 - ff.i 






^•2, y2, 
^8, yt, 



-yi' 



« (1 - V - yi')^. 



Now d^i — 





X 


^1 


»yi 

. ^2 


r=- 


s:^ + yl^ ^1^2 + yiy2 


1, 1 




yi^ + 


yA 


1 


= 


1 - 


^1^ - yi^ 



.•. r?i -|- ^2 "t" ''^a ~ d^d^dz. 

Paper LXXV. 

6. Lot — f- - = 1 bo tbo equation of the conic round ABC. Let 

(A, /t) be the coordinates of P, {a cos a, 3 sin a) the coordinates of ^. 

The equation of AP is y — ^ sin a = -; (x — a cos a), 

A - tf coso 

.'. the equation of diameter conjugate to AP is 

b^ h — a cos a 
fl^ it — ^ sin a 



I.e. b\h — tf cos a)ir + a\k - b sin a)y = 0. 

The equation of the tangent at A is cos o + ^ sin o = 1, 

a b 

,; the line whose equation is 

b\/i-acoaa)x-{-a^{k — bsma)y'\-ab{bxco8a'{-aysina — ab) = 
passes through 2). This reduces to 

b^hx + a^y - a^W' = 0, ov^\ 4. ^i = 1, 

which is the equation of the polar of P. Similarly it may be shewn 
that the polar of P passes through B and P. 
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Papbe LXXVI. 

7. Let AB be the horizontal line in the side of the wall. E the point 
of projection. Let AB, JSC, CD be the sections of the walls made by a 
horizontal plane passing through AD, and let F, O, H be the points of 
impact in AB, BC, CD respectively. 

Let DE = a, EA = fia, AEF «■ &. 

Then AF =^ fia tan $, .\ FB =- a + fia{l - tan 6), 

and tan BFG = e cot 6, 

BG = BF tan BFG = flk? cot tf + iiae (cot 6 - 1), 

.-. CG ^ (ji + l)a{l - e cot ^) + fiae. 

tan CGH = e tan BGF = « . 1 tan ^ = tan ^, 

.-. CH « (u + l)tf (tan 6 — e) + fiae tan ^, 

,-. i)ir « tf(/ii + 1) (1 -f tf - tan ^ - /birt^ tan $. 

tan i)j^^ « e tan (7Ffl^ = <? cot 6, 

.-. 2)^ = ae(ji + 1) {(1 + e) cot ^ - l). - /lm?(?« = fia, 

.-. ^ + 1) cot d = tf/i + 1. 

Paper LXXVII. 

5. Let /*!, Pj be the greatest and least forces. 
Then Pi : ^ :: sin o -f /* cos a : 1, 

and P2 : /^ :: sin a — /ut cos a : 1, 

and W : R :: I : C09 a. 

,\ (sin a + /* cos a) cos a « sin a — fi cos a, 

sin a(l — cos a) . X f» o 

.-. ft = )-—. C = tan a tan^ -. 

cos a(l + cos a) 2 

Paper LXXVIIL 

7. Let the projectiles come into collision t seconds after the second is 
discharged. At the moment of collision their horizontal and vertical 
distances from the point of projection must be respectively equal. 
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/. Fcoaa. (n + f) = F' cos a' . t, 
and Tsin a . (» + - V(« + 0^ = ^' • sin a' . / - J^^, 

.-. t{F Bin a - F' sin a' - ^/i) — «(4y» - Fsin a), 
and r» cos a = i{F' cos a' — F cos a), 

.'. FP sin (a - aO = iMF cos a + F' cos a'). 

Paper LXXIX. 

3. (1). Since tan a = cot a? - 2 cot 2j?, the given expression on 
the rignt 



tan ^ — \ cot ^— -, — 2 cot — 

+ 2cot^ - 22 cot ^, 
' 2» 2«-i 



+ 2~-2 cot^ - 2»-i cot ^2 + 2"-^ \ 

:= tan ^, \ cot ^ - 2n-i cot Z + 2«-i I = 1. 
*(2), This question should be stated as follows. Prove that 

A H cos ^ COS - 

COS* - COS* - COS* -2 COS* - COS* -2 COS* -3 

Since 2 cos* - = 1 + cos 6. 
'I 

•2--J— -x.^^- ^ -1.^ cos^ 

* 2^ 2^ T^"*" 2 * ~r^-^' 

cos*- COS*- cos*- cos*^ 

M Z JL 2 

Similarly, by changing 6 into -, - . . . 

6 

COS - 

cos»- cos»-. 
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S23 



2 = 



cos* - 



6 
23 



+ 1 



6 
cos - 
2« 



2 .^ 

008^23 



.2. 



.*. substituting, we have 
1 



2 = 



008*- 

2 



, 1 cosd r 
+ « • - 



cos*- 



ri ,1 ^j 1 +..r 



2> 2» 

= given series. 

(3) sec^u^ + cosec^-i = 2*cosec*2^ ; .-. sec'-4 = 2*co8ec*2-i - cosec^-4. 
2«(sec*2-4+cosec«2^) = 2*co8ec*22^; /. 2*8ec*2u^ = 2*cosec«2«^ 

- 22co8ec*2^. 



22(»-i) (sec* 2»-i ^ 4- cosec* 2«-i J) « 22» cosec* 2« A ; 
.-. 22»-i 8ec*2»-i A « 22»co8ec2 2«^ - 22»-2cosec*2»-i^. 
.'. by addition, the given series = 22» cosec* 2» -4 — cosec*-^. 

4. Let ABC be the given triangle^ ABC* the vertices of the isosceles 
triangles on BC^ CA, AB. Let AA', BB, CC meet BC, CA, AB in o, 
3, v. Then since the isosceles triangles are similar, AB : A(y :: ACi Affy 
and the angle CAB = ^^(7', . •. the angle CAC = BAB. .\ by 
Euc. vL 15, the triangles ABB', ACC are equal. 

Similarly the triangle BCC = BAA', and (7^^' = CBB. 

Now A i?-i-4' : A CAA :: J?o : 6b, 

and A C5-B' : A ABB :: (7)3 : Afi, 

and A ^^C* : A BCC :: ^y : By, 

.-. Ba.Cfi. Ay ^ Ca.By.A^ 
.'. ^o, j?0, CV are concurrent. 

5. {x - tf)*+j^ = <^ (1). 

The equation of a chord through the origin is y = mx (2). 
From (1) and (2), {x - a)^ + tt*a^» = c*, 

... (1 + ^2)^ - 2tfir + fl* - c* =i 0. 

r 2 
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If (dTiyi), (^^2^2) l^e the points where (1) intersects (2), the equation of 
the circle described on the intercepted chord as diameter is 

=^ (r - x^) (* - a^j) + (y - yi) (Sf - 5^2) 

= -r» + y2 - x(xi + x^) - y(yi + y^) + x^x^ + y^y^ 

= (^ + y^) (1 + »') -2ax- 2may + (a^ - c^(l+m^ 

^ (x^+f + a*- c^)m^ - 2nuiy + x» + y^ ^2ax + a^ - c^. 

.'. expressing the condition that the values of m are equal, we obtain 
as the equation of the envelope 

(^ + y^ - ^ax + «2 _ ^(-p8 + ^2 + ^2 _ ^ ^ ^Y- 

Let d be the distance of any point on the envelope from the centre 
of the given circle. 

Then d^ ^ (x - of + f ^ x^ + y^ +a^ - 2ax, 

.-. (^2 __ ^(^2 + 2ax - tf») - ay = a^d^ - (* - aY}, 

.'. a^x^ - 2ax{a^ + c^ - d^ + d* + c^ + a^ - d\a^ + 2c«) = 0, 

where JVr=fl« + tf* + (?*- 2d\a^ + <?*) + 2a2c8 + ^2(^2 + 2«») 

- (/* - tf* - ^ 
= 2tf2ca - aH\ 

Now if ;r is real, N must not be negative. .'. the max. value which 
d can have is c J2, 

Papeb LXXX. 

7. Let t? be the velocity of projection, Q the angle which the direction 
of projection makes with the horizontaL Let ^, V be the times taken 
to reach the net and the service line respectively. 

Then vt cos d = 39 ; /. / = 



V cos B ' 



9 aQ2 

and vising + ii^^ « 4i = V, .'• 166 tan d + Z .^ • ^ =• 19 

T?2 cos* » 
9 1'^2 

rr in^+}^^2«8, .-. 15tan^+ t \. '9^% 
^ • r2 COS* ^ 
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2 . 3« 19 - 156 tan S 2 - 15 tan ^ , . 137 



^co^^e ^ 16U 25 ' 1365 

« 23833 nearly. 



, -. 2.3«.25.<r 262050 
*. ©2 COS* ^ = — ■, ^ . . .;!■ = 



o 15x157 11 

1365 

.'. V cos ^ = 160 nearly. 

Papkr LXXXV. 

4. Consider the asymptote as a tangent having its point of contact 
Z^ at an infinite distance* 

Then the angle ^17^ = ETC. Bes. Cm. Hyp. Prop. xii. 

= sup. HTL = THF. Id. p. 12, Prop. xiL 

Paper LXXXVIII. 

7. Let T be the tension of the string. On the Ist pulley we have 22* 
upwards and F + r downwards. .-. 2T = P + ^, r. P ^ T. 
On the 2ud pulley we have 2^ upwards and fF + P downwards. 

.-. ^T ^ W + P^ .\ W ^ T -^ P. 

If W be greater than P, the weight acting on the lower pulley is 
W + P^ and at the upper pulley P ; also if /be the acceleration of the 
lower puUey, 2^ is that of the upper pulley, and the kinetic energy of 
the system at the end of time t is 

= i(r + P)P^ + iP(2/)2/2 = i(r + bP)pA (1) 

Now the moving force on the system is ^ — P, and its point of 
application may be supposed to be at the lowest pulley, and at the end 
of time t this point has moved through a space i/f*, .'. the work done 
on the system - iJP (JF - P)g. (2) 

.•. equating (1) and (2) we have 

Paper XOII. 

7. Let a be the angle which a side c makes with a side b. Then we 
have <; sin a -f- ^ cos a = a\ (1) e cos a -{• dmia =^ b\ (2) 

cot a = tf tan a, , ', cot a = \/^ 
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From (1) and (2), {be — ad) sin a « (ac — Id) cos a, 

.„ (be - ad\? 
. •. tf = cot^ a =^ ( ' ) • 

\ac — bdj 
If the ball moves the opposite way round the rectangle ed^ we must 

write — a for <?, and we obtain e = I , \ • 

^l \bc — adi 

Paper XCIIL 

6. Let FG be the normal at P. Draw GZQ^ perpendicular to P6^, 
and SZ parallel to P(r, meeting the tangent at P in J". Then 8Y 
= \Pa = \YZ, .', r^y = SZ. Now the locus of T is the tangent at 
the vertex of the given parabola. /. the locus of <^ is a straight line 
ZA' perpendicular to the axis, and SA' = SA, ,\ since S is & fixed 
point and SZQ a right angle, the envelope of QG is a parabola equal to 
the given parabola, having the same focuS| but its concavity in the 
opposite direction. 

Produce FS to meet ^^in Q, Then from the equal triangles SFP, 
SZQ, SQ = SF = SG. .*. ^ is the point on the envelope corresponding 
to the point F on the given parabola. 

6. From the first 3 equations we see that (iPiyi)> (^2^2)? (^3^3) are the 
roots of the equation ar^ ^ yj « ^s (^^ -^ regarding this as the 
equation of a curve, (4) tells us that the three points given by these 
roots are coUinear. Let the equation to the line on which they are be 

y = ma: -jr b (B). 

Substitute the value oty from (B) in {A)^ 

.*. a^ + {b - mx)^ = a^, 

.'. 4^(1 - m^ -h ^mHx^ - Smb^x - (a^ - b^ ^ 0. 

_a^-' b^ 
,'. a:ix^3 - j-^T^g- 

Substitute the value of ^ from (B) in (A), 

.'. m^y^ -{• (b — y)^ = tfW. 
.-. f(l - m^) - 3^/ + 35V - i^ - ^^^) = 0. 

b^ — . aV 



••• ^iy2y3 = 



1 - «»3 



^3 __ ^3 _[_ ^3 __ ^3^,3 



«r 
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Let {x, y) be the coordinates of the centroid, and suppose it to lie on 
the axis of x. 

Then * = i(a?i + arj + ^s) ; f = i(yi +^2 +^8) - 0, 

. '. yi^+yi^+yz^ - ^miSfz = (yi+ya+^'a) W+y^+y^ -y^yz -yzyi -yiya) 

= 0, 

••• yi +^2^ +^8^ - ^yiy^ys = 3(a« - x^x^^), 

.-. 3fl3 = oTi' + ar,8 + ars^ +yi' +^2^ +^8' ^ 
= Xi^ + ^2^ + x^ + Sa' — d^r^orars. 

= (^1 + ^2 + ^8) (^1* +^2^ + ^^ "• ^2^2 "~ ^8*1 "" ^1^2! 
= J(^l + a?2 + ^8) {(^1 - ^2)^ + (^2 - ^8)* + (^8 - ^l)^}- 

Now the 2nd factor does not = 0, for then we should have 

4?i =s ^j := ^Tjj 

.'. iFi + ^2 + iTg = 0. .'. if — 0, and y = 0. 

Similarly if we begin by assuming that f = 0, we shall deduce y=0. 
.*. if the centroid lies on either axis, it is at the origin. 

Paper XCIV. 

1. It is easily seen that the given expression is the product of the 
two factors (32»+2 _ 8« - 9) (32n+8 + 40» — 27). 

It is proved in XX. No. 2, that 32«+2 - 8» - 9 is a multiple of 20. 
By trial we find that 32»+8 -j- 40» ~ 2y is a multiple of 2® when » =» 1, 
and when « = 2. Suppose this to be the case when n => p. For n 
write j9 + 1, and subtract the values of the expressions thus obtained. 
We have 27 .32p . 8 + 40 = 8(27 . 9p + 5). 

Similarly we see that 27 . 9p + 5 is a factor of 9 — 1, ue. of 8. 

... 32n+s + 40« - 27 is a multiple of 64, i.e. of 2^. 
••. the given expression is a multiple of 2^*. 

5. Let C be the centre of the circle, Q, Q', B, R points on the 
diameter such that CQ = (7^, CM = CUf, and let P be any point on 
the circumference. 



Then FQ^ + Pq^ - 2CP2 + 2Cq?, 

PE^ + PE^ = 2CP^ + 2CR\ 
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= 2{CQ + CE) {CQ - OR) 
-2.|-(„-l+.-2)|- 

- ^, (2« - 3). 

« — 1 

First let n be odd. There will then be terms of this series, 

which is an A. P. the common difference being — 4. 

.'.l^f-.'Ll^ |2(2«-3)-4.1ZLn 
2»« 4 J ^ ^ 2 J 

^" « - 1 o </» « - 1 ^2 ,^. , , 

= rr—^ . — i — . 2« = — . = — ultimately. 

2«« 4 4 » 4 "^ 

Next let n be even. We shall then have - terms. 

2 



....=^.ite.-„-,.^2j 



Now if we give to « a small odd value, as 7, we see that we have 
omitted to take in the value of CP^ ; and if we give n a small even 
value we see that CF^ has been subtracted twice instead of once. We 
must /. add CF^ to each of the above results, and we obtain 



4 "^ 4 ~ 2 



Paper XCV. 



7. Let t be the time the first particle takes to reach the plane. Let 
C be the point of projection, and let the vertical through C meet the 
plane in Z). Let CE be the direction of projection of the Ist particle. 
Then the particle will always move in the plane containing CD and CE, 
Rnd DA will be the section of this plane with the given plane. 



Then Igfi cosj3 = d, .', t = ^d^^cfi 
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Tliis is independent of the velocity, .*. the particles reach the plane 
simultaneously. 

Since LA, DB are parallel to CE, CFy .-. ADB = ECF = a right 
angle. 

Now BA and DB are the spaces due to the velocities of projection. 

.-. AB^ = Ajy^ + DB^ = («2 + ©2)^ = ?^ («2 + ^2) sec p, 

9 
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1. 3— r = d-<? + - — -—-^ • 
1 



*" tfi b — c] abc b\ c — a) c\ a — 6) 

from symmetry. 

px = a^ - f/z\ (1) qm ^ f '- zx\ (2) r<er = ^^ _ -pj, . (3^^ 

Multiply (1), (2), (3) successively by y, z^ ar, and then by-?, ;r, y, 
and add. We thus obtain 

= Tpxy + qyz + rzx ^ ^ +^-- +^ {A), 

X y z 

= i?ar^ + qxy 4. ry^ = ^ +^ + i (5). 

From (Al) and (^} we have 

111 



- ' I 

p^ - qr €[^ — rp r^ - pq 

.*. substituting in?H l£. = 0, we have 

X ' y ' z 

a{j^ - qr) + ^(^2 _ ^p) + c{f^ - pg) = 0. 

*2. Let ABCD be the quadrilateral, and let ^5 == a, BC == b, CD = <?, 
2)^ ^ d, AC ^ L Let ^(7 and j5Z) intersect in 0. Let 5-i(7 = X, 
C^jD = fi, BOC = <^. 



330 SOLUTIONS OF WEEKLY PROBLEM PAPERS. 

Then A = area of ABC = ial sin X, 

A' = area otADC= ^i/sin/x, 

A _ tf sin X _ sin (</) + ft) sin X _ cot fi + cot </> 
"a' dsin fi sin (<^ — X) sin /x cot X — cot ^' 

.'. (A + A') cot ^ = A cot X - A' cot ft. 
But AcotX = Jtf/sinXcotX == ialcoaX = ^{a^ + P — b^), 
A' cot ft = J<// sin fi cot fi = idlcoBfi = ^{d^ + ^^ - <^)i 
.-. (A 4- A') cot <^ = i(tfa - ^2 + ^ . ^2)^ 
/. area ^i?CD « l{a^ - l/i + ^ - d^) tan^.^ 



Papee XCVII. 

1. Let « = ip' + Sp^F^ + 3qa + r, and for « — r write y. 

Then we have to express the condition that the equation 

ic3 + 3par2 + Sqx -y = 

has two equal roots. Let the roots be scu x^, x^. 

Then 2ari + 4:3 = - 3/? ; ) .'. arg = - (2ari + 3;?). 
x^ + 2xiX^ = 3g 



Xi% «= 



.-. ari^ - 2ari(24ri + 3/?) = 3^?, .'. Xi^ + 2pxi + q = 0; 
and ari2(2ari + 3/?) = - y, 

and 2^1 



.-. Xi^ + 2pxi + q=^0;\ 
.-. 2;ri3 + 3pri+y = 0;>- 



.*. by subtraction, pxi^ + 2qxi - y = 

and Xi^ + 2j}Xi + g = 

Xi^ - Xi ^ 1 

.-. (pq + yy - Hp^ - ^)ipy + ^"^^ 

/. / _ 2y{2p^ - 3pq) + 4^3 - 3A^ 



.1 

I 
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where J = (2p3 - Sjpq)^ - {4^ - Sp^^*) 

= 4tjfi - 12^2 + 9pV - 433 + 3p22^ 

= 40)2 - 5)3, 

.-. y = 2/^3 - 3pgr ± 2(i?« - 5)» , 
.-. » = y +r = 2p3 _ 3pg, ^^ ± 2(f2 - gr)5. 

Note. — The ahove method also gives a simple solution of tlie 
question * Find the relation between the coefficients in order that a 
complete cubic equation may have two equal roots/ 

4. From any point P on the given circle draw tangents PQ, FR to 
the other circle, centre S. Then 8F bisects QR at right angles in 7, 
and SY . 8P = S^ = const /. the locus of T is a circle, and the 
envelope of QR is a conic which has S for one focus, and the locus of 
Y for auxiliary circle. 

The envelope will be an ellipse or hyperbola accordiug as the circle, 
centre 5, is within or without the other circle. 

7. Let P be any point on the cycloid, PT the tangent at P, TS the 
corresponding vertical diameter of the generating circle, PN perpen- 
dicular to ST, Let 22 denote the pressure on the curve. Then ^ cos >(r 
is the resolved part of the accelerating force of gravity along the 

nonnal PS, .*. - —a cos ^ is the total acceleration along the normal. 

m 

But - is also the acceleration along the normal. Now v is the velocity 

due to the height SN, ,\ p* == 2^ . SN, and p, the radius of curvature 
= 2SP, 

t?2 SN" 

.•. - — 9 's-r,^ 9 c®^ -P/STV = g cos TPN «= g cos ^. 
p o* 

.'. —9 cos i/r = — = y cos ^. .'. R = %itg cos ^, 

Now since the acceleration along the normal is g cos ^, and along 
the tangent is g sin i|f, .*. the resultant acceleration is y. 



1 
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Paper XCVIII. 

6. Let B and C be the feet of the ladders, and suppose the man to go 
up the ladder AB, Let Ry the reaction at A^ make an angle 6 with FQ 
produced, and let APQ = ^. 

Resolving horizontally the forces acting on AB^ 

r = J2 cos 6. (1) 
Taking moments about B and C^ 

T(l - a)sin^ + w L coa(f> + 1F6coi4> = JWsin {B + <f)) (2). 

T(l ''a)nn<f> + io \- cos <^ ^ Rl sin (<^ - ff) (3). 

.'. Wb COB <p ^ Rl{Bm {B + <l>) - sin (^ - $)) . 
= 2RI sin ^ cos <f>, 

... — =i2sin^ (4). 

.-. from (1), (3), and (4) 

/ ^& 
T{1 - a) sin <p + to ^ cos <^ = lY sin ^ ~- cos <^ 

^ . . Wb + wl . 
.*. !» sm 9 = — ' — cos 0, 






2tf 2tf ijfj^i _ 



_o 
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4. Let P, P' be the orthocentres of ABC, A'BC^ the centre of the 
circuracircle, B the middle point of BC, Join A!B^ AF. Then AP 
= 2(?i) = A'F, and since ^P, ^'P' are equal and parallel, AF and 
A'P bisect each other in Q, 

Now by XXL 6, Ap. the pedal line of ABC with respect to A' bisects 
A'P, Similarly the pedal Une of A!BG with respect to A bisects AF, 
.'. these pedal lines intersect in Q. 
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Bisect OT in N. Then N is the centre of the nine points* circle 
otABC, and since PJV^ «= NO, and FQ = QJ', r, NQ ^ iOA' « 
radius of nine points* circle oi ABC, which .*. pauses through Q. 

Similarly it may be shewn that Q lies on the circumference of tho 
nine points' circle of A'BC. 

Paper C, 

2. Multiply (1) by sin 0, (2) by cos B, and subtract. 

/. d7 sin a = 2a cos /3 cos^ 6 (3). 
Multiply (1) by sin {6 — a), (2) by cos (6 — a), and subtract. 

,-. y sin a = 2a cos (^ - a) -[sin (^ + y) sin a — cos fi cos ^J 

= 2« cos {6 - a) /sin cos y shba + cos 6 (sin o sin y — cos fi)] 

— 2a cofl {6 — a) (sin ^008 y sin a + cos ^ cos y cos fx^ 

— 2a cos y cos^ (fi — a) (4). 

From (3), cos ^ « ± /x^ina .^ ^ „ c^g.i ^ 

^ 2tfcos/3* 

From (4), cos (^ - a) = ± ^1^1^, .\ ^ - a = cos-l VS. 

^ 2a cos y 

.'. a = cos-1 V? — cos-1 ^9, 

/. cos a = ^/P^Q + n/i - i^ Vl - <^. 

.-. cos2 a - 2 V7^"cos a + P§ = 1 - P - Q + P(2, 

.-. P + Q - 2 Vp^os a = 8in2 ^^ 

J ^ — 2 ^ / ^ . cos a = 2« sin a. 

cos V 'V onfl « nno -«^ 



ir 



cos ^ cos y V cos jS COS y 



In the solution of V. 7, given on page 14, instead of employing 
trigonometry we may proceed thus : 

Draw EF perpendicular to AB, and produce DB to meet the circle, 
centre B in Q. Then since AEB is a right angle, .*. AE touches the 
circle DEO. .'. the angle AED = BGE = DEF. 

.-. AD ; 2)P :: AE : jKiP :; AB : ^^. 

.\ AD.BE^ AB. DF, .\ AD . BD ^ 2DF. AC, (1) 
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Kow AC. AD - CZ)2, ... AC^ - AC. AD ^^ AC^ - CZ>», 

.-. AC. CD = AD.DB. 
.\ by (1), DC = 2DF, ,\ DBF = FEG. 

Also CEB = CBE = 2i)(?^ = 2.:<ig7). 

.-. BGE = ^-E'D = J of a right angle. 

/. ABE = f of a right angle. 

.*. ACE == J of one right angle = J of four right angles. 
.'. -iC is J of the circumference. 



The solution of VL 6, given on page 16, assumes that the ratio in 
which AB and DC are divided is the same as the ratio in \rhich AD 
and BC are divided. When this is not the case^ we can prove the 
theorem as follows. 

Since u^jF: EB :: DF : FC^ .\ three parallel planes can be drawn 
through the lines AD, EF, BC. Similarly three parallel planes can be 
drawn through AB, GE, DC. Let FA^ FB, FE meet the plane through 
GH in K, Z, M. Join GK, KM, MG ; ML, LB, HM. Then GK and 
LH are parallel to DF, and KM, ML are parallel to AB^ also 

GK\DF\\AK\KF 

:: BL : LF 

:: EL : CF, 

.\ GK:LE::DF\ CF 

:: AE : EB 

:: KM : ML, 

•'. ^Jf and ME&TQ in the same straight line. Euc. VL 32. 



The equation given in LXXL 1, (3) is incorrectly stated. 
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NOTE I. 



Geometrical Theoby of Envelopes. 

The propositions which are of the most frequent use in shewing that 
lines which move subject to certain conditions envelop conic sections 
are the following, of which 1, 2, 3 are proved in Casey. 

1. SiQ & fixed point, and P any point on a fixed straight line. On SP 
is taken a point Q such that SP : SQ in a fixed ratio. Then the locus 
of Q is a straight line. 

2. If the point Q be taken so that SP . SQ = const, the locus of Q is 
a circle. 

3. In 1 and 2, if P moves along the circumference of a fixed circle, 
the locus of is a circle. 

4. If P move along a fixed circle, centre 0, and on a straight line 
through S, making a constant angle with SP, a point Q be taken such 
that SQ = SPf the locus of Q is a circle equal to that of P. 

For draw the diameter through S, and at S make the angle OSO' 
equal to the constant angle PSQy and in the same direction. Make SC/ 
= SO. Then 0' is a fixed point. Join OP, O'Q, Then the triangles 
OSP, O'SQ are equal in all respects. .'. O'Q, = OP, ,\ the locus of 
Q is a circle equal to the locus of P. 

5. In 4, instead of taking SQ, = /SP, if we take SQ : SP in a fixed 
ratio, or SP . SQ — const, we see from (3) and (4) that the locus of Q 
is still a circle. 

» 

It will offcen be found that the question of finding the envelope of a 
straight line can be put in the following form. 

If two straight lines include a constant angle, and one of them 
always passes through a fixed point, it is required to find the envelope 
of the other line when the vertex moves along a fixed straight line 
or circle. 
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6. Now since the tangent at the vertex of a parabola is the locus of 
the foot of the perpendicular from the focus on a tangent, .•. if we have 
two straight lines at right angles, one of which always passes through 
a fixed point whilst the vertex moves along a fixed straight line, the 
other line will envelop a parabola having the fixed point for focus^ and 
the fixed straight line for tangent at the vertex. 

7. If in 6 the two lines be inclined at ^7;;y constant angle, the envelope 
will still be a parabola. Besant, Farab. Art. 36. 

8. Since the auxiliary circle is the locus of the foot of the perpendicular 
from the focus of a central conic on a tangent, we see that if we have 
two straight lines at right angles, one of which always passes through 
a fixed point whilst the vertex moves along a fixed circle, the other line 
will envelop a conic having the fixed point for one of its foci, and the 
fixed circle for its auxiliary circle. 

From this it follows that if one of the lines passes through the focus 
of a given conic, and the angular point moves along a concentric circle, 
the other line will envelop a confocal conic. 

.9. Suppose that the lines, instead of being at right angles, include a 
constant angle. Let S be the fixed point, FSy PQ any position of the 
two lines. Draw SQ perpendicular to FQ, Then since the angle SPQ 
is constant, and SQP is a right angle, .*. SP : SQ in a. constant ratio. 
But the locus of P is a circle, .•. by 6, the locus of Q is a circle, and .*. 
by 8, the envelope of PQ is a conic having S for a focus and the locus 
of Q for the auxiliary circle. 

Hence we see that if we can find the locus of the vertex, we can at 
once determine the envelope required. If the locus is a straight line, 
the corresponding envelope is a parabola. If the locus is a circle the 
envelope is an ellipse, hyperbola, or point, according as the fixed point 
is within, without, or on the circumference of the circle which is the 
locus of the foot of the perpendicular from the fixed point on the line 
whose envelope is required. 

From 7 and 9 we at once deduce the following theorem. 

If a triangle of given species has one angular point fixed, and if a 
second angular point moves along (1) a given line, (2) a given circle, 
the third will also move along (1) a given line, (2) a given circle; for 
the side opposite the fixed angle envelopes (1) a parabola, (2) a central 
conic. See Casey, p. 71 ; Catalan, Geom, p. 81. 
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NOTE IL 

GSOUBTKICAL MAXIMA AND MiKIMA. 

It is usual to treat questions of this class as isolated problems, each 
requiring its own special mode of solution. It will be seen, however, 
from the examples which are solved in different parts of this work, that 
problems relating to this subject can in general be treated by the 
following simple method. 

If the variation of a geometrical magnitude be continuous, when the 
magnitude has its max. or min. value its rate of change is zero ; in other 
words, when a varying quantity is a max. or min. its values in two 
consecutive positions are equal. .*. to find when it is a max. or min. 
we have only to assume two consecutive values to be equal, and we at 
once deduce the required result. 

As illustrations we will work out a few examples. 

1. A and JB are two points on the same side of a fixed line. It is 
required to find the point on the line at which AB subtends a max. 
angle. Let F and Q be two points on the line which are indefinitely 
near to each other and such that the angle APB = AQB. Then a 
circle will go round JPQB, and the given line, which passes through 
the two consecutive points F and §, is a tangent Hence the con- 
struction ; through A and B describe a circle touching the given line. 
The point of contact is the point required. 

2. On a given chord as base inscribe the max. triangle in a circle. 
Assume the inscribed triangle to have the same magnitude for two 
consecutive points on the curve. The line joining these points is 
parallel to the base by Euc. i 37. But the line joining two consecutive 
points on a curve is a tangent. .'. the tangent at the vertex is parallel 
to the base, and the max. triangle is isosceles. 

3. Shew that the max. triangle which can be inscribed in a circle is 
equilateral. 

Suppose each of the sides in torn to remain fixed, whilst the opposite 
vertex moves along the curve. By 2, the triangle is in each case a 
max. when the tangent at tlie vertex is parallel to the base. .*. when 
all the sides vary, tiie tangents at the angular points are parallel to the 
opposite sides, and the triangle is equilateral 

Questions which appear to depend upon the variation of two mag- 
nitudes can sometimes be made to depend upon only one. 
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4. Given two points A and B^ find the point P on a given line or 
circle such that AF^ + BP^ may .be a nain. 

Let C be the middle point of AB, 

Then AI^ + BI^ = %AC^ + 2(7i^. Thus we have only to find 
when CP* is a min. Let P and P be two consecutive points on the 
line such that CF = (7P'. Then since the angle P(7P is very small, 
6PP' and CB'B are ultimately right angles, and P is the foot of the 
perpendicular from C. 

In the case of the circle CT is at right angles to the line joining P 
and P, ijB. to the tangent at P. .'. P is the point of intersection of the 
circle with the line joining ^to the centre. 

If OF be produced to meet the circle again in §, A(^ + B(^ is 
a max. 

6. ABC IB a semicircle, centre O and diameter AC. ADO is another 
Kemicircle, centre 0% on the opposite side of AO. It is required to 
draw a chord at right angles to AO such that the portion intercepted 
between the curves shall be a max. 

Let FQ, F'Q^ be two equal consecutive values of the chord. Tlien 
FF' and Q^, which are the tangents at P and Q, are parallel by Euc. i. 
ii3; ,*. OF, OQ are parallel, and if PQ meets OO in N, the triangles 
OFN, aqk are similar. .-. ON : ON :: 1 : 2. .-. the point N is 
determined. 

6. In LXVII. 3, is given a geometrical proof of the theorem that the 
max. quadrilateral which can be formed from four given straight lines 
is inscriptible in a circle. From this it is easy to shew that of all plane 
rectilineal figures which can be formed from straight lines which are 
given both in number and length, the max. is inscriptible. For if 
A, By Cj D be four angular points taken in order, then ABCD is 
inscriptible. Similarly if ^ be the next angular point to i), the points 
BCDE will lie on a circle, and these two circles are the same, for they 
are both described about the triangle BCD. By proceeding in this 
manner we may shew that the theorem holds for any number of straight 
lines. 

If we suppose the number of sides to be increased and their lengths 
diminished indefinitely, we see that the area of a circle is greater than 
the area of any other closed figure having the same perimeter. 

7. Again, since {ax + byf + {bx - a^Y = («« + ^) {a^ + /), 

.*. if flor + dy be given, and a and b be constants, a^ + y* is a min. 

X if 

when ~ = ^ . The geometrical meaning of this gives a solution of 

the question 

* In the base of a triangle find a point such that the sum of the squares 
on the perpendiculars drawn from it to the sides shall be a min.* 
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If the point be within the triangle, x, y, z its perpendicular distances 
from the sides, we at once deduce that x^ + y^ + z^ is a min. when 

- = ^ ss ", and the value of the min. sum is evidently 
a c 

It may be noticed that the point thus determined is the ' Symmedian ' 
point See Paper LXVIIL, 4. 

8. By considering 

{ax + ^Jfy — (f^ — byf = ^abxy, 

we see that the middle point of the base of a triangle is such that the 
product of the perpendiculars from it to the sides is a min. ; and we 
deduce that the point within a triangle such that the product of the 
perpendicular distances from it to the sides is a min. is the centroid of 

A3 
the triangle, and that the value of the min. product is -r- * 

For further treatment of this subject, see an elementary treatise by 
the present 'author on Geometrical and Algebraical Max. and Min. 
without the aid of Differential Calculus^ where it is shewn that the 
problem of finding the max. or min. values of geometrical magnitudes 
depending only on the point line and circle is reduced to the much 
simpler one of finding its positions of symmetry. 



THE END. 



Richard Clav & Sons, 
brxad street hill, london, b.c. 

and Bungay, SuJfoUt, 



A Catalogue 



OF WORKS ON 



Mathematics, Science, 



AND 



History and Geography, 



PUBLISHED BY 



Macmillan & Co., 



Bedford Street, Strand, London. 



CONTENTS. 

MATHEMATICS^ paqb 

Arithmetic • • . .... , , . 3 

Algebra .......•, 5 

Euclid, and Elementary. Geo :vIetry , . • . • .6 

Mensuration ......•• 6 

Higher Mathematics ....••• 7 



80IENCE— 








Natural Philosophy . 


• 




IS 


ASTHOKOMY . . 


• 




• 20 


CUEVIISTRY ..... 


• 




. • 20 


IJlOLOGY ...... 


1 




, , 33 


Medicine ..... 


9 




26 


Anthropology .... 


• 




25 


Physical Geography, and Geology 


i 




97 


Agriculture . . . . • 


* 




s8 


Political Economy . . . , 


i 




28 


Mental and Moral Philosophy , 
HISTORY AND GEOGRAPHY • 


■ 


1 4 


»9 
30 



99 AND 30, BRDPdSO STRXBT, CoveNT GARD]£|f, 

London, W,C.» August, 1885 



MATHEMATiC&. 

(i) Arithmetic, (2) Algebra, (3) Euclid and Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC- 

Aldis. — THE GREAT GIANT ARITHMOS. A most Elementarv 
Arithmetic for Children. By Mary Steadman Aldis. With 
Illustrations. Globe 8vo. 2s. 6d. 

Brook- Smith (J.).— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge ; Barrister-at-Law ; one of the Masters of 
Cheltenham College. New Edition, revised. Crown 8vo. 4s. 6d. 

Candler. — help to arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master of 
Uppinghaii School. Extra fcap- 8vo. 2s. 6d. 

DaltOn. — RULES and examples in ARITHMETIC. By 
the Rev. T. Dalton, M.A., Assistant -Master of Eton College. 
New Edition. i8mo. 2s. 6d, 

[Answers to the Examples are appended, 

Lock. — ARITHMETIC FOR SCHOOLS. By Rev. J. B. Lock, 
M.A., Felbw and Lecturer of Caius College, Cambridge, late 
Assistant-Master at Eton. Globe 8vo. [In preparation. 

Pedley.— EXERCISES in arithmetic for the Use of 
Schools. Containing^ more than 7,000 original Examples. By 
S. Pedley, late of Tam\>'orth Grammar SchoDl. Crown 8vo. 5^. 
Also in two parts 2s. (yd. each. 
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Smith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter's 
College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation; with numerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New Edition, 
carefully Revised. Crown 8vo. lOf. 6d, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition. Crown 8vo. 8j. 6d. 

EXERCISES IN ARITHMETIC, Crown 8vo, limp cloth, 2s. 

With Answer?, 2s. 6(i, 
Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, cloth. 35. 
Or sold separately, in Three Parts, \s. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2s, 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, clotli. Or sepa- 
rately. Part I. 2</. ; Part II. 3^. ; Part III. jd. Answers, 6d. 

The same, with Answers complete. i8mo, cloth, is. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 4s. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. is. 6d. 
The same, with Answers, i8mo, 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. 41. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V, in National Schools. New 
Edition. i8mo, cloth, sewed, ^d. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 

by 34 in. on Roller, mounted and varnished. New Edition. 

Price 3^. 6d. • 

Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, Spelling, and Dictation. Part I. for Standard 
I. in National Sdiools. Crown 8vo. gd. 
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Smith. — Works by the Rev. Barnard Smith, M. A. (coniinued) — 
EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 

Lord Sandon.) With Answers and Hints. 
Standards I. and II. in box, is. Standards III., IV., and V., in 

boxes, IS. each. Standard VI. in Two Parts, in boxes, is, each. 
A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the colours of the A and B {)apers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 

ALGEBRA. 

Dalton. — RULES AND EXAMPLES IN ALGEBRA. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2s, Part II. i8mo, 2j. 6</. - 

Jones and Cheyne.— algebraical exercises. Pro- 
gressively Arranged. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2s, 6d, 

Hall and Knight.— -elementary algebra for 

schools. By H. S. Hall, B.A., formerly Scholar of Christ's 
College, Cambridge, Master of the Military and Engineering Side, 
Cliifton College ; and S. R. Knight, B.A , formerly Scholar of 
Trinity College, Cambridge, late Assistant-Master at Marlborough 
College. Globe Svo. Jj. 6d, ; with Answers, 41. 6d, 
HIGHER ALGEBRA FOR SCHOOLS. By the same Authors. 
Globe Svo. {In prefaratum. 

Smith.— ARITHMETIC AND ALGEBRA, in their Principlet 
and Application ; with numerous systematically arranged Examples 
taken n'om the' Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree.* By 
the Rev. BARNARD Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St. Peter's College, Cambridge. 
New Edition, carefully Revised. Crown Svo. ioj. dd. 

Todhunter. — Works by L Todhunter, M.A., F.R.S., D.Sc, 

late of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly knovrn to Students of Mathematics as the author of a 

leries oi ado jrable mathematical text-books, which posse-^s the rare qualities of being 

clear in style and absolutely free from mistakes, typographical •;r other." — Saturday 

R.SV1KW 

ALGEBRA FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. zr. (>d, 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6j. td, 
ALGEBRA. For the Use of College,- and Schools. New Edition. 

Crown Svo. *js. 6d. 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown Svo. los. 6d. 
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EUCLID & ELEMENTARY GEOMETRY. 

Constable. — geometrical exercises for be- 

GINNERS. By Samuel Constable, Ctown 8vo. 3^. 6«/. 

CuthbertSOn.— EUCLIDIAN geometry. By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcap. 8vo. 4^. 6ii. 

Dodgson.— EUCLID. BOOKS I. AND IL Edited by Charles 
L. Dodgson, M.A., Student and late Mathematical Lecturer of 
Christ Church, Oxford. Fourth Edition, with words substituted 
for the Algebraical Symbols used ia the First Edition. Crown 

8vo. 2J. ^ 

%* The text of this Editloa faas^ been asoeitoined, by couatlng the \vQllict^ tS^iw 
iffs than five-sevenths of that contained in the ordinary editions. 

Kitchener. — a geometrical note-book, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. KitcheneIi, 
M. A., Head-Master of the Grammar School, Newcastle, Stafford- 
shire. New Edition. 4to. 2s, 

Mault— NATURAL GEOMETRY: an Introduction to tkft 
Logical Study of Mathematics. For Schools and Technical 
Clarses. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. Is, 
Models to Illustrate the above, in Box, I2J-. 6d. 

Smith. — AN ELEMENTARY TREATISE ON SOLID 
GEOMETRY. By Cmarles Smith, M.A., Fellow and Tutor 
of Sidney Sussex College, Cambridge. Crown 8vo. 9^. 6d, 

Syllabus of Plane Geometry (corrasp9nding to rSaetidi 

Books I. — VI.). Prepared by the Afsociation for the Improve- 
ment of Geometrical Teaching. New Edition. Crown 8vo, is, 

Todhtmter.-^THE elements of EUCLID. For the Use 
of Collegesand Schools. By I. Todhunter, M. A., F.R.S., D.Sc, 
of St. Jokn's C« liege, Cambridge. New Edition. iSmo. y. 6^ 
KEY TO EXERCISES IN EUCLID. Crown 8vo. 6s. 6iL 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's firnt Six Books* Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J, M. Wilson, M.A., Head Master of CMon College. New 
Edition, Extra fcap. 8vo. 4J. 6d, 

MENSURATION. 
Todhunter.— MENSURATION for beginners. Bv l 

TODHUNTER, M.A., F.R.S., D.Sc, late of St. John's College^ 
Cambridge, With Exampies. New Edition. i8mo. 2s.6d, . . 
%* A Key to this work is now in the press. 
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HIGHER MATHEMATICS. 

Airy. — Works by Sir -G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagram?!. Second Edition. Crown 8vo. $s. 6d. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBt- 
. NATION OF OBSERVATIONS, Second Edition, revised. 
Crown 8vo, 6s, 6</. 

Alexander (T.). — elementary applied mechanics* 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in thz Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4^. SS, 

Alexander and Thomson.— elementary applied 

MECHANICS. By Thomas Alexander^ C.E., Profesror of 
Engineering in the Imperial College of Engineering, Tokei, Jupan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor eS 
Engineering at the Royal College, Cirencester, Part II. Trans- 
verse Stress. Crown 8vo. ioj. 6d, 

Bayma.^THRELEMENTS OF molecular MECHANICS. 
By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. los, 6d, 

Beasley. — an elementary treatise on plane. 

TRIGONOMETRY. With Examples. By R. D. Beasley,. 
M.A. Eighth Edition, revised and enlai^ed. Crown 8vo. ^»6d*. 

Blackburn (Hugh).— elements of plane trigo- 
nometry, for the use of the Junior Class in Mathematics in^ 
the University of Glasgow. By HUGH Blackburn, M.A., late^ 
Professor of Mathematics in the University of Glasgow. Globe 
8vo. IS, 6d. 

Boole. — ^Works by G. Boole, D.C.L., F.R.S., late Professor 6{ 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhunter. Crown 8ft^. 
is. 6d, 

THE CALCULUS OF FINITE DIFFERENCES. Third, 
Edition, revised by J. F. Moulton. Crown 8vo. 10s, 6d,, 
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Cambridge Senate-House Problems and Riders, 
with Solutions: — 

1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. Ss. 6d. 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Moderators and Examiners. Edited by J. W, L. 

Glaishkr, M.A., Fellow of Trinity College, Cambridge. I2x. 

Cheyne. — an elementary treatise on the plan- 

ETARY THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8vo. ^s, 6d. 

Christie. — a collection of elementary test- 
questions IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. Ss. dd, 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. ioj. 6rf. 

Clifford. — THE ELEMENTS OF DYNAMIC, An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanicsat University College, London. Parti. — KINEMATIC. 
Crown 8to. 71. 6^. 

Cotterill. — applied mechanics : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. I&r. 

• Day (R. E.) —electric light arithmetic. By R. E. 

Day, M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2J. 

Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 51. 

Dyer. — ^EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College. With 
Illustrations. Crown 8vo. 4^. td. 
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Bai^les (T.H.) — a constructive treatise on plane 

CURVES. By T. H. Eagles, of the Royal Indian Engineering 
College, Cooper's Hill. With Illustrations. Crown 8vo. 

[fn the press, 

Edgar (J. H.) and Pritchard (G. S.). — NOTE-BOOK ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School oif 
Mines, and . G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. /jj. td, 

'Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Fellow and 
Mastei of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6j. 6«/. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. ^s. 6d. 

Forsyth,— A TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By A. R. Forsyth, M.A., Fellow of Trinity College, 
Cambridge. 8vo. [/« the press. 

Frost. — Works by Percival Krost, M. A., D.Sc, formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer at 
King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. 8vo. 12s, 
SOLID GEOMETRY. A New Edition, revised and enlarged, of 
the Treatise by Frost and WOLSTENHOLME. In 2 Vols. Vol. I. 
8vo. I dr. 

Greaves.— A treatise on elementary statics. By 

John Greaves, M.A., Fellow of Christ's College, K. ambridge. 
Crown 8v.). [In the press. 

Greenhill.— PRACTICAL treatise on the differ- 
ential AND INTEGRAL CALCULUS. By A. G. 
Greenhill, M.A., Lecturer at the Royal Artillery Inst tuto, 
Woolwich ; formerly Fellow of Emmanuel College, Cambridge. 
Crown Svo. [In the press, 

Hamming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. 9J. 
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Ibbetson. — the mathematical theory of per. 

FECTLY ELASTIC SOLIDS, with a short account of Viscous 
Fluids. .An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 
8vo. [/n theprtss, 

Jellet (John HA— a treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin; President of the Royal Irish Academy.. 8vo. 

Johnson.— INTEGRAL CALCULUS, an Elementary Trearise 
on the ; Founded on the Method of Rates or Fluxions. By 
William Woolsky Johnson, Professor of Mathematics at the 
United States Naval Academy, AnnopoUs, Maryland. Demy 
8vo. &r. 

Kelland and Tait.— introduction to quater- 
nions, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinbm-gh. Second Edition. 
Crown 8vo. 7^. dd, 

Kempe.— HOW to draw a straight line : a Lecture 
on Linkages. By A. B. Kempe. AVith Illustrations. Crown 8vo. 
\s, 6d. (Nature Series.) 

Knox— DIFFERENTIAL CALCULUS FOR BEGINNERS. 
By Alexander Knox. Fcap. 8vo. 3^. 6d, 

Lock.— ELEMENTARY TRIGONOMETRY. By Rev. j. B. 
Lock, M.A., Senior Fellow, Assistant Tutor and Lecturer in 
Mathematics, of Gonville and Caius College, Cambridge; late 
Assistant- Master at Eton. Globe 8vo. 4;. 6</. 

HIGHER TRIGONOMETRY. By the same Author. Globe 8vo. 
4r. 6d, 
Both Parts complete in One Volume. Globe 8vo. *js. 6d, 

Lupton. — ELEMENTARY CHEMICAL ARITHMETIC. With 
i,ioo Problems. By Sydney Lupton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. 5j. 

Macfarlane,— PHYSICAL arithmetic. By Alexander 
Macfarlanb, M.A., D.Sc, F.R.S.E., Examiner in Mathematics 
to the University of Edinburgh. Crown 8vo. yj. 6^. 

Merriman.— ELEMENTS OF THE method of LEAST 

SQUARE. By Mansfield Merriman, Ph.D., Professor of 
Civil and Mechanical Engineering, Lehigh University, Bethlehem, 
Penn. Crown 8vo. 'js. 6d, 
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Wlllar.— ELEMENTS OF DESCRIPTIVE GEOMETRY. By 
J. B. Millar, C.E., Asi^istant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. 6s, 

Milne.— WEEKLY PROBLEM PAPERS. WUh Notes intended 
for the use of students preparing for Mathematical Sch<^arships, 
and for the Junior Members of the Universities who are reading 
for Mathematical Honours. By the Rev. John J. MiLNE, M.A., 
Second Master of Heversham Grammar School, Member of the 
London Mathematical Society, Member of the Association for the 
Improvement of Geometrical Teaching. Pott 8vo. 4^. 6^/. 

Morgan. — a COLLECTION OF PROBLEMS AND EX- 
AMPLES IN MATHEMATICS. With Answers. By ^. A 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge Crown 8vo. 6s, 6d. 

Muir. — A TREATISE ON THE THEORY OF DETERRtfr 

NANTS. With graduated sets of Examples. For use in- 
Colleges and Sdiocls. By THOS. MuiR, M.A., F.R.S.E., 
Mathematical Master in the High School of Gla^ow. Crown 
8vo. 7J. 6d, 

Parkinson.— AN elementary treatise on me- 
chanics. For the Use of the Junior Classes at the University 
and the Higher Classes in Schoob. By S. Parkinson, D.D^ 
F.R.S., Tutor and Fraelector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crpwp 
* 8vo. 9s. 6d. ' ' ' 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. New Edition.. Crown 8vo. 

Pirie. — ^LESSONS on rigid dynamics. By the Rev. G. 
PiRiE, M.A., late- Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6s, 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Soluticn ; especially designed for the 
Use of Beginners. By G. H. Pucklb, M.A. Filtk Edition, 
revised and enlarged. Crown Sva 7^. 6d, 

RawlinSOn. — elementary statics. By the Rev. Gborge 
Rawlinson, M. a. Edited by the Rev. Edward Sturoes, M. A. 
Crown 8vo. 4J. 6d, 
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Reynolds.— MODERN methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3jp. 6ci. 

Rculeaux.— THE kinematics of machinery. Out- 

lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Profe^ssor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8yo. 21s. 

Rice and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
t^e United States Navy, and Wiluam Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i6j. 
Abridged Edition, 8j. 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 

pared for the use of younger Naval Officers. With Questions for 

Examinations and Exercises principally Irom the Papers of the 

Royal Naval College. With the results. By Rev. John L. 

Robinson, Chaplain and Instructor in the Royal Naval Collie, 

Greenwich. With Illustrations. Crown 8vo. Js. 6d. 

CoNTKNTS.— Symbols used in Charts and Surveying — The Construction and Use 

of Scales — Laying oflf Angles— Fixing Positions by Angles — Charts and Chart- 

Diawing—Instruments and Observing — Base Lines— Triangulation — Levelling— 

^des and Tidal Observations— Soundings — Chronometers — Meridian Distances 

->Meth^ of Plotting a Survey— Miscellaneous Exercises— Index. 

Routh. — Works by Edward John Routh, D.Sc, LL.D., 
F.R.S., Fellow of the University of London, Hon. Fellow of St 
Peter's College, Ca^nbridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID .BODIES. With numerous Example*. Fourth and 
enlarged Edition. Two Vols. 8vo. Vol. I. — Elementary Parts. 
14J. Vol. II. — The Advanced Parts. 14J. 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adaans' Prize Essay for 
1877. 8vo. &f. 6d, 

Smith (C). — Works by Charles Smith, M.A., Fellow and 
Tutor of Sidney Sussex College, Cambridge. 
CONIC SECTIONS. Second Edition. Crown Svo. 7^. ed, 
AN ELEMENTARY TREATISE ON bOLID GEOMETRY. 
Crown Svo. gs, 6d. 

Snowball. — the elements of plane and spheri- 
cal TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown Svo. fs. 6d, 
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Tait and Steele. — a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. I2J. 

Thomson. — a TREATISE ON THE MOTION OF VORTEX 
RINGS. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J, J. Thomson, Fellow 
of Trinity College, Cambridge, and Professor of Experimental 
Physics in the University. With Diagrams. 8vo. 6s. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc, 

late of St John's College, Cambridge. 

*' Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
■eries of admirable mathematical text-bocks, which possess the rare oualities of being 
clear in style and absolutely free firom mistakes, typographical and other." — 
Saturday Review. 

TRIGONOMETRY FOR BEGINNERS. With numerous 

Example*:. New Edition. i8mo. 2s, 6d. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

8j. 6d. 
MECHANICS FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. 4s, 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 

dr. 6d, 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, revised. Crown 8vo. yj. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. New 

Edition. Crown 8vo. 5^. 
KEY TO PLANE TRIGONOMETRY. Crown 8vo. loj, 6(1 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown 8vo. 45. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ys, 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. New Edition. Crown 8vo. lOf. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. lar. 6^. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. 4J. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
los. 6d, 
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Todhunter. — Worlcs by I. Todhunter, M. A., &c. (conHniMt)-^ 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. i8f. .. '" 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
pdncipally on the Theory of Discontinuxjus Solutions; an Essay to 
which the Adams* Prize was awarded in the University of Cam- 
bridge in 1 87 1. 8vo. dr. 

A HJSTORY OF THE MATHEMATICAL THEORIES QP 

ATTRACTION, AND THE FIGURE OF THE EARTH, 

♦ frojn the time of Newton to that of Lapjace. 2 vols. 8vo. 24s, 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. los, 6d. 

Wilson (J. M.). — SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3^. 6d, 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by T. Wilson, M.A., 
and S. R. Wilson, B.A. Crown 8vo. 4J, 6a. 

"The exercises seem bea itifully graduated and adapted to lead a student on most 
gently and pleasantly.^^E. J. Routh, F.R.S., St. Peter's College, Ca^bridge^ 

(See also ElemenUtry Geometry.,) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fell )w of St. John's College, Cambridge, and 
Professor of Mathenatics in Queen's College, Belfast. 8vo. 
9J. iid, 

Woolwich Mathematical Papers, for Admission into 
the Royal Military Academy, Woolwich, 1880—1884 inclusive. 
Crown 8vo 3J. 6d, 

Wolstenholme. — ^mathematical problems, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. 8vo. 18 j. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. [In preparation. 
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SCIENCE. 

(i) Natural Philosophy^ (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, {6) Anthro- 
pology, (7) Physical Geography and Geology, (ftj 
Agriculture, (9) Political Economy, (xo) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy.— Works by Sir G. B. Airy, KX.B«, formerly Astronomer- 

Koyal : — 
UNDULATORY THEORY OF OPTICS. Designed for the Use 

of Students in the University. New Edition. Crown &vo. 6s. 6d, 
ON SOUND AND ATMOSPHERIC VIBRATIONS'. With 

the Mathematical Elements of Music. Designed for the Use of 

Students in the University. Second Edition, revised and enlarged. 

Crown 8vo, gj. 
A TREATISE ON MAGNETISM. Designed for the Use ol 

Students in the University. Crown 8vo. 9f. 6d, 
GRAVITATION: an Elementary Explanation of the Principal 

Perturbations in the Solar System. Second Edition. Crown Svb. 

7^. 6d. 

Airy (Osmond).— a treatise ON geometrical 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. Jj. 6d. 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrouj;ht out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tok^i, 
Japan. Crown 8vo. Part I. 4J, 6rf. 

Alexander — Thomson. — ELEMENTARY APPLIED 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tolcei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Profes^^or of 
Engineering at the Royal College, Cirencester. Part I L Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, fit 
every point of a bean, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e,g,^ the wheels of a locon^otive ; 
continuous beam'>, &c., &c. Crown 8vo. los. 6d. 
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Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royid Collie of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8vo. lof. 6d. 

Chisholm. — the science of weighing and 

MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown 8vo. 41. 6d. {Nature Series,) 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity Collie, Cambridge. Crown 8vo. lox. 6d. 

Cotterill. — applied mechanics: an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval CoU^e, Greenwich. Medium 8vo. i8r. 

Cumming. — ^AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By Linnaeus Cumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 
8^.6^. 

Daniel).— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A., D.Sc, Lecturer on 
Physics in the'Sdiool of Medicine, Edinburgh. With Illustrations. 
Medium 8vo. 21s. 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 

M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2s. 

Everett.— UNITS AND PHYSICAL CONSTANTS. By J. D. 
Everett, F.R.S , Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 45. 6d, 

Gray.-.ABSOLUTE measurements in electricity 

AND magnetism. By Andrew Gray, M.A., F.R.S.E., 
Professor of Physics in the University College of North Wales. 
Pott 8va y. dd. 
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Grove.— A dictionary of music and musicians. 

By Eminent Writers, English and Foreign. Edited by Sir Georgb 
Grove, D.C.L., Director of the Royal College of Music, &c 
Demy 8vo. 

Vols. I., II., and III. Price 21 j. each. 

Vol. I. A to IMPROMPTU. Vol. II. IMPROPERIA to 

PLAIN SONG. Vol. III. PLANCHE TO SUMER IS 

ICUMEN IN. Demy 8vo. cloth, with Illustrations in Music 

Type and Woodcut. Also published in Parts. Parts I. to XIV 

Parts XIX. and XX., price js, (>d, each. Parts XV., XVI., price *ls 

Parts XVII., Xy III., price 7^. . . ' ^ ^ 

" Dr. Grove's Dictionary will be a boon to every intelligent lover of miMtc.??— 
Sfthtrday Retnew. «••««- . 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royai 
School of Mines, &^c. i8mo. u. - - 

Ibbetson.^THE mathematical theory of PER. 

FECTLY ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William JoH{?tiMTSON, 
B.A., F.R.A.S., Senior Scholar of Clare College, CamBrfage. 8yo. 

Kempe.— HOW to draw a straight line ; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8va is, 6flL , {Nature Series.-) - 

Kennedy.— MECHANICS OF machinery. By A. B. W. 

Kennedy, M.ln'^t.C.E., Profe=Jsor of Engineering and Mechani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8yo. [/« the press, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang. 
M.A., Professor of Mathematics in the University of St. Andrews. 
Crown 8 vo. [In preparation. 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C., Assistant Master at Harrow Sch:)ol. Extra fcap. 
8vo. 2>*. 6d. 

Macfarlane,— PHYSICAL arithmetic. By Alexander 
MA.CFARLANE, D.Sc., Examiner in Mathematics in the University 
of Edinburgh. 7^. 6d. 

Martineau (Miss C. A.).— easy LESSONS ON HEAT. 

By Miss C. A. Martinkati. Illustrated. Extra fcap. 8vo. 2j. 6d, 
Mayer. — SOUND: a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, ^c. With numerous 
Illustrations. Crown 8vo. zs, 6d. {Nature Series,) 

b 
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Mayer and Barnard.— light : a Series of Sia^Jc^ ^oter- 
taming, and Inexpeni ive Kxperimeiits in the Phenomena of Light, 
for tiie Use of Students of every age. By A. M. Mayer gnd C. 
Barnard. With numerous Illustrations. Crown Svo* 2S, 6«/. 
(NcUure Series.) 

Newton. — PRINCIPIA. Edited by Profeisor Sir W. TaOMSON 
and Professor Blackburn E. 4to, cloth. $is, 6d, 
THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and' Illnstrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Melhods. 
By Percival Frost, M.A. Third Edition. 8vo. 12s. 

Parkinson. — a treatise on optics. By S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College/ Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. los, 6d* 

Perry. — steam, an elementary treatise. By 

John Perry, C.E., Whit worth Scholar, Fellow of the Chtijenical 
Society, Pr tfessor of Mechanical Engineering and Applied Mech* 
anics at the Technical College, Finsbury. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4;. 6d, 

Ramsay.— experimental proofs of chemical 

THEORY FOR BEGINNERS. By William Ramsay, Ph.D., 
Professor of Chemistry in University College, BristoL Pott 8vo. 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8yo. Vol. I. I2J. 6d, Vol. II. I2J. 6d, [Vol. III. in ike press. 

Rculcaux.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. By ProfeFsor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8yo. 2IJ. 

Shann. — an Elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo.4f. 6d. 

Spottiswoode.— POLARISATION OF LIGHT. By the late 
W. Spottiswoode, P.R.S. With many Illustrations. New 
Edition. Crown Svo. 3J. 6d. {Nature Series.) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor ol Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. i8mo. is, {Sctence Friviers.) 
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%^9Wart (Balfour).— Wbrlcs by {e^nHnuedy^ 
, I,ESSONS IN. ELEMENTARY PHYSICS. With iiuniierous 
Illustrations and Chrotnolitho of the Spectra of the Sun, Stars, 
. . and Nebulae. New Edition. Fcap. 8vo. 4?. 6c/. . . : .7 

QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Core, Oweos 
College, Manchester. Fcap. 8vo. 2s, 

Stewart— Gee.— ELEMENTARY PRACTICAL PHYSICS, 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 

W. H ALDAN E Gee.'i Crown 8vo. 

Part L— GENERAL PHYSICAL PROCESSES, df. • : \ 

--Part II.— OPfiCS, HEAT, AND SOUND [In in-^pa^-aium. 

Part III— ELECTRICITY AND MAGNETISM. [Inpretaration. 

A SCHOOL COURSE OF PRACTICAL PHYSIC6. JBy the 

Fame authors. [htpr^araMi 

Stokes. — ON LIGHT. Burnett Lectures. First Course. On the 
Naturb. of Light. Deliver^i in Aberdeen in November 1883. 
By George Gabriel Stokes, M.A., F.R.S., &c., fellow tjf 
Pembroke College, and Luca«>ian Professor of Mathematics in the 
Univecsity of Cambridge. Crown 8vo. zs, dd, 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With Illustrations. i8mo. y, 6df. *. 

Tait.— 5-HEAT. By P. G. Tait, M.A., Sec. R.S.E., formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vd. dr.'' 

Thompson.— ELEMENTARY LESSONS IN ELECTRICJRTY 
AND MAGNETISM. By Silvanus P. Thompson, Principal 
knd Professor ofPhysics in the Technical College, Finsbury« With 
Illustrations. New. Edition. Fcap. 8vo. 41. td, 

Thomson. — ELECTROSTATICS AND MAGNETISM, RE- 

PRINTS OF PAPERS ON. By Sir William Thomson, 

D.C.L., LL.D , F.R.S., F.R.S.E., Fellow of St. Peter's College, 

Cambridge, and Professor of Natural Philosophy in the Univerbiiy 

>. of- Glasgow. Second Edition. Medium 8vo. i8j. 

Thomson.— THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 iw the University of Cambridge. By J. J. 
Thomson, Fellow of Trinity College, Cambridge, and Professor 
of Experimental Physics in the University. With Diagrams. 8vo. 
6x. 
Todhunter— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. 3J. (>J, 
Paift II. Sound, Light, and {leat. iSmo. 3J. 6d, 
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Turner.— HEAT AND ELECTRICITY, A COLLECTION OF 
EXAMPLES ON. By H. H. Turner, B. A., Fellow of Trinity 
College, Cambridge. Crown 8vo. 2f. 6d, 

Wright (Lewis). — light ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lswis Wright. With nearly 200 Engravings and Colonrad 
Plates. Crown 8vo, p, 6d, 

ASTRONOMY. 

Airy.— POPULAR astronomy. With lUustrationa by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Roysd. New EtdUtion. 
i8mo. 4r. 6d. 

Forbes.— TRANSIT of VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 3^. 6d, {jbfature Series,) 

Godfray. — Works by HuGH Godfray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools. New Edition. 8vo. I2x. 6d, 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch of the Problem up to the time of Newtan. 

Second Edition, revised. Crown 8vo. 5j. 6^. 

Lock3rer. — Works by J. NoRMAN LOCKYER, F.R.S. 
PRIMER OF ASTRONOMY. With numerous lUnstrations. 

New Edition. l8mo. is, {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulae, and 
numerous Illustrations. New Edition. Fcap. 8vo. 51. f>d, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. is. 6d, 

Newcomb. — popular astronomy. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With 1 12 lUnstrations 

and 5 Maps of the Stars. Second Edition, revised. 8vo. i8j. 

"It is unlike anything else of its kind, and will be of more use in circulating a 

knowledge of Astronomy than nine-tenths of the books which have appeared on UM 

subject of late years."— Saturday Review. 

CHEMISTRY. 

Fleischer.— a system of volumetric analysis. 

Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison MuiR, F.R.S.E. With Illnstrationi. 
Crown 8vo. 'js. 6d, 
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^?fcJu^!HlMi?-J^^^°VV^p^°r«'^^SE OF PRAC. 
TICAL CHEMISTRV, With Pre&ce by Sir Henry Roscoe. 

QUESTIONS ON CHEMISTRY. A Series of Problems and- 
T .^rfl** '" rnoigamc and Organic Chemistry. Fcap. 8vo. 3x. ' 

Landauer — blowpipe analysis. By t Landahm 

Ana.orised_ English Edition by J. Taylor and ^. K lUv, of 
Owens CoU^, ManchSster. Extra fcap. 8vo. 4^. 6rf. ' 

I-Upton.— -ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problem!. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. 5x. ' 

^"^i^V^T^^^^^^V ^^^^P7^^ ^^^ MEDICAL STU- 
DENTS. Specially atranged for the first M.B. Course. By 
M. M. Pattison Mula, F.R.S.E. Fcap. 8vo. u. 6d. 

Muir and Wilson.— the elements of thermal 

CHEMISTRY. By MM. Pattison Muir, M.A^-F.R.aX'^ 
FeUow. and Prelector of Chemistry in Gonville and Cains College 
C^bridge ; Assisted by Da vid Muir Wilson. 3vo. [M thefl^i 
Roscoe.— Works by Sir Henry E. RoscOB, F.R.S., ProfefeSoi* of 
Chemistry in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY.. .With numerous Illust^tions Ne^ 
Edition. With Questions. l8mo. is. {Science Primeri\ 

WESSONS IN ELEMENTARY CHEMISTRy,-INORGANl6A 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 4s. 6d. 

A SERIES OF CHEMICAL PROBLEMS, prepared' with Special ' 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry m the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
, Society of Arts Examinations. With a Preface by Sir Henrv E -' 
Roscoe, F.R.S. New Edition, with Key. iSmo. 2s. *' 

Roscoe and Schorlemmer.— inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. Roscoe, F.R.S., and' 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 

. Medium 8vo. 

Vols. L and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 2is. Vol. 11. Part I — 
Metals. i8j. Vol. IL Part II.— Metals. 18/. 

Vol. III.— ORGANIC CHEMISTRY. Two Parts. 
THE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numert)us 
Illustrations. Medium 8vo. 21s. each. 



t^ MACMILLAN'S EDUGATIiO^rAL CATALOGUE. 

Sj?t^prtcmmcn-r-A-MAKUAT. OF T«E CHEMISTRY-OT 
THE CARBON . COMPOUNDS, OR OROANIC CH^ 

• WSTRV. By C. Schorlemmer, F.R.S., Professor of Che- 
. mistry in the Victoria University the Owens Coll^;e, Ma^ft^^er. 

With lUustraHons. 8vo. 14s: 

Thorpe. — a series of chemical problems, pr«p<ved 
^ith Special Reference to Sir H. Roscoe*s Lessons. in.£lemMr ' 
tarV.ChemistT, by T. E. Thorpe, Ph.D., F!rofes$or.of Choiuitry 
in the Yorkshire College of Science, Lcqd^ iida^fad for the Pre- 
paration of Students for. the GovemTnent, Sciene^ and Sppiety of 
Arts fixami natron*?. Wrth a Preface by Sir Henry E. RoscOe. 
' New Edition, with Key. iSmo. 2s. 

Thorpe and ^liicker.— a treatise ON CHEMiGAii- 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RucKER^ of the Yorkshire College of Science. Illmstrafcd. 
Sro. '. (/« p^fiaradaml' 

Wlight.— rMEtALS AND THEIR >:KIEF INDUSTRIAL 
. APPLICATIONS. By C. Alder Wright, D.Sc, &c., 

• Lecturer jon Chemistry in St. Mary's Hospital Medical School.^ 
KstiAfcs^p..Svo. $s.6d, . 0:'^.' 

BibLOOY, 

ASlen.-^*rON the colour of flowers, ?s lUastrjt?^ In 
tibe. British Flora. By Grant Allen. With Illustrations. 
, Crown 8 vo. $s.6d. {Mtture Series.) 

Balfour. — a treatise ON) comparative embry- 

0LOGY. By F. M. ^ALFOUR, M.A., F.R.S., Fellow, and 
Lecturer of Trinity Coijeg^, CwnbridgC. Wdth lUasttationa. 
. Second tdition. In ;2 vols. Bvo. Vol. J. i8j. VoKlLau. 

Bettany.— FIRST LESSONS IN PRACTICAL' BOTANY. 
By G. T*. Bettany, M.A., K.L.S., Lecturer,in Botany fit Guy^t, 
Hospital Medical Scho61. iSmo. is. 

Bow.er— Vines. — A COURSE OF PRACTICAL INSTRUC- 
TION IN BOTANY. By F. O. OJower, M.A., F.L.S., 
Professor of Botany in the University of Glasgow, and SYDNEY 
H. Vines, M.Ai, D.Sc:,T;L.S., Fellow and Lecturer, Christ's 
College, Cambridge, With a Preface by W. T. ThiselTOK 
Dyer, M.A., C.M.G., F.R.S., F.L.S., Assistant Director of 
the Royal Gardens, Kew. Crown 8vo. .T. . ' 

Part L-^PHANEROGAMiE— PTERIDOPHYTA. Ox)wn Svo. 
6s. 
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U^rwm (Charles).-^MEMORIAL NOTICES OF CHARLES 
PAR WIN, F.R.S., &c. By Professor HtrXLEY, P.R.S., G. J. 
Romanes, F.R.S^ Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature, With. %. 
TWtrait,- engraved by C. H. Jben9. Crown 8vo. 2/, 6rf^'* 
{Nature' Series,) 

Flower (AV. H.)— an introduction to THE OSTE- 
0;.OGY of THE MAMMALIA, Bi^ng the snbstance offllft 
Course of Lectures delivered at the R<^al, College of Sniigtons 
of England in 187Q. By Professor W. H. Flower, F.R.S,i4 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. * 
Crown 8vo. lor. &/. 

Foster. — Works by Michael Foster, M.D., Sec R.S., ProAisso 
of Physiology in lihe Unisrersity of Cambridge. 

PRIMER OF PHYSIOLOGY. With numerous Illustrations. 
New Edition. iSmo. ix. , - . . . A 

A TEXT»BOQK OF PHYSIOLOGY. With Illustrations. Foufdi 
Edition, revised. 8vo. 2ij, 

Foster and Balfour.— the elements of embry- 
ology. BjrMiCHAEL FostER, M.A., M.D., LL.n., Sec. R.§., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M, Balfour* 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second^ 
Edttiou, revised. Edited by Adam SedoWick, M.A., F^oillorw 
«nd Assistant Lecturer of Trinity College, Cambridge, and WAWER 
'Heaps, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8 vo. lOf. 6^1 

Foster and L»angley.^-A course of elementArtyI 

PRACTICAL. PHYSIOLOGY. By Prof* Michael FosTeh, 
M.D., Sec. R.S., &c., and J. N. LANOLEy,.M.A:, F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. *J5. 6d, 

Gftmgce. — ^A TEXT-BOOK OF THE PHYSIOLOGICAL- 
CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Di ea^'e. By A. 
Gamgee, M.D., F.R.S., Professor of Physiol 3gy in the Victoria 
• Univpr''4l7 the Owens. CoU^^e, Manchester, t Vols. 8«xv 
With; Illustrations. Vol. L i%s. \Voi: IT, in the fress, 

Gegenbaur. — elements of comparative anatomy. 

.3y:PipfessorCARLGEG«NBAifR. A Translation by F. Jeffkett^ 
Bi^LJ B.A. R€vi;ed with Preface by Professor fe. Ray Lam' 
KESTER, F.R.S, With numerous Illustrations- 8vo. ai>» 
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Gray.— STRUCTURAL botany, or organography- 

'ON THE BASIS OF MORPHOLOGY. To which are added 

the piinciples of Taxonomy and Phytogiraphy, and a Glossary of 

. * Botanical Terms. By Professor AsA Gray, LL.D. 8vo. lox. 6d, 

Hooker. — Worts by Sir L D. Hooker^ K.C.S.I., C.B., M.D., 
F R S D C L 
PRIMER OF BOTANY. With numerous Illustrations. N«w 

Edition. i8mo. is» {Science Primers,) 
THE STUDENT'S FLORA OF THE BRITISH ISLANPS. 
• Tliird Edition, revised. Globe 8vo. \05, 6d, 

Hbwes.— AN ATLAS OF PRACTICAL ELEMENTARY 
BIOLOGY. By G. B. Howes, Demonstrator of Bioli)gy, 
Normal School of Science and Royal School of Mines, Lecturer-, 
ifi Comparative Anatomy, St George^s Hosintal Medical S chbol, 
London. With a Preface by Professor HtrxliEY, P. R. S. ftdyal 
.4to. 14J. 'I 

Huxley. — Works by Professor HuXLEY, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. k8mo. " rf». 

{Science Primers.) ' • ■ ' 

LESSONS IN ELEMENTARY PHYSIOLOGY. With^numtrcms: 
■ Illustrations. New Edition Revised. Fcap. 8vo. . 45. 6d, 
QUESTIONS ONHUXLErs PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is. 6d, 
PRIMER OF ZOOLOGY. i8mo. {Science Primers.) . 

[2n pre^rcUum, 

Huxley and Martin.-— a course of practical in 

STRUCTION IN ELEMENTARY BIOLOGY; By Profosor 
HuxtEY, P.R.S., assisted by H. N. Martin, M.B., D.Se. New 
^Edition, revised. Crown 8vo. 6s. 

Lankester. — ^Works by Professor E. Rav LanKester, F.'R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. \In prepataHon, 
DEGENERATION: A CHAPTER IN DARWINISM. IHus. 
trated. Qrown 8vo. 2s. 6d. {Nature Series,) 

Lubbock.^— Works by SiR John Lubbock!, M.P., F.R.S.,D.CI> 
THiE ORIGIN AND METAMORPHOSES OF INSECTS- 

With numerous Illustrations. New Edition. Crown 8vo. ys, 6d* 

{Nature Series.) 
O^ BRITISH WILD FLOWER? CONSIDERED IN RE- 
' LATION TO INSECTS. With numerous Illustrations. New 
. Edition. Crown 8vo. 4s. 6d. {Nature Seriei). '^ 

M'^Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R,$.E. 
With Illustrations. Crown 8vo. lis, 6d, 
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Martin and Moale.— on the dissection of verte- 
brate ANIMALS. By Professor H. N. Martin and W. A. 
MOALE. Crown 8vo. [In preparation. 

(See also page 41.) 
Mivart. — Works by St. Georgs Mivaet, F.R.S. Lecturer in 
Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards 01 

400 Illustrations. Fcap. 8vo. 6j. 6d, 
THE COMMON FROG. With numerous Illustrations. Crown 
Syo» $s. 6d, {Nature Series,) 

Miiller.— THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D*Arcy 
W. Thompson, B.A., Scholar of Trinity Collie, Catobridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
Illustrations. Medium 8vo. 2is. 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 
-Botany in University College, LondoA«'&c. 
F^RST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcap. 8vo. 6s. 6d. 
LESSONS IN ELEMENTARY. BOTANY,. With nearly 200 
Illustrations. New Edition. iFcap. 8vo. 4J. 6d. 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London^. 
Professor of Biology' in the University of Otago, New Zealand.- - 
With Illustrations. Crown 8vo, &. 6cf. 

Parker and Bettany.— the morphology OF THE 

SKULL. By Professor Parker and G. T. BETfANV. Illus- 
trated. Crown 8vo. ioj. 6d. 

Romanes.— THE scientific evidences of organic ^ 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S;, 
Zoological Secretary td tHe Linnean Society. Crown 8vo. 2s» 6d, 

• {Nature Sifries,) ' 

Smith. — Worksby John Smith, A. L.S., &c. 

A DICTIONARY OF ECONOMIC PLANTS. Their History, 
Products, and Uses. 8vo. 14^. • _ 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Fpod, Clothing, 
Medicine, and Manufacturing Purposes. With Illasstrations. New 
Issue. Crown 8vo. 12^ 62.. . . 
Smith (W. G.)-^DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGJ. 
By Worjhington G. Smith, F.L*S., M.A.L, Member of the 
SccieatifiD Committee R;H.S. With 143 New Illustrations drawn 
and engraved from Nature by the Author, Fcap. 8vo. 4f. 6</. 
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Wicd«fshcim (Prot).— manual of comparative 

ANATOMY. Translated and Edited by Prof. W. N. ParkeR. 
With Illastrations. Crovn 8vo, [/n preparation. 

MEDICINE. 

Bruinton. — -Works by T. LAtyDBR Brunton, M.D., D.Sc, 
F.R.C.P., F.R.S., Assistant Physician and Lecturer on Materia 
Medica at St. Bartholomew's Hospital ; Examiner in Materia 
Medica in the University of London, in the Victoria University, 
and in the Royal College of Phy^iciuis, London ; late Exaiaiaer 
in the University of Edinburgh. 

ATEXT-BOOKOFPHARMACOLOGY, THERAPEUTICS, AND 
MATERIA MEDICA. Adapted to the United States Pharma- 
copoeia, by Francis H. Williams, M.D., Boston, Mass. 
^etyiimSvo. %it. 

TABLES OF MATERIA MEDICA ! A Companion to the 
Materia Medica Museum. With Ilbistrations. New Edition 
Enlarged. 8vo. loj. 6d, ■ 

Hamilton.— A TEXT-BOOK OF PATHOLOGY. By D. J. 

.Hamilton, Professor of Pathological Anatomy (Sir Erasmus 

Wilson Chair), University of Aberdeen. 8vo. {In preparcUion, 

Kli^in.— MICRO-ORGAKISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro-Organisms. By E. 
-jiKLEiN* Mi p., F.R,S., Jpint Lecture^ on General Anatomy and^ 
Physiology in the Medical School of St. Bartholomew's Hospitsd, 
London. With io8 Engravings. Second Edition. FcapiBvo. 41.6^. 

Zi^gler-Mfi^calister.-*TEXT.BOOK OF pathological 

. anatomy ANJ> pathogenesis. By Professor Ernst 

ZiSGLER of Tiibingen* Tran*ilaited and Edited for En^ish 

Students by Donald Macalister, M. A., M.D., B.Sc*, M.R.C.P., 

Fellow and Medical Lectiyrer of St. John's College, Cambridge^ 

^ Physician to Addenbrdoke's Hospital, and Teacher of M^jcine in 

the University. With numerous Illustrations. Medium 8vo. 

Part I,— GENERAL PATHOLOGICAL ANATOMY. I2iJ. 6i 

Part II.— SPECIAL PATHOLOGICAL ANATOMY. Sectbns 

L— VlII, J2f. 6^. Sections IX.— XVIL in the press, 

ANTWISrPPOLQGY. 

Flower.— FASHION IN T)EF6RMITY, as Hhistrated in the 
Customs of Barbarous and Civilised Races. By I^fessor 
ITi.oWER, F.R.S., F.R.C.S. With IHustrations. Oown 8vo. 
2jr. 6rf. {Nature Series.) 
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Tylor. — ANTHR0P6L0GY. A« IntrodacHon to the ^t^dy of 
. ;Man and .Civilisation. Bj E. B, TylOR, D.C.L., F.RS. WiOT" 
numerous Illustrations. Ciovn 8vo. fs, 6d, 
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B.^l?^ord.— THE RUPIMENTS OF PHYSICAL GEOGRA-^ 
, PHY FOR. THE USE OF IKDIAN SCHOOLS'; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
I^.R.S. New Edition, with Illustrations. Globe Svo.. 2x. W. 

Geikie,-— Works l>y Archibald Geikie, LL.D., F.R.S., Director- 
General of the Geological Survey of Great Britain and Ireland, an<L, 
... Director of the Museum of Tractical Geotegy, London, fontterly»- 
MuFchisOD Professor of Geology and Mineralogy in the University 
ftf Edinburgh, &c. . 

PRIMER OF PHYSICAL GEOGRAPHY. With numerous 
. Illustrations. New ' Edition. With Questions. iSmo. ' I/. 
' {Science Primers^) 

ELEMENTARY. LESSONS IN PHYSICAL GEOGRAPHY. 
With numeroas. Illustrations. New Edition. Fcap. 8vo. 4^. 6d, 
QUESTIONS ON THE SAME. ix. 6d. 

PRIMER OF GEOLOGY. Wth numerous illustrations. .* New 
Edition.. i8mo, ij. {ScUnce Primers.) 

CLASSrBOOK OF GEOLOGY. For the use ofCoMegad and 
Schools. With Illustrations. Fcap. 8vo. ' [Ih preparation, 

TEXT-BOOK. OF G^pLOGV. WJfh iwaerois Illustrations. 
^ Secopd Edition, Revised .and Enlarged. 8vo. 28^* 

OUTLINES OF FIELD GEOLOGY. With Illustrations. New 
Edition^ Extra fcap. 8vo. 3^. 6d. 

Huxley.— PHYSIOGRAPHY. An Introdiiqlion to the Stndy 
of Nature. By Professor Huxley, P.R.S. With numerot^s 
Illustrations, and Coloured Plates. New and Cl^eaper Edition. 
Crown 8vo. 6j. 

PhiUips.— A TRFJVTtSE ON ORE DEPOStTS. By J. ARTHtTR' 
Phillips, F.R.S.j V.P.G.S., F C.S., M.Iost.C.E., Ancien El^ve 
de rtcole des MiQCs, Paris ; Author of ** A Manual of MetaUurgy, 
//".■J^e Mining and Metallurgy of Gold and Sily^," &c. "^^j 
...^merpusIUustratio'is,. 8vo. 251. . ' 
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Prankland.— AGRICULTUKAL chemical analysis, 

A Handbook of. By Percy Farxdat FRANKLANt), Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Nonaal School of Science and Royal School of Mine?, South 
Kensington Museum. Founded upon LaifiuUkfUr die Agriculture 
Chemiche Analyse^ von Dr. F. Krocker. Crown 870. 'js, 6d, 

Smith (Worthington G.).— DISEASES OF FIELD AND 

GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGL By Worthington G.: Smith, F.L.S., M.A.I., 
Member of the Scientific Committee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by tiie- Anthor. 
Fcap. Svo. 4r. 6d, 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
.Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South. Kensington,. London; .sometime Pxofessos of 
Agricultural Science, University College, Aberystwith. 
IftLEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. p. 6d: 
FIRST PRINCIPLES OF AGRICULTURE. l8mio. is, 
THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Sdioc^. Prepared by Henry 
Tanner, F.C.S.. M.R. A. C. Extjra fcap. 3vo. • - 

1; The Alphabet of the Principles^ of Agpcultnre. 6d. 
II. Further Steps in the Principles of A^culture. ix. 
' III. Elementary 'Sdiool Readings on the Principles of Agrictilta^ 
for the third stage, is. 

POLITICAL ECONOMY. 

Coasa.— GUIDE to the study of political 

' economy. By Dr. LuiGi Cossa, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4^. 6d, 

Fawcett (Mrs.). — Works by MiLLiCENT Garrett Fawcett:— 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES^ 

TIONS. Fourth Edition. i8mo. 2s. 6d. 
TALES IN POLITICAL ECONOMY. Crown 8vo. y. 

F.^WCfttt,-rA MANUAL OF POLITICAL ECONOMY. By 

, Right Hon. Henry Fawcett, F.R.S. ,Sixth Edition, revised, 
* ' with a chapter on " State SociaKsm and the Nationalisation 

of the Land," and an Index. Crown Svo. I2s, 
JevonsV-^PRIMER OF POLITICAL ECONOMY. By W. 

Stanley Jevons, LL.D., M.A., F.R.S. New Edition. iStna 

II. {Science Primers,) 
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Marshall.— THE economics of industry. By A. 

Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mart P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extra fcap. 8yo. 2j. 6d. 

Sidgwick. — THE PRINCIPLES of POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., LL.D., Knightbridge 
Professor of Moral Philosophy in the University of Cambridge, 
&c., Author of "The Methods of Ethics." 8vo. i6s. 

Walker.— POLITICAL economy. B/Francis a. Walkbr, 
M.A., Ph.D., Author of "The Wages Question," "Monay," 
" Money in its Relation to Trade," &c 8vo. lar. 6d, 

MENTAL & MORAL PHILOSOPHY. 

Calderwood,— HANDBOOK of moral philosophy. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. New Edition. Crown 8vo. 
6s. 

Clifford.— SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. 3J. 6</. 
(Nature Series,) 

Jardine.— THE elements of the psychology of 

COGNITION. By the Rev. Robert Jardine, B.D., D.Sc. 
(Edin.), Ex-Principsd of the General Assembly's College, Calcutta. 
Second Edition, revised and improved. Crown 8vo. 6s. 6d. 

Jevons. — Works by the late W. Stanley Jevons, LL.D., M.A., 
F R S 
PRIMER OF LOGIC. New Edition. i8mo. is. {Sctenee 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Indue- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. 3?. 6d. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revioed Edition. Crown 8vo. 

I2J. 6d. 

STUDIES IN DEDUCTIVE LOGIC. Second E'iition. Crown 
8vo. dr. 

KeyneS.-^FORMAL logic, studies and Exercises in. Including 
a Generalisation of Logical Processes, in their application to 
Complex Inferences. By John Neville Keynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lor. 6d. 

Sidgwick.— THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M.A., LL.D. Cambridge, &c. Third Edition. 
8va I4r. - A Supplement to the Second Edition, containing all 
the important Additions and Alterations in the Third EditioD. 
Demy 8vo. 6s. 
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Arnold (T.).— THE second funic wail By Thomas 
Arnold, D.D. Edited with Introduction and Notes. By W. T. 
Arnold, B. A. Crown 8vo. .. l/tftAe'press. 

Altiold (W. T.).— THE ROMAN SYSTEM oif PROVINCIAL 
ADMINISTRATION TO THE ACCESSION of CON STAN- 
TINE THE GREAT. By W. T. Arnold, B.A. Gn/wn8vo. 6j. 

"Ought to prove a valuable haadbook to the student of Kqhwui historr*^^ 
CrtlAJtmAN, /^^ ' • 

Beesly.— STORIES from the IIISTORY OF ROME. 
By Mrs. BeeslY. F.cap. 8vo. 2j. 6i/. 

Brook. — FRENCH HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crowp 8vo. 6s, 

Btyce. — THE HOLY ROMAN EMPIRE. By Jamb$ Bryc'e, 
p.C.L., Fellow of Oriel College, and Regius Professor of Civil Law 
in the University of Oxford. Seventh Edition. Crtxwn 8vo. js. 6J. 

Buckley.— A HISTORY OF ENGLAND FOR BEGINNERS. 
By Arabella Buckley. Globe 8yo. {Jn'priparatioh. 

Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 3J. 

Freeman. — old English history. By Edward a. 
Freeman, D.C.L., LL.D., Regius Professor of Modern History 
in the University of Oxford, &c. With Five Coloured Ha|)s. 
New Edition. Extra fcap. 8vo. 6^. 
A SCHOOL HISTORY OF ROME. By the same author. Crown 
8vo. [In pr^araiiort, 

FyfFc— A SCHOOL HISTORY OF GREECE. By C. A. 

Fyffe, M.A., Fellow of University College, Oxford. Crown 

8vo. \Ih preparation. 

Green. — Works by John Richard Green, M. A., LL;D., 

late Honorary Fellow of Jesus College^ Oxford. 
SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps, Genealogical Tables, smd Chronological Annal^. 

Crown 8vo. 8j. 6</. loSth Thousand. 
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ACAJXMY. 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 
History of the English People." By C W. A. Tait, M.A., 
Assistant-Master, Clifton College. Crown 8vo. 3J. (xii 
, READINGS FROM ENGLISH HISTORY. Selected ani 
Edited by John Richard Green. Three Parts. Globe 8vo. 
If. 6^. each. L Hengist to Cressy. 11. Cressy to Cromwell. 
III. Cromwell to Balaklava. 
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Qreen. — a short geography of the BRITISH 
ISLANDS. By John RichahiI .GuiEN and Alice Stopford 
Green. With Maps. Tcap. 8vo. 3J. td. 

Grove.— A primer QF geography. By Sir GEofe^ 
Grove, D.C.L., F.R.G.S. With Illustrations. iSmo. is. 
(Science Primers,) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo, dr. 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity College, Oxford, Regius 

Professor of Modern History in the University of Oxford. 
I.— GENERAL SKETCH OF EUROPEAN HISTORY.- By 

Edward A. Freeman, D.C.L. New Edition, revised and 

enlai^ed, \a ith Chronologiod Table, Map^, and Index. l8mo. y» 6cf. 
II.— HISTORY OF ENGLAND. By Edith Thompson. New 
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III.— HISTORY OF SCOTLAND. By Margaret Macarthuh. 

New Edition. i8mo. 2J. 
IV.- HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 

New Edition, with Coloured Maps. i8nio. y, 6d. 
v.— HISTORY OF GERMANY. By J. SiME, M.A. New 

Edition Revised. i8mo. y. 
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Map?. i8mo. 40. 6d. 
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Maps. i8mo. 4r. 6d* 
VIII.— FRANCE. By Charlotte M. Yonge. With Maps. 
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ROME. By Edward A. Freeman, D.C.L. \ln preparaiidn. 

History Primers — Edited by John Richard Green, M.A., 
LL.D., Author of "A Short History of the English People." 

ROME. By the Rev. M. CreightON, M.A. With Eleven Maps. 
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GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 
University College, Oxford. With Five Maps. i8mo. is, 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. i8mo. is, 
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Illustrated. i8mo. is, 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. is. 
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trated. i8mo. is, 

FRANCE. By Charlotte M. Yonge. i8mo. \s. 
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Climate, and Prodactions ; the People, their Races, Religions, 
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With Maps. Crown 8vo. 5^. . 

Michelet. — a summary of modern history. Trans- 
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Present Time, by M. C. M. Simpson. Globe 8vo. 4f. 6d. ' 

Ott^.— SCANDINAVIAN HISTORY, By E. C. Ott£. With j 

Maps. Globe 8vo. 6s. 

Ramsay.— A SCHOOL history of ROME. By G. G. ! 

Ramsay, M.A., Professor of Humanity in the University of j 
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Yonge (Charlotte M.).— a par allett history of 
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&c., &c. Oblong. 4to. 3x. 6d, 

CAMEOS FROM ENGLISH HISTORY. Five Series. 
I. FROM ROLLO TO EDWARD II.— II. THE WARS IN 
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